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Preface

This book gives an introductory treatment of the method of normal forms. This
technique has its application in many branches of engineering, physics, and ap-
plied mathematics. Approximation techniques such as these are important for peo-
ple working with dynamical problems and are a valuable tool they should have in
their tool box.

The exposition is largely by means of examples. The readers need not understand
the physical bases of the examples used to describe the techniques. However, it is
assumed that they have a knowledge of basic calculus as well as the elementary
properties of ordinary differential equations. For most of the examples, the results
obtained with the method of normal forms are shown to be equivalent to those
obtained with other perturbation methods, such as the methods of multiple scales
and averaging. As such, new sections are added treating some of the examples with
these methods. Moreover, exercises are added to most chapters.

Because the normal forms of maps and differential equations are very useful in
bifurcation analysis, I added in this edition three chapters dealing with the normal
forms and bifurcations of maps, continuous systems, and retarded systems. The
normal forms of continuous systems are constructed using the method of multi-
ple scales, a combination of center-manifold reduction and the method of normal
forms, and the new method of projection, which is developed first in this edition.
Also, the normal forms of retarded systems are constructed using center-manifold
reduction and the method of multiple scales. In the center-manifold reduction, we
represent the retarded equations as operator differential equations, decompose the
solution space of their linearized form into stable and center subspaces, define an
inner product, determine the adjoint of the operator equations, calculate the center
manifold, carry out details of the projection using the adjoint of the center sub-
space, and finally calculate the normal form on the center manifold.

Xl
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Preface

I am very much indebted to my late parents, Hasan and Khadrah, who in spite
of their lack of formal education insisted that all their sons obtain the highest de-
grees. If it were not for their incredible foresight on the value of an education even
under the most severe conditions, I would not have finished secondary school. This
book and its second edition would not have been written without the patience and
continuous encouragement of my wife, Samirah.

Blacksburg, VA, December 2010 Ali Hasan Nayfeh



Introduction

The method of normal forms dates back to the days of Euler, Delaunay, Poincaré,
Dulac, and Birkhoff. Moreover, the concept of using coordinate transformations to
simplify mathematical problems involving algebraic, ordinary differential, partial
differential, integral, and integro-differential equations has been used for a long
time, as illustrated by the following examples.

As a first example, we consider Bessel's equation of order one-half; that is,

xzu”—i—xu’—i—(xz—%)uzo

Using the transformation x~2v(x), we transform this equation into the simple
equation

vV +v=0
whose solution is
V = ¢1CO0SX + C8inx

where ¢; and ¢, are arbitrary constants. Hence, Bessel’s function of order one-half
Jij2(x) is given by

Jip(x) = x 2 (c1 cos x + ¢, sin x)

As a second example, we consider the vibrations of an n degree-of-freedom sys-
tem governed by the following set of n coupled, linear equations of motion:

X+ Kx=0

where x is a column vector of length n and Kis an nx n constant symmetric matrix.
Using the transformation x = Pv, we obtain

b+ PTIKPr =0

Assuming the eigenvalues 44, 4,, ..., and 4, of K to be distinct and choosing the
columns of P to be the orthonormal eigenvectors of K, we find that P"'KP is a

The Method of Normal Forms, Second Edition. Ali Hasan Nayfeh
© 2011 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2011 by WILEY-VCH Verlag GmbH & Co. KGaA
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diagonal matrix A with entries 41, 45, ..., 4,. Hence, the system of equations can
be written as

v+ Av =0

or in the decoupled form
Vi+Aiv,=0 and i=1,2,...,n

which is called the normal-modal form of
X+ Kx=0

As a third example, we consider the system

4 =—ua—3asin2f
af = —1oa—lacos2p

where u and o are constants, which describes the time variation of the amplitude
and phase of a parametrically excited linear oscillator in the case of a principal
parametric resonance (Nayfeh and Mook, 1979). This system is nonlinear and its
solution is not apparent. However, using the nonlinear transformation x = a cos f3
and y = asin 5, we transform the nonlinear system into the following linear sys-
tem:

x=—px+3(0-1)y

p=—uy—jlo+1)x

whose closed-form solution is readily obtainable.
As a fourth example, we consider the nonlinear system

5c=y+(ax—|—by)(x2+yz)
p=—x+ (ay — bx) (x* + y?)

where a and b are constants, which describes the motion near a Hopf bifurca-
tion point (Marsden and McCracken, 1976; Wiggins, 1990), as described in Sec-
tion 4.4.5. Again the solution of this system is not apparent. However, using the

nonlinear transformation x = rcos f and y = —rsin 8, we transform the system
into

i=ar

[3 =1+ br?

whose closed-form solution is readily obtainable.
As a fifth example, we consider the linear partial differential equation

Ui — e = [ (x — ct) f (x —ct)
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where fis a known twice differential function, the prime denotes the derivative
with respect to the argument (x — ct), and subscripts denote partial derivatives.
The general solution of this equation can be readily obtained if we express the
independent variables x and ¢ in terms of the characteristics

E=x—ct and n=x+ct
Thus, this partial differential equation is transformed into
—4ctugy = f(6) f"(€)

whose general solution is

1
u=—o (&) + (&) + h(n)

where g(&) and h(#) are general functions of § and 7.
As a sixth example, we consider the nonlinear partial differential equation

U+ Uy = Vlyy

where v is a constant, which is known as Burger’s equation (Whitham, 1974). Re-
placing u with ¥, and integrating the result once yields

Y4 3P = Vs

Then, using the nonlinear transformation ¢ = —2v In(¢), Hopf (1950) and Cole
(1951) transformed the nonlinear equation into the linear heat transfer equation

¢t = V¢xx

which can be solved much more easily than the original nonlinear equation.

As a seventh example, we consider the steady, incompressible, high-Reynolds
number flow over a flat plate aligned with the oncoming uniform stream. The
boundary layer approximation to the stream function 1 (x, y) is governed by Van
Dyke (1964)

Yyyy T VuWPyy — Py¥Pxy =0

Y(x,0)=0
Py(x,00=0 and 0<x <o0
Py(x,00) =1

This nonlinear partial differential equation can be reduced to an ordinary differen-
tial equation by using the similarity transformation

wxy)=~2xf(n), n=y/v2x
With this transformation, the boundary layer problem becomes
f"+ff7=0, flO=0, f(0)=0, f(oo)=1

which is the Blasius problem.
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In the preceding examples, transformations were introduced to transform a dif-
ficult problem into a more readily solvable problem. Next, we consider cases in
which a transformation is used to transform the problem into a new “approximate”
problem for which the exact solution can be readily obtained. Specifically, we con-
sider the Liouville equation

Y/ +A%q(x)y =0 when A1

where A is a constant, q(x) is a known function, and the prime denotes the deriva-
tive with respect to x. To determine an approximate solution of this equation when
A > 1, we transform both of the dependent and independent variables as

z=¢(x) and v(z) =P (x)y(x)

With this transformation, the Liouville equation becomes

dZ_V_'_L(¢,,_2¢/1/}/)ﬂ+(/12q_1/)_//_'_%)]}:0
dz2 | $” v dz PR R

We choose ¢ and 1 so that the dominant part of the transformed equation has the
simplest possible form and, at the same time, has solutions that have qualitatively
the same behavior as the solutions of the original equations. In other words, we
have to insist on the transformation being regular everywhere in the interval of
interest. To this end, we force the coefficient of dv/dz to be zero; that is,

_297W
v

¢// O

Hence, v = /¢’. In order that the transformation be regular, ¥ must be regular
and have no zeros in the interval of interest. Then, because ¥ = ,/¢’, ¢’ must be
regular and have no zeros in the interval of interest. Consequently, we set

Atq=¢"E(z)
so that the transformed equation becomes

v

) + &(z)v = —ov

and choose the simplest possible function &(z) that yields a nonsingular trans-
formation. In order that ¢’ be regular and have no zeros in the interval of inter-
est, £(z) must have the same number, type, and order of singularities and zeros
as q.

For example, when g > 0 everywhere in the interval of interest, the solutions of
the original equation are oscillatory, and hence ¢ and 1 must be chosen so that
the dominant part of the transformed equation is

dv

dz Tv=0
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which is the simplest possible equation with oscillatory solutions. When q < 0
everywhere in the interval of interest, one of the solutions of the original equation
grows exponentially with x and the other decays exponentially with x. Hence, ¢
and ¥ must be chosen so that the dominant part of the transformed equation is
d*v
ﬁ —v=0
which is the simplest possible equation with exponentially growing and decaying
solutions.

When g changes sign once in the interval of interest, the solutions of the original
equation are oscillatory on one side of the sign change and exponentially growing
and decaying on the other side. For example, if ¢ = 1 — x3, the solutions of the
original equation are oscillatory for x < 1 and exponential for x > 1. Hence, ¢
and 1 must be chosen so that the dominant part of the transformed equation has
solutions whose behavior changes from oscillatory to exponentially growing and
decaying at a given point. The simplest possible equation with these properties is
the Airy equation

av

T zv =0
When z > 0 the solutions of this equation are growing and decaying with z, and
when z < 0 they are oscillatory. In other words, if q(x) is regular and has only a
simple zero (simple turning point) such as 1 — x3, then & (z) must be chosen to be
regular and have only a simple zero. The simplest possible function that satisfies
these requirements is & (z) = z. If g(x) is regular and has only a double zero at a
point in the interval of interest (i.e., turning point of order 2), & (z) must be chosen
to be regular and have only a double zero. The simplest possible function satisfying
these requirements is &(z) = z2. If q(x) is regular and has only a zero of order n
(i-e., turning point of order n), §(z) must be chosen to be z". If g(x) has two zeros
at x = a and b, where b > 1, of order m and n, then one uses

E(z)=2z"(1-2)"

In analyzing oscillations of a weakly nonlinear system, the method of variation of
parameters is usually used to transform the equations governing these oscillations
into the standard form

k= flxie =Y )
m=0 .
where

am
Fromy =21

T em

e=0

Here x and f are vectors with N components. The vector x may represent, for
example, the amplitudes and phases of the system. If we denote the components

5
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of the vector f, by fun, then a component x; of the vector x is said to be a rapidly
rotating phase if f, # 0.
To analyze this standard system, we introduce a near-identity transformation

x = X(y:€) =y +eXq(y) + € Xa(y) + -

from x to y such that the system is transformed into

(e} n

P=griea =) En—!gn(Y)

n=0

where the g, contain long-period terms only. Using the generalized method of av-
eraging (Nayfeh, 1973), one determines the X, and g, by substituting the transfor-
mation into the standard system and separating the short- and long-period terms
assuming that the X, contain short-period terms only.

Alternatively, we can define the transformation x = X(y;¢) as the solution of
the N differential equations

dx

= Wi(x;e), x(e=0)=y

The vector W is called the generating vector. This equation generates the so-called
Lie transforms (Kamel, 1970), which are invertible because they are close to the
identity. It seems at first that we are going in circles because we are proposing to
simplify the original system of differential equations by solving a system of N dif-
ferential equations. This is not the case, because we are interested in the solution of
the original system for large ¢, whereas we need the solution of the transformation
for small €, which is a significant simplification.

These examples clearly show that linear and nonlinear coordinate transforma-
tions can be used to simplify linear and nonlinear problems. A powerful method for
systematically constructing these transformations is the method of normal forms.
The basic idea underlying the method of normal forms is the use of “local” co-
ordinate transformations to “simplify” the equations describing the dynamics of
the system under consideration. In other words, with the method of normal forms,
one seeks a near-identity coordinate transformation in which the dynamical system
takes the “simplest” or so-called normal form. The transformations are generated
in a neighborhood of a known solution, such as a fixed point (constant, stationary,
or equilibrium solution) or a periodic orbit (limit cycle) of a system. In this text, the
normalization is usually carried out with respect to a perturbation parameter.



1
SDOF Autonomous Systems

1.1
Introduction

In this chapter, we describe the method of normal forms using single-degree-
of-freedom (SDOF) autonomous systems that can be modeled by the following
second-order nonlinear ordinary differential equation:

i+ o’u= f(u,i) (1.1)

where f(u, it) can be developed in a power series in terms of u and #. In what
follows, we will refer to &t + w?u = 0 as the unperturbed system and (1.1) as the
perturbed system. We assume that (1.1) has an equilibrium at 4 = 0 and & = 0.
Equation 1.1 can be cast as a system of two first-order equations by letting

x1=u and x, =10 (1.2)
The result is

9.6'1 =X (13)

% = —0'x + f(x, %) (1.4)
It is clear that the unperturbed system
2

X =x and x = —w°x

has a simple pair of purely imaginary eigenvalues +iw.
The main idea underlying the method of normal forms is to introduce a near-
identify transformation

X1 = y1+ hi(y1, y2) (1.5a)

Xy = y2 + ha(y1, y2) (1.5b)

from (x1, ;) to (y1, y2) into (1.3) and (1.4) to produce the simplest possible equa-
tions (the so-called normal form). We call the transformation (1.5) near-identity

The Method of Normal Forms, Second Edition. Ali Hasan Nayfeh
© 2011 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2011 by WILEY-VCH Verlag GmbH & Co. KGaA
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because x; () — y1(t) and x,(t) — y2(t) are small; that is, o(x(t), x2()). This proce-
dure is also called normalization. To this end, we substitute (1.5) into (1.3) and (1.4)
and obtain

. oh . ohy .

— h, — - 1.6
Yy1=Yy2+n o Y1 o7 Y2 (1.6a)
. dh, . dh, .

V2 =—w2y1—w2h1+f(yl+h1,Yz+hz)—_2Y1—_2Y2 (1.6b)
3y1 BYZ

Then, we choose hq and h; such that (1.6) assume their simplest form. This task is
accomplished in steps. If one decomposes f(x, x) as

N
flxr, %) = Z Su(x1, %2) (1.7)

n=1

where f, is a polynomial of degree n in x; and x;, then one chooses h; and h, to
simplify the terms resulting from the lowest-order polynomial f,,(x1, x;), where
m > 2,in f(x1, %,). In the next step, one chooses a second near-identity transfor-
mation to simplify the polynomial terms of degree m + 1, and so on.

It turns out that, because the unperturbed system (1.3) and (1.4) represents an os-
cillator, the governing equations can conveniently be expressed as a single complex-
valued equation. To this end, we follow steps similar to those used in the method
of variation of parameters (Nayfeh, 1981). When f = 0, the solution of (1.1) can
be expressed as

u = Be'®' + Be™ ¢! (1.8)
where B is a constant and B is the complex conjugate of B. Hence,
i =iw(Be'” — Be ') (1.9)

When f # 0, we continue to represent the solution of (1.1) as in (1.8) subject to
the constraint (1.9) but with time-varying rather than constant B. Next, we replace
Be'®! with £ (t) and rewrite (1.8) and (1.9) as

u=§(t) +&(t) and B=iw[l(t) - ()] (1.10)

Hence, solving for § and £, we obtain
1 i = 1 i,

C:E(u—zu) and C‘E(”JFZ”) (1.11)
Differentiating (1.11) with respect to t yields

.1 i 1 i

=—|lu——i)==1(7 1 - — 1.12
¢ Z(M wu) z(u—l—twu a)f) (1.12)

on account of (1.1). Hence,

£ =io (u—éa)—iﬂu, i) (1.13)



1.2 Duffing Equation |9
which, upon using (1.10), becomes

E=iot—5-ft+Lio(-0)] (1.14)

Next, we consider different polynomial forms for f.

1.2
Duffing Equation
The Duffing equation is

4 wlu=au’

so that, in this case, f = au’ and (1.14) becomes
: ia 213
=iwl— — 1.15
£ =iot -2 (E+8) (1.15)
We introduce a near-identity transformation from ¢ to # in the form

E=n+h(nn) (1.16)

and obtain

. , oh ., dh. ia
n=ion+ioh— —n——n—

-\ 3
57 Z(n+h+7‘7+h) (1.17)

Because the nonlinearity is cubic, we assume that h is third order in # and #; that
is,
h = Ayp® + Aynip + Aspip? + Ay (1.18)

and choose the /1; so that (1.17) takes the simplest possible (normal) form.

In the first step, we eliminate 7 and # from the right-hand side of (1.17). This
task is accomplished by iteration. To the first approximation, it follows from (1.17)
that

n=iwy and 7 =—iwy (1.19)
Next, we replace 77 and # on the right-hand side of (1.17) using (1.19), use (1.18),

keep up to third-order terms, and obtain

a ia 3a
7 =ion—io (241 + — )5} — 2—pti +iw (245 — =— ) 72
i =ion tw( 1+2w2)n 2wn¢7+tw( 3 sz)nn

a
I 4N, — —— 73
+iw ( 4 2a)2) i (1.20)
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Next, we choose A1, A3, and A4 to eliminate the terms involving %3, 772, and 7;
that s,

a 3a a
— (1.21)

/l = -, = —, =
! 4w? 37 42 7 8w?

However, because /1, does not appear in (1.20), the term involving 5%# cannot be
eliminated; it is called a resonance term. Consequently, to the second approximation,
the simplest possible form for 7 is

g =i dia 2y 1.22
=1 _— .
7 et/ (1.22)

To show that 527 is a resonance term, we find a solution for (1.22) by iteration.
To the first approximation, 7 = Ae'®!, where A is a constant. Then, (1.22) becomes

3i _
N = iwn - EAZABMM
2w
whose solution can be written as
. 3 -
N = Aelvt — Z—QAZAte’”” (1.23a)
w

Itis clear that this expansion, which is also a straightforward expansion, is nonuni-
form for large t because of the presence of a secular term created by 7%7). Alter-
natively, we can demonstrate that the term {2 is a resonance term in the original
equation (1.15). To the first approximation, we neglect the nonlinear term in (1.15)
and find that § = Ae’®*. Then, to the second approximation, (1.15) becomes

i —iwl— 2‘_0‘ (A3e3iwt +3AZAeiw 4 3AAZe IO 4 A'36—3ia)t)
w
whose solution can be written as

; a ; 3ia 5 - 3 5 _iw
C — Aelwt _ 4w2 A3e3lwt _ %AZAtelwt + 4w2 AAZe t

+ %A%—”wt (1.23b)
It is clear that this expansion is nonuniform because of the presence of a secular
term created by G2&. The other three terms proportional to A*e**, AA%e™** and
Ade™310¢ created by &3, £ &2, and &3 do not produce secular terms and hence they
are nonresonance. Consequently, one can choose a near-identity transformation to
eliminate them.
As a second alternative, starting with the original equation (1.15), we break the
nonlinear part f(g, £) into two parts as

flE.8)= A8+ fHI(EE)

where

e—iwtfl (eian:y e—ia)t)



1.2 Duffing Equation

is time invariant, whereas

e—iwtfz (eiwt e—iwt)
is not time invariant. In the present case,

=\3 25 3 22, =3

f=E+¢), A=3CC, H=0+35°+¢
Thus,

e—iwlfl (eiwt e—iwt) — e—iwt (3eZiwte—iwl) -3
which is time invariant, whereas

e—iwlfz (eiwt e—iwt) — eZiwt + 36—2iwt + e—4iwt

which does not contain any time-invariant terms.
Substituting (1.16) and (1.18) into (1.10), using (1.21), and setting A4, = 0 be-
cause it is arbitrary yields

a

_ 3a _ _
2l (7 +7°) + — (n0” + n*7) (1.24)

w=ntq- 402

where 7 is given by (1.22). Next, we separate the fast from the slow variations in #
by introducing the transformation

n = A(t)eiwt

where o is the natural frequency of the system and A is a function of time, into
(1.22) and (1.24) and obtain

Jia , -

A=—"—A%A (1.25)

2w
_ ppiwr  go—iot _ % 43 3ier | 33 —3iwt
u=Ae'"" + Ae ”"—w(Ae + Ae )
4 2% (WA 4 RAC) 4 (1.26)
4w? )
Expressing A in the polar form

A= lge'h (1.27)

where a and f3 are functions of t, we rewrite (1.26) as

a-+ 34 cos(wt + f3 ae’ 3wt + 36) + 1.28
u = —a os(w — —— COS(>w .
Too? ( )~ 35a2 <Ol ) (1.28)

Substituting (1.27) into (1.25) and separating real and imaginary parts, we have

a=0 (1.29)

(1.30)

n
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In determining the normal form (1.22), we had to use an ordering scheme to
indicate the relative magnitudes of the different terms in (1.15). We based the or-
dering scheme on the fact that £ and € are small and hence &3, £2, £?, and &3
are much smaller than ¢ and . In other words, we based the ordering scheme on
the degree of the terms. This worked well in this example, but there are many phys-
ical systems where the ordering does not follow from the degree of the polynomial
but from the presence of certain parameters in their models. We consider such an
example in the next section.

Next, we treat (1.15) by using the method of multiple scales. To this end, we
introduce a small nondimensional parameter € as a bookkeeping device and rewrite
(1.15) as

ica
2w

S P (3 N (1.31)

Then, we seek an approximate solution of (1.31) in the form
E(t;€) = Go (To, Th) + €&i (To, To) + -+ (1.32)

where T, = €"t and

d 0 0

- = —— 4+...= D Dy +--- 1.33

TR T T oredE (1-33)
Substituting (1.32) and (1.33) into (1.31) and equating coefficients of like powers of

€ yields

Order (€9)

Dolo —iwlo =0 (1.34)
Order (€)

Do&1 —iw& = —D18o — % (G + 50)3 (1.35)

The solution of (1.34) can be expressed as
Go = A(Ty)e™"™ (1.36)

Then, (1.35) becomes

Doty — il = —Alei®To — 2‘_0‘ (Asesiwro 1+ 3A2 40T
»
+ 3AA% e I0To 4 APe3ioT) (1.37)
Eliminating the terms that lead to secular terms from (1.37), we have

31 _
A= x4 (1.38)

2w



1.3 Rayleigh Equation
Then, a particular solution of (1.37) can be expressed as

a ; 3o o, . o 5 3
Cl — _4w2A3e3leo + 4w2 AAZB iw Ty + 8w2 A3B 3iw Ty (139)
Substituting (1.36) and (1.39) into (1.10), we obtain
U= Aei®t 4 Ag—iot _ €a (Asesim+A-36—3iwn)
N 8w?

3 _ o
+ 46—02‘ (A?Aei" + AAZ™I0Y) 4 ... (1.40)
w

Equations 1.38-1.40 are in full agreement with (1.25) and (1.26) obtained with the
method of normal forms because T; = €t and € can be set equal to unity.

13
Rayleigh Equation

The Rayleigh equation is

i+ o’u=ce(i—1i’) (1.41)
where € is a small, positive nondimensional parameter. Here

f=eli-t@)

and (1.14) becomes
E=iot+ie[t-L+10?(E-0)] (1.42)

In this example, the ordering is not based on the degree of the polynomial, but
on the small nondimensional parameter €. Normalization is carried out in terms
of the small parameter €. In fact, the perturbation contains linear as well as cubic
terms.

Using the transformation (1.16), we rewrite (1.42) as

oh oh. 1 -
n=ion+ioh——n——n+-€|n—ip+h—h
an an 2

~I—%w2 (77—77-|— h—ﬁ)3] (1.43)

Because the perturbation in (1.43) involves linear and cubic terms, we express h in
the form

h =€ (din+ Az7 + A1® + A + Asnip® + A4ip?) (1.44)

Moreover, to the first approximation, 77 and # are given by (1.19). Then, substituting
(1.19) and (1.44) into the right-hand side of (1.43) and keeping terms up to O(e),

13
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we obtain
. ) 1, 3
n=1i0n+2iew Az~|—— n—l——en iew 2/11+ng n

1 1 1
— Eewznzfy + iew (2/13 — Eiw) i+ iew (4/14 + giw) 7’

(1.45)

We note that (1.45) is independent of A; and A, and hence they are arbitrary.
Moreover, the terms proportional to €7 and €727 are resonance terms and hence
cannot be eliminated from (1.45). Next, we choose 43, A, A3, and A4 to eliminate
the terms involving 7, °, 772, and #?, thereby producing the simplest possible
equation for 5. Thus, we have

i 1 1, 1,
AZZ—E, A1=—ﬁla) /l3= le, A4=—ﬂ1w (146)
With this choice, (1.45) takes the normal form
n=iwn+ %677 — %ewznzfy (1.47)

Again, in this case, we could have identified the resonance terms in (1.42) by one
of the procedures described in Section 1.2. Because the solution of the unperturbed
problem is proportional to ¢!, the resonance terms in

are the terms proportional to e'®’ or the time-invariant terms in
—lwtf[ iot _ —la)t’ i (elwt _ e—lwt)]

A simple calculation shows that the term 1/2¢(& — w?E?) is the only resonance
term. Hence, keeping only the resonance terms in (1.42), we have

{=iol+3e(f—wt?0) +
which is formally equivalent to (1.47).

Next, we treat (1.42) with the method of multiple scales. To this end, we substitute
(1.32) and (1.33) into (1.42), equate coefficients of equal powers of €, and obtain
Order (€9)

DoGo—iw& =0 (1.48)

Order (€)

Dobi — it = —Dilo+ 36— b+ 0 (6= &)’ (1.49)



1.4 Duffing—Rayleigh-van der Pol Equation

The solution of (1.48) can be expressed as
Go = A(Ty)e™"™ (1.50)
Then, (1.49) becomes
DO@I _ lwgl — _A/eia)To + %AZino _ %Ae—ino + %w2A3e3i“’T°

_ %wZAZAeHUTO + %(/()ZAAZC_”UTO _ %w2A3e—3le0

(1.51)
Eliminating the terms that lead to secular terms from (1.51), we have
A =1A-10’A’A (1.52)

Letting 7 = Ae'®" in (1.47), we obtain (1.52) because T; = €t.

1.4
Duffing—Rayleigh—van der Pol Equation

The Duffing, Rayleigh, and van der Pol equations are special cases of
ﬁ+w2u=e(uu+a1u3+azu2u~|—a3ui¢2~|—a4i¢3) (1.53)
so that
f=e(ui+ o1v’ + au’i + azui® + asi’)

and (1.14) becomes

¢ = iw@—%[iﬂa}(@—5)—l—al(C+5)3+iwaz(§+é)2(é—§)
—w?as (§+¢) (C—é)z—iw3a4 (C—E)S] (1.54)
Using the transformation (1.16), where h = O(¢), we rewrite (1.54) as

. , oh . 0dh .
n=ion+ioh— —ij——
In= 9

— oo linew (0 =)+ iwaz (n +0)* (0~ 7)

tar (n+ 7)) — oas(n + 7)) (n — 1) — iw as (n — 7)°] (1.55)

where terms of O(e?) and higher have been neglected.
Again, because the perturbation contains linear as well as third-order terms, h
has the form (1.44). Moreover, to the first approximation, 77 and # are given by

15
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(1.19). Hence, substituting (1.19) and (1.44) into (1.55) yields

1'7:iw17+2i6w(A2+ﬂ)1'7

4w
_i_€(3a + 1 2 3iw? 2=
o 1+ iway + 0’as + 3iw’as) 17

1 . 1 , 2 .3 3
+ -eun +iew —2/11——(al~|—1wa2—w a3 —iw a4) n
2 2w?

1
+iew |:2/l3 — 357 Bar—iwa; + w’as — 3iw3a4)i| nn?

1

+ iew |:4A4—2—2(C(1—ia)a2—a)2a3 +iw3a4)] 7713 (1.56)
1)

We note that A4, and A, do not appear in (1.56) and hence they are arbitrary and

the terms 7 and 5?7 are resonance terms. To produce the simplest form for (1.56),

we choose 4,, A1, A3, and A4 to eliminate the terms involving 7, 73, 772, and #3;

that s,

i

A, = _ﬁ (1.57)

Ay =101 (a1 +iwa; — w’as —iw’ay) (1.58)
1 . 2 ;3

A3 = m@al—m)az—l—w a3 —3iw a4) (1.59)
1

Ay = @(al—iwaz—wZOh-i—iwsOu) (1.60)

With these choices, (1.56) assumes the simple form

L 1 i€ . ) .3 2=
n:twn+zeﬂn—£(3a1+lwaz+w a3+ 3iw a4)17 n (1.61)

Again, we did not have to go through the lengthy algebra to arrive at the normal
form (1.61). Because the solution of the unperturbed problem (1.54) is proportional
to e'“*, we could have replaced ¢ with e'®! in the perturbation and identified the
terms proportional to e'®*. In this case, they are

1 i B
Eeu@ — % (3a1 +iway + wlas; + 3iw3a4) g2t

Hence, keeping only the resonance terms in (1.54), we obtain the normal form

. 1 i€
C=iwl + Eeﬂ@ 50 Bar +iwa; + 0’as + 3iw’ay) §2E

which is formally equivalent to (1.61).



1.5 An Oscillator with Quadratic and Cubic Nonlinearities

1.5
An Oscillator with Quadratic and Cubic Nonlinearities

We consider free oscillations of a single-degree-of-freedom system governed by
i+ olu+out+au’ =0 (1.62)

To keep track of the different orders of magnitude, we use a nondimensional pa-
rameter € that is the order of the amplitude of oscillations and hence rewrite (1.62)
as

i+ olu+eou +au’ =0 (1.63)

Thus, f = —edu? — 2au’ and (1.14) becomes

' 2
Emiot+ 0 B et By (164

In the next section, we use two successive transformations to produce the normal
form of (1.64). In Section 1.5.3, we use a single transformation to produce the
same normal form, and in Section 1.5.2, we use the method of multiple scales to
determine a second-order expansion of (1.64).

1.5.1
Successive Transformations

To simplify the O(¢) terms in (1.64), we introduce the near-identity transformation

E=n+ehi(n,7) (1.65)

and rewrite (1.64) as

oh Bh 0
n—Lwn—l—lewhl—e—l' 11‘7~|—£(17+17+eh1+eh)
an T “oq
2
Ty B (1.66)
20

The form of the O(¢) terms suggests choosing h4 in the form

hy = Nyy? + L + Ti? (1.67)
It follows from (1.66) that

7 =1iwn+ O and # =—iwi+ O(€)

so that to O(e) (1.66) becomes

o o
1'7=ia)17+iea)( F1+2—)17 +Lea)(l“2+ﬁ)n1'7

+iew (31‘3 + i) 7’ + O(e?) (1.68)

17
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The simplest possible form for (1.68) corresponds to the vanishing of the terms
involving 1?2, 7, and #%?; that is, choosing I, I3, and I} to be

0 0 0

h=sw =g D76 (169
Then, (1.68) reduces to
i =ion+ O (1.70)

Substituting (1.67) into (1.66) and using (1.70) to eliminate 7 and #, we obtain

o ie? _ 262 _ _ _
i =iont— [a(n + )+ 307 (7 + 7’ —5n*n — 517772)]4-'-' (1.71)

Next, we introduce a near-identity transformation from # to & in the form

n==E+¢eh (58 (1.72)
and obtain
E=iwE+ictoh, —62%—11&2. —62%—%2;

P2

+5- [a (+8)+ 22 (2B - —5552)] +ee (173)
2w 3w
The form of the O(e?) terms suggests choosing h, in the form
hy = A1E3 + AL E2E + AEEX + A,E° (1.74)
It follows from (1.73) that
E=iwE+O@?) and &=—iw + O() (1.75)

Therefore, substituting (1.74) and (1.75) into the right-hand side of (1.73) and keep-
ing terms up to O(e?), we have

2
E=iwE+icw (—2/11 + -2 4 é—) &

20 3o*
2 : 2 2
. 9 a 0%\ z5 i€ 100 )z
ANy —— = (30—
+L€w( 4+2w2+3w4)§+2w(a 3w? &'e
3a 50%)\ .-
.2 2
241 —_——— 1.76
+ i€ w( 3+ o 3w4) EE°+ (1.76)

We note that (1.76) is independent of A, and hence it is arbitrary and the term £2&
is a resonance term. Equation 1.76 takes the simplest possible form if
a o2 3a = 507 a o2

A= — —_—, Na= —— _—, Ny = ——— — —— (1.77
1= 407 3= 407 o YT T8e?  120¢ H77)
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Then, (1.76) becomes

é:iw§+g(3a—%) E2E 4. (1.78)
Substituting (1.65) into (1.10), we have
W=+ E =t i+ ehi () + ey (7, 7) (1.79)
Then, substituting (1.72) into (1.79) yields
u=E+&+eh (§&)+ehi (E8)+-- (1.80)
Substituting for h; from (1.67) into (1.80) and using (1.69), we obtain
u:§+é+%(§2—6§§+éz)+m (1.81)
Substituting the polar form

&= %aei(wlﬂf)

into (1.81), we find that

Sa?
u=acos(wt+ﬁ)+€6 az [cos Qwt +2B) — 3]+ - (1.82)
)

Substituting the polar form into (1.78) and separating real and imaginary parts, we

have
a=0 (1.83)
aﬁ—eza3 3_a_ﬁ 1.84
B 8w 1203 (159

Equations 1.82-1.84 are in full agreement with those obtained by using the method
of multiple scales, as shown in the next section.

1.5.2
The Method of Multiple Scales

Using the method of multiple scales, we seek a second-order uniform expansion
of the solution of (1.64) in the form

2
Etie) =Y €"Cu(To, Ty, To) + - (1.85)

n=0

where T, = €"t. In terms of these scales, the time derivative becomes

d
— =Do+€D;+€e*Dy+---, D,=

1.86
dt aT, (1.86)

19
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Substituting (1.85) and (1.86) into (1.64) and equating coefficients of like powers
of €, we obtain

Order (¢°)
Doy —iwo =0 (1.87)
Order (€)
) i - \2
Dol1 —iwl = —D1go + o (&o + o) (1.88)
Order (¢2)

Doly — iw& = —DyCo — Dily + f (Co+ o) (&1 + &) + % (G0 + &)’
(1.89)

The general solution of (1.87) can be expressed as
o = A(Ty, Ty) €' (1.90)

where A is an undetermined function of T; and T, at this order; it is determined
by eliminating the secular terms at the next orders of approximation.
Substituting (1.90) into (1.88) yields

. 10 . - .
Do&1 —iw& = —DiAe'®To 21— (A2e**To 4 2AA + A’e~ @) (1.91)
o)
Eliminating the terms that produce secular terms in (1.91) demands that DA =0
or A = A(T,). Then, the solution of (1.91) can be expressed as

dA? 2iw Ty OAA QA —2iw T,
—e€ - —¢

&= (1.92)

2w w?  6w?

where the solution of the homogeneous equation has not been included so that
the amplitude of the term at the frequency of oscillation is uniquely defined by the
zeroth-order solution (1.90). We note that the coefficients in (1.92) are the same as
the [ defined in (1.69).

Substituting (1.90) and (1.92) into (1.89) and using the fact that D;A = 0, we
have

. i 1002 _
Doly —iwl = —DyAe'® ™0 4 i (3a =352 ) A%Ae'@T 4 NST (1.93)

where NST stands for the terms that do not produce secular terms. Eliminating the
terms that produce secular terms from (1.93), we obtain

i 1002\ -
DrA= o (3a— ) A’A (1.94)
w w
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Putting & = Ae'®* in (1.78) and using the fact that D,A = €*dA/dt, we obtain
exactly (1.94).

We note that, for a uniform second approximation, we do not need to solve for ¢,
but we only need to inspect (1.93) and eliminate the terms that produce secu-
lar terms. Similarly, to determine a uniform second approximation by using the
method of normal forms, we do not need to determine h, in (1.72), but we need
only keep the resonance terms in (1.73).

1.5.3
A Single Transformation

Instead of using successive transformations to produce the normal form of (1.64),
one can formulate the process as a perturbation method. Thus, we expand ¢ in a
power series of € in terms of a new variable # in the form

§=n+ehi(n,7)+€hy(n,7) + - (1.95)

i1 =iwn+eg(n,7)+ g (n,7) + - (1.96)

where hq and h, are smooth functions of # and # and g; and g, contain all of the
resonance and near-resonance terms. Substituting (1.95) and (1.96) into (1.64) and
equating coefficients of like powers of €, we obtain

. ohy _0hy io .

—— —— = —-— 1.
i (15— 15 ) = 5 7 (197)
. th _th _ 3111 _ 3111 ia _\3

gz+1w(WW—ﬂW—h2) =81 Pr" -8 on +2w (n+n)
" )
+ 2+ ) (hl + hl) (1.98)
w

Equations 1.97 and 1.98 are the so-called homology equations for hq and h,.

Next, we need to determine g; and h; from (1.97). In order that h; be nonsin-
gular (smooth), we choose g; to eliminate all of the resonance and near-resonance
terms; otherwise, hy will be singular (i.e., have secular terms) if there are resonance
terms and near singular (i.e., have small divisors) if there are near-resonance terms.
In the present case, there are no resonance terms in (1.97). To see this, we note
from (1.96) that 7 = Be'®! and hence the perturbation terms on the right-hand
side of (1.97) contain terms proportional to ¢*21** and a constant. Because none of
these terms is proportional to ¢'®*, which is the solution of the first-order problem
in (1.96), there are no resonance terms. If we are in doubt, we seek a function h,
that can be used to eliminate all of the perturbation terms. If we are successful in
finding a smooth function h, that eliminates all of the perturbation terms, then
g1 = 0. Otherwise, we choose g; to eliminate all terms that produced the trouble-
some terms (i.e., singular and near-singular terms) in h;. Because the perturbation
terms are of second degree, we let

h = hn* + Ly + i’ (1.99)

21
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choose I7, I3, and I3 to eliminate i8(57 + #)?/2w and obtain (1.69). Because the
obtained I, are regular, there are no resonance terms and g; = 0.
Substituting (1.99) and g; = 0 into (1.98) and using (1.69), we obtain

C [ 9k, _ohy o2 o,
gz+1w(nW—nﬁ—hz)—m(ﬂ+ﬂ)(ﬂ +7* — 6n7)
LR 1100
g 1t (1.100)

As stated earlier, we do not need to determine h, and all that we need is to inspect
(1.100) and choose g, to eliminate all of the resonance and near-resonance terms.
Again, because 7  ¢'®!, only the term proportional to %27 is a resonance term.
Hence, choosing g, to eliminate this term, we obtain

i 1002\ ,_
g =—1\30— 30l n°n (1.101)

=2a)

Substituting (1.95) and (1.99) into (1.10) and using (1.69), we obtain

S NI I - 1.102
w=n 40+ 55 (0" + 0" —6nh) + - (1.102)

Substituting for g, from (1.101) into (1.96) and using the fact that g; = 0, we have

L ie? 1062\ ,_
77=lw77-|—£ 3a—3w2 nn+--- (1.103)

in agreement through second order with the expansions obtained in Sections 1.5.1
and 1.5.2.

1.6
A General System with Quadratic and Cubic Nonlinearities

We consider free oscillations of a single-degree-of-freedom system governed by

i+ o’u+te (61u2 + 62u2)
+ & (ui+ arw’ + aputiv + asui + asi’) =0 (1.104)

so that

f=—€e(01u” + 8,0%) — € (2uis + aru® + o u’ i + azuir” + asiv’)
(1.105)
We note that a small nondimensional parameter € has been introduced as a book-

keeping device. The quadratic terms have been ordered as O(¢), whereas the cubic
terms and the linear damping term have been ordered as O(e?). Then, (1.14) be-
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comes
E= ot + 55 [51(6+8) - 000 (€8] - (6~ D)
(4D v iva (@ + 8 (€~ )
2w
~0’as (E+8) (£ 8) —i0’as (6 - 7)) (1.106)
As in Section 1.5.3, we seek an expansion for (1.106) in the form (1.95) and (1.96),

equate coefficients of like powers of €, and obtain

. doh doh i _ _
gt io (”a_nl _gdh_ hl) = L [00tn+ 7 = 000 (1 — )]

8' 2w
(1.107)

. oh, dh, dhy ohy
g2+lw(77%— a—_—h) g1a77 g1a17 (m—n)

+ é [61 (7 + 1) (hl + ﬁl) — 020" (7 1) (hl - ﬁl)] * %al 7’

+ 5= [iway O+ i) (=) —i0’as (g = 7)* = oas (n +7) (= 7)’]
(1.108)

The right-hand side of (1.107) does not contain resonance or near-resonance terms,

and hence we put g; = 0, seek k4 in the form (1.99), and obtain

%—%62, I}:—%—éz, r;:—G%Jr%éz (1.109)

Because all of the I, are regular, our conclusion that there are no resonance or

near-resonance terms in (1.107) and hence g; = 0 is justified a posteriori.
Substituting (1.99) and (1.109) into (1.108) and using the fact that g; = 0, we

obtain

I =

) oh oh 2 01 _ _
g2+lw(na—nz— 8'2 hz)=—§l(§2w(w —5)( —7) (n* —7?)

o o o
—u(n— n)+g—wl(n+ﬁ)[(w—12—62) (772+7_72)—6(w—12+52)7777]

5= [an tn+ ) + iwa (g +7)* (= 7) = 0as (g + 7) (g = )’

3 (1.110)

—iwlay(n — 7))+
Inspecting the right-hand side of (1.110), we conclude that the terms proportional
to 77 and 5?7 are the only resonance terms and there are no near-resonance terms.
Consequently, choosing g, to eliminate the resonance terms, we obtain

i 562
g2 :—[1417—}-%[36(14—&)20(3—;(—-’-55 (32+2(§2 2)

+iw (az + 3w2a4)i| n*n (1.111)
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Substituting (1.95) and (1.99) into (1.10) and using (1.109), we obtain

i 6 1 _ 26 _
u=n+ite [(ﬁ - 562) (> + %) - (w—; + 262) 1777:|+--- (1.112)

Substituting for g, from (1.111) into (1.96) and using the fact that g; = 0, we obtain
o ie? 2 (562
N =ioy—un+ Ta [3a1 + wla; — 3 (w—z1 + 5010, + 25%602)
+iw (az + 3w2a4)i| i (1.113)
To compare the expansion (1.112) and (1.113) with that obtained by using the
method of multiple scales (Nayfeh, 1984), we substitute the polar form
7 = lagii+h) (1.114)

in (1.112) and (1.113) and obtain

1
u=acos(wt+ f) + —ea’ ﬁ—éz cos 2wt +26) —3 ﬁ—l—éz
6 w? w?
NE (1.115)
where
a= —ezﬂa — %62 (az + 3w2a4) ad+ .- (1.1106)

‘ e 2 2 (50 2.2 3
aﬁ: 8_ 3(11 + w a3 — — —2~|—56162~|—262w a’ +--- (1117)
w 3\ w

which is formally equivalent to that obtained by using the method of multiple
scales.

1.7
The van der Pol Oscillator

In this section, we construct a second-order approximation of the normal form of
the van der Pol oscillator

i+ o’u=e(1—u)i (1.118)

Using the transformation (1.10), we rewrite (1.118) as

C=iwl+3eE-O[1-(&+8)7] (1.119)



1.7 The van der Pol Oscillator

1.7.1
The Method of Normal Forms

As in the preceding two sections, we seek a second-order expansion of (1.119) in
the form (1.95) and (1.96), equate coefficients of like powers of €, and obtain

, doh,  _0hy 1 1o,
2oy Y= —7)— = — —
g1+m)(na77 57 1) S =)= (" +n*n— ' =7’
(1.120)
, dhy,  _0h, ohi  _ dhy 1 -
g+ iw (WW — 77% - hz) = —glﬁ —glﬁ + E (hl - hl)
2 ks — (s — ) — =R 4 Sk 4 2R 1.121
S =i (b= ) = Snthy 4 SiTha o+ S0 (1.121)
Choosing g; to eliminate the resonance terms in (1.120), we have
g1=31—30'7 (1.122)

Then, we seek h; in the form

hi = Aqij + Ay + Ay + Asip? (1.123)
Substituting (1.123) and (1.122) into (1.120) yields

(iwd, =) - 2iwd + 1) 9’ + Qiwd, + 1) ni’

+ (#iwAs+ )P =0 (1.124)
Hence,
i i i i
A:__y A:—, /1:—y A:— 1.125
! 4w '™ 4o 27 40 37 8w ( )
Therefore,
1 1
hy=——il5—n=nip?— =73 1.126
1 V. (77 n it = o ( )
Substituting (1.122) and (1.126) into (1.121) yields
oh, _0dh, i _
o (o= = o= —hy | = ——— (27 + 57° + 59° — 129
g2+lw(778’7 5 z) oo (20 4507 + 57 n*i
2% — 4ni? + 11p* 7 + 2% + 5925 + it + 55°) (1.127)

Choosing g, to eliminate the resonance terms (terms proportional to 7, %7, and
n3#?) from (1.127), we have
1
=———i(2n — 1297 + 119’7’ 1.128
8= =i (2n = 129" + 119°7) (1.128)
Substituting (1.122) and (1.128) into (1.96), we obtain, to the second approximation,
the normal form

1 1
7=i0n+ € (7 —n*n) — Eiez (2n —129°7 + 119°7%) (1.129)
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Substituting the polar form (1.27) into (1.129) and separating real and imaginary
parts, we obtain

a=1e(a—1d’) (1.130)
. 1 3 11
B = _%62 (1 - Eaz + 3—2a4) (1.131)

in agreement with those obtained with the generalized method of averaging
(Nayteh, 1973).

1.7.2
The Method of Multiple Scales

We seek a second-order expansion of the solution of (1.119) in the form (1.85).
Substituting (1.85) and (1.86) into (1.119) and equating coefficients of like powers
of €, we obtain

Order (¢)

Dolo—iw&o =0 (1.132)
Order (¢)

Doy —iwly = —Dilo+ 3 (G — &) — 5 (& + L5l — Lo&d — &) (1.133)
Order (¢2)

Do&y —iw& = —Dabo — Di&i + 3 (& — &) — 5 (385 + 28080 — &) &

—1(& - 25060 -38) &
(1.134)

The general solution of (1.132) can be expressed as in (1.90). Then, (1.133) be-
comes

DOCl _ le1 — _DlAeia)T() + %Aeino _ %A_e—in() _ %A3e3in"
— 1A% A" T 4 LAAZeT 0T 4 L A3 T30 o (1.135)
Eliminating the terms that lead to secular terms from (1.135) yields

DiA=1(A-A’A) (1.136)

1
2

Then, the solution of (1.135) can be expressed as

& = SL (—24Ae7i0T0 24330 T0 4 2 AA%eT 0T 4 APe3i0To) (1.137)
[0)
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Substituting (1.90), (1.136), and (1.137) into (1.134), we have

Dol — iwEy = —Dy AT — % [24 - 12A%A + 1143 A%] g0 T
(03]
+ NST (1.138)

Eliminating the terms that lead to secular terms from (1.138) yields
DyA=———[2A—12A%A + 114° A2 (1.139)
16w
Using the method of reconstitution, we obtain from (1.136) and (1.139) that
. 1 — j _ _
A=Se(A-AA) - = 24— 2APA+ 114 2] (1.140)
»

Letting { = Ae'®" in (1.129), we obtain (1.140), which means that the results ob-
tained with the methods of normal forms and multiple scales are the same.

1.8
Exercises

1.8.1 Use the methods of normal forms and multiple scales to determine the nor-
mal forms of

a) i+ o?u+an’ =0,
b) i + w?u+ auti =0,
o i+ wlutau’ =0,
d) it + 0?u+ au*u? =0,
e) il + wluter’ =0.

1.8.2 Use the methods of multiple scales and normal forms to construct a second-
order approximation to the normal form of

i+ o?u+ aud 4+ 2uutin =0
1.8.3 Use the methods of multiple scales and normal forms to construct a first-
order approximation to the normal form of

i+ o'+ au’ii =0
1.8.4 Use the methods of normal forms and multiple scales to construct a second-
order approximation to the normal form of

u+w2u+a(u—§a3):0
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1.8.5 Consider the equation
¥4+ x+3x2 4253 =0

Determine the equilibrium points. Determine, to second order, the normal form
of the system near each of these equilibrium points.

1.8.6 Consider
¥4+x+axt+2x>=0

Show that there is only one equilibrium point when a < 2+/2 and that there are
three equilibrium points when a > 2+/2. Determine, to second order, the normal
forms near the equilibrium points.

1.8.7 Consider

=0

x—l—x—l_x

Show that there is only one equilibrium point when a < 1/4. Determine, to second
order, the normal form near this equilibrium point.

1.8.8 Consider

¥—3x 4+ x> =-2
Determine the equilibrium points and the normal forms near them.
1.8.9 Consider

i—utut=0
Determine the equilibrium points and the normal forms near them.
1.8.10 Consider

¥-2x—x+x*=0
Determine the equilibrium points and the normal forms near them.

1.8.11 Consider

a3,
R T TR—

Determine the equilibrium points and the normal forms near them.

1.8.12 Use the methods of multiple scales and normal forms to determine a first-
order uniform expansion for the general solution of

. 4sin’ @ .
0+wzsin0+L0:O
1+4(1—cos0)

for small but finite 6.



1.8 Exercises

1.8.13 Consider the equation

Ui
1—u

=0

i,l—i—a)éu—{— >

Use the methods of multiple scales and normal forms to determine a first-order
uniform expansion for small u.

1.8.14 Consider the equation
(I” +r*—2rlcos 0) 6 +rlsin0 6’ +glsinf =0

where g, r, and | are constants. Determine a first-order expansion for small but
finite O by using the methods of multiple scales and normal forms.

1.8.15 Consider the equation

(L2 +170%) 0 + 206" + grfcosf =0
where r, |, and g are constants. Determine a first-order uniform expansion for small
but finite 6 by using the methods of multiple scales and normal forms.

1.8.16 The motion of a simple pendulum is governed by

é—l—%sinH:O

Use the methods of multiple scales and normal forms to determine a first-order
uniform expansion for small but finite 6.

1.8.17 Consider the equation
6 = @%singcos0 — £ sino
Use the methods of multiple scales and normal forms to determine a first-order
uniform expansion for small but finite 6.
1.8.18 The motion of a particle on a rotating parabola is governed by
(1+4p*x%) & + Ax +4p°x* =0

where p and /1 are constants. Use the methods of multiple scales and normal forms
to determine a first-order expansion for small but finite x.
1.8.19 Consider the equation
- u? - ui? otu Y 0
u waU P
1—u? T E e BV

Use the methods of multiple scales and normal forms to determine a first-order
expansion for small u.
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2
Systems of First-Order Equations

2.1
Introduction

In this chapter, we describe in detail the problem of calculating the normal form
for a system of first-order equations having the form

W= Au+ eFy(u) + e*Fy(u) + --- (2.1)

where u and the F,, are column vectors of length n, A is an n x n constant ma-
trix, and € is a small nondimensional parameter, which may represent a physical
quantity, or it may be just a bookkeeping device and set equal to unity in the fi-
nal result. In this book, the normalization is carried out in terms of €, whereas
in the literature the normalization is usually carried out in terms of the degree
of the polynomials in the nonlinear terms. In the latter case, the components of
F,(u) are homogeneous polynomials of degree m + 1 in u. We assume that the
F,, are smooth vector fields satisfying F,,(0) = 0 so that u = 0 is a fixed point
of (2.1).

As a first step, we introduce a linear transformation u = Px, where P is a non-
singular or invertible matrix, in (2.1) and obtain

Px = APx + €F1(Px) + €*F5(Px) + --- (2.2)
Multiplying (2.2) from the left by P!, the inverse of P, we obtain

f= Jx e fy(x) + e fyx) + oo (2.3)
where

J=P'AP and f,(x)= P 'F,(Px) (2.4)

We choose P so that ] has a simple real form.

The simplest possible real form for | depends on the eigenvalues 4; and eigen-
vectors p; of A. There are three possibilities (Coddington and Levinson, 1955; Hale,
1980; Hirsch and Smale, 1974; Walter, 1976):

The Method of Normal Forms, Second Edition. Ali Hasan Nayfeh
© 2011 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2011 by WILEY-VCH Verlag GmbH & Co. KGaA
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a) All eigenvalues are real and distinct.
b) Some eigenvalues occur in complex conjugate pairs.
c) Some eigenvalues are repeated.

In the first case, there are n linearly independent real eigenvectors p; of A. Then,

forming the matrix P by having its columns be the eigenvectors p,, p,, ..., p, pro-
duces a diagonal matrix | with real entries 11, 4,, ..., 4,. For two-dimensional sys-
tems,
A1 0
I= [ 0 /12]

When the eigenvalues are real and some of them are repeated, there are two pos-
sibilities. First, there are n linearly independent real eigenvectors p;. Then, choos-
ing P as in the first case produces a diagonal matrix with real entries 11, 1,,..., 14,
where some of them are repeated. For two-dimensional systems,

A0
=[5 7]
Second, there are less than n linearly independent eigenvectors. In this case,
we form the matrix P by having its columns p; be the generalized eigenvectors
of A; that is, the eigenvectors of (A — A;I)™, where m is the multiplicity of the

eigenvalue A ;. With this choice for P, J takes the so-called Jordan form. For two-
dimensional systems,

A1 A0
1=[o ] e a=[i ]
When some of the eigenvalues occur in complex conjugate pairs, some of the
eigenvectors are complex. Forming the matrix P by having its columns be the gen-

eralized real eigenvectors of A produces a matrix J thatis in the so-called real Jordan
form. For two-dimensional systems,

a —w a o
r=[o W] e o=l ]
where o and o are real constants.
The fixed point u = 0 is called hyperbolic if none of the eigenvalues of A has a
zero real part and nonhyperbolic if at least one of the eigenvalues of A has a zero

real part. The zero real parts imply the existence of constraints on the elements
of A. For two-dimensional systems, there are four possible constraints:

1. A has real eigenvalues and one of them is zero; that is,
[Al]=0 and Tr(A)#0

where Tr(A) is the trace of A.



2.1 Introduction

2. Ahas purely imaginary eigenvalues; that is,
|[Al] #£0 and Tr(A)=0

3. Both eigenvalues of A are zero but A is not the null matrix; that is,
A#0, |Al=0, and Tr(A) =0

4. A=0.

The equality constraints are called degeneracy conditions. The number of degener-
acy conditions indicates the level of degeneracy or codimension of the fixed point
(Dumortier, 1977; Guckenheimer and Holmes, 1983).

Our aim is to construct a sequence of transformations that successively remove
the perturbation terms f, , starting from f,. Ideally, we would like to be able to
remove all of the f , especially, if they are nonlinear, thereby reducing (2.3) to a
linear problem. In general, this is not possible, as discussed below.

Instead of using a sequence of transformations, we introduce the single near-
identity transformation

x =y +ehi(y) + ' hy(y) + - (2.5)

into (2.3) and choose the h,, so that it takes the simplest possible form, the so-called
normal form

V=Jytegy) Helg) + o (2.6)

As discussed later, the g, are referred to as resonance and near-resonance terms.
Substituting (2.5) into (2.3) yields

¥ +€Dhi(y)y + € Dhy(y)y + -+
= Jy+eJhi(y) + € Tha(y) + -+ € fy [y + €ha(y) + €ha(y) + -]
+ e fo [y +em(y) + hay) +--- ]+ 2.7)

where Dh is the Jacobian of h. Using (2.6) to eliminate y from (2.7) and equating
coefficients of like powers of €, we obtain

g1(y) + Dha(y)Jy — Jhi(y) = f1(y) (2.8)

8(y) + Dha(y)Jy — Jha(y) = f5(y) + D f1(y)h1(y) — Dha(y)gi(y) (2.9)

The operator L(hq(y)) = Dhi(y)Jy — Jhi(y) = [h1, Jy] is called the Lie or Poisson
bracket. We note that although the h,(y), which describe the transformation (2.5),
are in general nonlinear functions of y, they are found by solving a sequence of
linear problems, as described below.

Next, we carry out the details of determining the h,, and g,, for specific prob-
lems.
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34| 2 Systems of First-Order Equations

2.2
A Two-Dimensional System with Diagonal Linear Part

As a first example, we consider the two-dimensional system

%o |:/11 Oi| v te |:a1x12 + arxi %, + a3x22i|

0 4 2

2 (2.10)
a4Xy + AsX1%; + A6X;)

where the 4; and «; may be real or complex, but both of 1; and 4, are not zero.
Using (2.10), we rewrite (2.8) as

dhyy Ohyy
Bl Lo o |[5 2I0-15 200
g2 dhiy  Oh | L0 A2]Ly2 0 Ay |hw
oy

= [0‘1)’% + azy1y2 + as}’%} (2.11)
asyt + asyiys + aey)

where (h11, h13) and (g11, g12) are the components of hy and g;. The right-hand side
of (2.11) suggests seeking the gy, and hq,, in the form

hi1 = Ny; + Dyiy: + D3y; (2.12)
hiy = Liy; + syiys + Toys (2.13)
gu = Awyi + Aayiya + Asy; (2.14)
g2 = Auyt + Asy1ys + Agy; (2.15)

Substituting (2.12)—(2.15) into (2.11) yields

Ay1 Ny + Doya) + A2y (Dyr + 213y2) — A1 (Ny7 + Dyiys + 13y3)
= (a1 — M) y1 + (a2 — A3) yry2 + (a3 — A3) y5 (2.16)

Ayt @Ly1 + I5ya) + Aaya (Tsyr + 206y2) — Ao (Luyt + syiya + T6y3)
= (a4 — Ag) y2 + (as — As) yry2 + (a6 — Ae) y2 (2.17)

Equating the coefficients of y2, y; y2, and y2 on both sides of (2.16) and (2.17) yields

B =a—A (2.18)



2.2 A Two-Dimensional System with Diagonal Linear Part

where I', @, and A are column vectors having the components ', a,, and A,
respectively, and

A1 0 0 0 0 0
0 A 0 0 0 0
0 0 2i,—44 0 0 0

B = 2.1
0 0 0 21—, 0 O (2.19)
0 0 0 0 A1 0
0 0 0 0 0 4

Thus, the matrix B is diagonal having the eigenvalues 41, 4,24, —41, and 24; — 1,.
As shown in Section 2.4, these eigenvalues are related to the eigenvalues 4; and 4,
of J and hence A by

Ami = miki + mads — 4; (2.20)

where m = (mq, m,), my and m, are positive integers such that m; + m, = 2 and
mq, my = 0,1, and 2.

Clearly, the matrix B has an inverse and hence (2.18) has a solution for any &
if none of its eigenvalues vanishes. Consequently, we put 4 = 0, explicitly solve
(2.18) for the I, and obtain

aq a) a3
N=—, L =2, H=—>2>,
T 27, 3T 20, — Ay
g4 as (£33
I - =% =% 2.21
YT =, T ST, (221)

With this choice, all of the nonlinear terms are eliminated from (2.10), resulting in
the linear normal form y = Jy.

When any of the eigenvalues 11, 1,24, — A1, and 24, — 1, vanishes (i.e., mi1; +
mydy = A;, for some choice of m; and m,), the matrix B is singular and one or
more of the I, are unbounded, implying that one cannot eliminate all of the non-
linear terms in (2.10) and hence obtain a linear normal form. The terms that cannot
be eliminated are called resonance terms. Moreover, the condition mA1+myd, = 4;
is called a resonance condition of order 2 because the nonlinearity is quadratic (i.e.,
my + my = 2). When any of the eigenvalues of B is small, it follows from (2.21) that
at least one of the I, has a small divisor and therefore the transformation breaks
down. The terms that produce small divisors are called near-resonance terms. For ex-
ample, let us consider the resonance condition 24, — 41 & 0. In this case, it follows
from (2.21) that all I, except I’ are regular and that I3 is either singular or has a
small divisor. Thus, we choose /13 = a3 to avoid this singularity, put the remaining
Ay, equal to zero, and choose 17, I3, Iy, I5, and [ as in (2.21). Consequently, the
normal form of (2.10) is

. [A4 0 a;y%
y—[o h])ﬂ-e[ o (2.22)

When 24; — 4, & 0, we choose /14 = a4 to avoid the singularity, set the remain-
ing A, equal to zero, and choose I, I, I3, [5, and I as in (2.21). In this case, the
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normal form of (2.10) is

. A O 0
= + € 2.23
Y [0 /12] ! [WY%] 223)
When 4; &~ 0, we choose A, = a; and A5 = as to avoid the singularities, set

the remaining A ,, equal to zero, and choose I3, I3, Iy, and I as in (2.21). The
resulting normal form of (2.10) is

. /‘Ll 0 a1 Y% i|
= + € 2.24
Y [ 0 /12] ! [as Y1y2 (224
When 4, & 0, we choose A1, = a; and A4 = ag, set the remaining A, equal to

zero, and choose I, I3, Iy, and I as in (2.21). Consequently, the normal form of
(2.10) becomes

i=[o alreelbE] @9
Recapping, we note that the 6 x 6 matrix B maps six-dimensional vectors in the
space %° into six-dimensional vectors in N®; that is, for any vector I" in %®, BI'
is a vector in MC. It is clear that the e;, where e; is the ith member of the natu-
ral basis of R (e; is a six-dimensional vector whose elements are all zero except
the ith element is 1), form a basis for %, and that they are the eigenvectors of B
corresponding to the eigenvalues A, ;. Then, the subset of eigenvectors of B with
nonzero eigenvalues form a basis for the image X of 9%® under B. Consequently,
the components of « lying in X can be eliminated by a proper choice of I". Then,
the component X° of ), which does not lie in X and represents a subspace com-
plementary to X, is spanned by the eigenvectors of B corresponding to zero or
near-zero eigenvalues. Consequently, the resonance and near-resonance terms are
in the subspace of 9% spanned by the eigenvectors of B corresponding to zero or
near-zero eigenvalues.
Next, we consider system (2.10) with cubic, rather than quadratic, nonlinearities;
that is,

) A1 0 1%} + arxtxg + azxix? + asx;
x = 3 2 2 3 (2.26)
0o A, asx] + aex{x; + arx1%5 + agx;
Then, (2.8) becomes
dhyy  dhqy
R P A | A [
g12 dhy,  Ohyy | L0 A2l ly2 0 Ay |hu
ayl 8Y2
= |:O(1Y% + aZY%YZ + a3Y1Y% + a4ygi| (2 27)
asyi + asyiys + azyiy; + asy; '
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The form of the terms on the right-hand side of (2.27) suggests seeking h11, h12,
g11, and g, in the form

hi = Ty + Doyiy: + Diyiy; + Ley; (2.28)
hi =I5y + Teyiys + Dryiy; + Isy; (2.29)
gu = A1y} + Aayiys + Asyry; + Auy; (2.30)
g2 = Asy; + Aeyiya + Azy1yv; + Asy; (2.31)

Substituting (2.28)—(2.31) into (2.27) and equating the coefficients of y3, y2y,, y1y2,
and y; on both sides of each row, we obtain (2.18) where

P2 0 0 0 0 0 0
0 44 0 0 0 0 0 0
0 0 24 0 0 0 0 0
a0 0 03— 0 0 0 0
0 0 0 0 3 —2; O 0 0
0 0 0 0 0 2, 0 0
0 0 0 0 0 0 Ji+4 0
L 0 0 0 0 0 0 0 24,
(2.32)

Again, the eigenvalues A, ; of the matrix B are related to the eigenvalues 4, and 4,
of J and hence A as in (2.20), but here

m+my;=3 and m;, my;=0,1,2, and 3

It follows from (2.18) and (2.32) that if none of the eigenvalues of the matrix B is
zero, we can set A = 0, solve for the I',,, and obtain

a1 aj a3 a4
r = -, = ), F = -, F = -,
Y 2T+ A T2, T3, -1
as (€49 az ag
- , _ , _ , - 2.33
ST 30— A, YN Tt 872, (2:33)

With the choices in (2.33), all of the nonlinear terms are eliminated from (2.26),
resulting in the linear normal form

. [A
i = [01 /{)2] . (2.34)

It follows from (2.33) that some of the I, are unbounded or have small divisors
if one or more of the eigenvalues of the matrix B vanish or nearly vanish; that is, if
one of the following resonance conditions is satisfied:

11%0, 12%0, 11-’-12%0, 312—11%0, 3},1—},2%0
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When 1; &~ 0, we let 4, = a1 and A = a, to avoid the singularities or small-
divisor terms, set the remaining A1, equal to zero, and choose the I, except I}
and [, as in (2.33). Then, the normal form of (2.26) is

. /11 0 a1 Y13 :|
= + € 2.35
! [0 /12] ! [%Y%Yz (2:35)
When 4; ~ 0, we let A3 = a3 and Ag = ag to avoid the singularities or small-

divisor terms, set the remaining A,, equal to zero, and choose the I, except I';
and I as in (2.33). Then, the normal form of (2.26) in this case becomes

. 11 Oi| |:O(3Y1Y%i|
= + € 2.36
Y [0 2,7 agy? (2.36)
When 4; + 4; &~ 0, we let 4, = a; and A; = a7 to avoid the singularities or

small-divisor terms, set the remaining A, equal to zero, and choose the I, except
I and I7 as in (2.33). Then, the normal form of (2.26) is

. ll 0 a) Y%Y2i|
= + € 2.37
Y [0 /12} ! [am)’% (2:37)
When 34,—1; ~ 0, welet 14 = a4 to avoid the singularity or small-divisor term,

set the remaining A ,, equal to zero, and choose the I, except I as in (2.33). In
this case, the normal form of (2.26) is

. /11 0 (14)7%

y—|:0 /lz:|Y+€|: 0 (2.38)
Similarly, the normal form of (2.26) when 34; — 1, ~ 0 is

. |41 0 0

-l el

Again, the matrix B can be viewed as a map of the N8 space into itself. Moreover,
the e;, where e; is an eight-dimensional vector with all its components being zero
except the ith component being one, form a basis for %®. The subset of eigenvec-
tors of B with nonzero eigenvalues form a basis for the image X of %® under B.
Consequently, the components of a in X can be eliminated by a proper choice
of I', whereas the components of a in the subspace X¢ complementary to X can-
not be removed by any choice of I". The latter are called resonance terms; they are
spanned by the eigenvectors of B with zero eigenvalues. The near-resonance terms
are spanned by the eigenvectors of B with near-zero eigenvalues.
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2.3
A Two-Dimensional System with a Nonsemisimple Linear Form

In this section, we consider a two-dimensional system whose linear part has a non-
semisimple Jordan form; that is, we consider

) A1 a1xi + arxi % + azx?
= 2.40
x |:0 /'Li| X te |:a4x12 + asx1% + aex? (2:40)

Substituting (2.40) into (2.8) yields

ohiy  Ohn
|:g11i| n ay1 dya |:/1Y1 + Yz] B [/lhn + h12:|
812 dhy;  dhqy Aya Ah1y
oy

_ [aﬂ’f + axy1y: + asy%]

2.41
asyt + asyiys + asys (2:41)

The form of the right-hand side of (2.41) suggests seeking the hi,, and g1, in
the form (2.12)—(2.15). Substituting (2.12)—(2.15) into (2.41) and equating the coef-
ficients of y2, y1y,, and y2 on both sides of each row, we obtain (2.18), where

A0 0 -1 0 0
2 40 0 -1 0
01 4 0 0 -1
B= 00 0 A 0 O (2:42)
000 2 1 o0
(000 0 1 7]

The eigenvalues of B are A with a multiplicity of six. Hence, as long as 1 # 0, one
can solve for I' for any a. Consequently, we put A4 = 0, solve (2.18) for I' in terms
of ., and obtain

= as + Lo I Aas —4os + A%ay; — 210,

- ., I VE ,
AMag—Aas + 2aq
I's = 'E ,
_ AMag—2has + 604+ APas—Aay +20a;
= = ,
ay Aas — 204
Iy = T Is = —

With these choices for the ', all of the nonlinear terms are eliminated from (2.40),
resulting in the linear normal form

j= [g j] y 243
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Next, we consider (2.40) with cubic, rather than quadratic, nonlinearities; that is,

. 1 3 2 2 3
i A X te a1x13 ~|—a2x12x2~|—a3x1x22+a4x23 (2.44)
0 1 asx] + aex{xy + 07x1%5 + agx;

Substituting (2.44) into (2.8) yields

dhyy  Ohyy
|:g11] i Y1 Y2 |:/1Y1 + YZ] _ I:/l hi + ”112]
812 8”112 ahlz AYZ lhll
8y1 BYZ
_ [oayi + aayiys + asyry; + asy; s
= 3 2 2 3 (2.45)
asyi + aeyiy2 + 07y1y; + asy;

The form of the right-hand side of (2.45) suggests seeking the hq,, and g1, in
the form (2.28)—(2.31). Substituting (2.28)—(2.31) into (2.45) and equating the coef-
ficients of y3, y2y2, y17%, and y3 on both sides of each row, we obtain (2.18), where

(220 0 o0 -1 0 0 0
2.0 0 0 -1 0 0
20 0 o -1 0

3
0 2
0 0 1 22 0 0 0 -1

B= 0 0 0 0 22 0 0 0 (2.46)
0 0 0 0 3 2. 0 0
0 0 0 0 0 2 21 0
0 0 0 0 0 0 1 21

The eigenvalues of B are 24 with a multiplicity of eight. Hence, as long as 1 # 0,
B is invertible and one can solve (2.18) for I, irrespective of the value of a. Conse-
quently, we let 44 = 0 and solve (2.18) for I in terms of «, thereby eliminating all
of the nonlinear terms from (2.44) and obtaining the linear normal form given by
(2.43).

We note that the eigenvalues of the matrices (2.42) and (2.46) are related to the
eigenvalue A of the linear parts of (2.40) and (2.44) as in (2.20), where m, +my = r
and r is the degree of the polynomial on the right-hand side of either (2.40) or
(2.44). Thus, when 4; = 4, = 4 and my + m, = r, (2.20) yields the eigenvalues
(r — 1)A with multiplicity six when r = 2 and multiplicity eight when r = 3, in
agreement with the detailed calculations presented in this section.

24
An n-Dimensional System with Diagonal Linear Part

Next, we consider the following n-dimensional system with homogeneous polyno-
mial nonlinearity of degree r:

x=Jx+ f.(x) (2.47)
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where ] is a diagonal matrix with the entries 11,4, ..., 4,, and x=(%1, %3, ..., %,)".
Here, f,(x) is a real vector-valued function whose components are homogeneous
polynomials of degree r. In other words, f,(x) belongs to the space H,, which is
spanned by the vector-valued monomials

x™e; = x"x, 2 x)ey
where
m=(my,my,...,my): m;=012,....,r; m+m+...+m,=r

and e; is a column vector whose n components are zero except the ith component
is one.
Substituting (2.47) into (2.8) yields

Ly[hi(y)] = D(h1(y)) ]y — Thi(y) = f.(¥) — & (¥) (2.48)

where the operator £ is known as the Lie or Poisson bracket of the vector fields
Jy and hy(y). The Lie bracket £; linearly maps H, into H,. To determine the
eigenvalues and eigenvectors of £, we note that

Ly(y™e) =D(y"e) Jy—J(y"e)
0 0 0 o o o 0 0] _/11)’1_
0 0 O e o e 0 O A2y2
° ° o o o o o o °
= Ym % % % e o o o % liYi — leiei
0 0 0 e o o o o °
° ° e o o o 0 o °
L O 0 0 e 0 0 ] _/lnYn_
= [(mid1 + mady + -+ mudy,) — 4] y™e;
= (m ol — /'Ll) Ymei (249)

Hence, the eigenvectors of £ are y™e; corresponding to the eigenvalues
Ami=mel—L; =mdy+mudy+ -+ mud, — 4 (2.50)

Consequently, the subset of the eigenvectors of £ ; with nonzero eigenvalues forms
a basis for the image X, of H, under £;. Hence, the components of f (y) lyingin
X, can be eliminated by a proper choice of h(y) and the components of f (y) not
lying in X, cannot be eliminated. The latter are called resonance terms; they are
spanned by the eigenvectors of £ ; with zero eigenvalues. The components of f(y)
lying in the subspace spanned by the eigenvectors of £ ; with near-zero eigenvalues
are called near-resonance terms.

Considering (2.10), we note that r = 2 and the eigenvectors of £ are y;"'y;*%e;,
where mq + m; = 2 and m; = 0,1, and 2, with the eigenvalues

Am,j = M1 + mads — A;
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Thus, putting (m4, my) = (0,2), (1,1), and (2, 0), we obtain the eigenvalues 24, —
A1, A2, and A when i = 1and 1,, 1, and 24; — A, when i = 2, in agreement with
those obtained in the preceding section. Thus, when none of the 4,,; is zero, h;
can be chosen to eliminate all of the nonlinear terms in (2.10), thereby yielding the
linear normal form y = Jy.

When 21, — A1 ~ 0, all of the nonlinear terms can be eliminated except a3 yZe;,
which is spanned by the eigenvector of £ corresponding to the eigenvalue

205 — A1 = (A1 + (2)A2 — Ay

Hence, the normal form of (2.10) is given by (2.22).
When 24; — 4; &~ 0, all of the nonlinear terms in (2.10) can be eliminated except
a4yie,, which is spanned by the eigenvector of £ corresponding to the eigenvalue

204 =2 = (241 + (0)A, — 4,

Consequently, the normal form (2.10) is given by (2.23).

When 4; & 0, all of the nonlinear terms in (2.10) can be eliminated except
aiyter and asyiy,e;, which are spanned by the eigenvectors of £ corresponding
to the eigenvalue

A= (241 + (0)Ay — A1 = (1)A1 + ()A; — 4,

Consequently, the normal form of (2.10) is given by (2.24).

Finally, when 4, ~ 0, all of the nonlinear terms in (2.10) can be eliminated except
a2y1y2€1 and agyse;, which are spanned by the eigenvectors of £ corresponding
to the eigenvalue

Ay = (A1 + (A2 — A1 = (0)A1 + (242 — 42

Consequently, the normal form of (2.10) is given by (2.25).

2.5
A Two-Dimensional System with Purely Imaginary Eigenvalues

As a first example, we consider the two-dimensional system

3

. 0 1 1% + ayxtxg + azxix? + agx
i=| P D e D e (2.51)
1 0 asx; + aeXi Xy + ayx1%; + 0gx;

We note that the nonzero elements in the matrix J are +1 and —1. If they have
other values, one can introduce time and coordinate transformations so that J has
the form in (2.51). Equation 2.51 can conveniently be transformed into a single
complex-valued equation using the transformation

x=C+C and % =i(C—§) (2.52)
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and obtaining

E=it+e[(@—ias) (E+8) +ifm—iag) (6 +8) (6-0)
—(as —iay) (E+ &) (& - ) i(ag—iag) (C—E)S] (2.53)

Next, we treat both (2.51) and (2.53) by using both the method of normal forms
and the method of multiple scales.

Carrying out a straightforward expansion by putting § = Ae't at O(1), one finds
that the term proportional to £2& produces a secular term proportional to A2Ate't,
whereas the remaining terms (i.e., those proportional to &3, ¢ €% and &3 ) do not
produce secular terms. Hence, only the term proportional to {2 is a resonance
term.

2.5.1
The Method of Normal Forms

We start by treating (2.53). Thus, to first order, we let
E=mn+eh(n i) +--- (2.54)

n=in+egn n)+--- (2.55)

Substituting (2.54) and (2.55) into (2.53) and equating the coefficient of € on both
sides, we obtain

oh doh
g+i (%n ~ 357 h) = % [(a1—ias) (n + 7)* —i(as—ias) (n —7)°
+ilay—iag) (n+ 7)) (g — ) — (a5 —iay) (n +7) (g —7)*]  (2.56)

Next, we choose h to eliminate the nonresonance terms, thereby leaving g with
the resonance terms. The form of the terms on the right-hand side of (2.56) sug-
gests choosing h in the form

h=nn’ + L + L + L (2.57)
Substituting (2.57) into (2.56) and rearranging the result, we obtain
25

g—4a+ib)y°y

ay— a3+ o — ag) — 5i(aa — as — as + a;7)|

+ [2i11 - %(

- [21'1} + ; (Bai 4+ a3 —ag—3ag) — %i(az + 3a4 4+ 3as + a7)] 177_72

—[4il+ S (01— a3 —ag+ ag) — 3i(a—as+ as—a7) |7’ =0
(2.58)

|43
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where
8a =3a1+ a3 + ag + 3ag
8b = ay; + 304 —3as — ay (2.59)

Equation 2.58 is independent of I, indicating that 727 is a resonance term. Con-
sequently, we can choose I, I3, and Iy to eliminate the terms proportional to
73, n7?, and 73, thereby leaving g with the resonance terms; that is

g =4a+ibn’y (2.60)

We note that one does not need to go through the details of determining h to
find out the resonance terms. They can be found by just inspecting either (2.53)
or (2.56) to determine the terms that produce a frequency near the unperturbed
frequency, unity in this case. Because 7 has approximately the unperturbed fre-
quency 1, then 33, #%#, 772, and 7> have approximately the frequencies 3, 1, —1,
and —3, respectively. Hence, only the term 727 is a resonance term. Alternatively,
to the first approximation # = ¢'*, and hence the terms 3, 327, 742, and 7> are
proportional to €', e'f, e, and e~*'*. Because only the term proportional to ¢'*
produces a secular term, only %27 is a resonance term.

Substituting (2.60) into (2.55) yields, to first order, the normal form

0 =in+4e(a+ ib) n*y (2.61)

The normal form (2.61) has a simple representation when expressed in polar coor-
dinates; that is,

n=1ire’ (2.62)
Substituting (2.62) into (2.61) and separating real and imaginary parts, we obtain

i =ear’ (2.63)

B=1+ebr? (2.64)

in which the equation describing the amplitude r is uncoupled from that describ-
ing the phase 8. On the other hand, (2.61) has a more complicated form when
expressed in Cartesian coordinates; that is,

n=73—iy) (2.65)
Substituting (2.65) into (2.61) and separating real and imaginary parts, we obtain

1 =y2 + €(ay1 + bya) (y: + v3) (2.66)

2 = —y1 + € (ays — by:) (v + v3) (2.67)
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Next, we treat (2.51) in which real rather than complex variables are used. Sub-
stituting (2.51) into (2.8) yields

AR P | K [ R N |
g12 dhi  dhyp | L1 OfLy2 =1 0] [hn
ay1 9y,

_ I:al)’l} + Otzy%)’z + a3y1y§ + a4y23:| (2.68)
asy; + agyiy: + azyiys + asy;

where (h11, h13) and (g11, g12) are the components of h and g. The right-hand side
of (2.68) suggests seeking the hy,, and g1, as in (2.28)—(2.31). Substituting (2.28)—
(2.31) into (2.68), we have

A1y} + Aoyiys + Asyry; + Asy; + B0yt +20y1y2 + 13y3) v2
— (Iy? + 203y1y2 4+ 30y3) 1
— (Isy3 + Toyiyz + Dyays + Tsy3)
= a1y} + @2yiy: + asy1ys + asy; (2.69)

Asy? + Aeyiya + A7y1y; + Agy; + 30sy] + 2L6y1y2 + I7y3) 12
— (Toyt + 263 y1y2 + 313y3) 11
+(Ny: + Dytya + Gyiy; + iy;)
= asy] + aeyiy2 + a7y1y; + asy; (2.70)
Equating the coefficients of y%, yfyz, Y1 y%, and yf on both sides of (2.69) and (2.70),

we obtain (2.18), where I', &, and A are column vectors with the components
Iy, 0, and A, respectively, and

0 -1 0 0o -1 0 0 0
3 0 -2 0 0O -1 0 0
0 2 0 -3 0 0o -1 0
0 0 1 0 0 0 0 -1
B= 1 0 0 0 0o -1 0 0 (2.71)
0 1 0 0 3 o -2 0
0 0 1 0 0 2 -3
0o o o 1 0o 0o 1 0]
Because the eigenvalues of the linear part of (2.51) are 44 = i and 1, = —i,

which are distinct, this linear part can be transformed into a diagonal form, by
using a complex-valued transformation. Consequently, the eigenvalues of the Lie
bracket £ (i.e., the eigenvalues of B) are related to 1, and 4, by the relation (2.20),
where (mq1, my) = (0,3),(1,2),(2,1), and (3,0). Hence, the eigenvalues of B are
2i,2i,—21,—21,4i,—41,0, and 0, and one cannot solve (2.18) for I' to remove all
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of the nonlinear terms. The resonance terms, the terms that cannot be removed
by any choice of I', are spanned by the eigenvectors of B corresponding to the two
zero eigenvalues. In other words, the resonance terms, and hence A4, belong to (or
are members of) the null space of B; that is, the space spanned by the nontrivial
solutions of

Bl =0
Hence,
A =¢(1,0,1,0,0,1,0,1)T + ¢,(0,1,0,1,—1,0,—1,0)T (2.72)

where ¢; and ¢, are constants and b denotes the transpose of b. Consequently, to
first order, the normal form of (2.51) is

P1 = Y2 +e€(ciyr + c2y2) (y1 +v3) (2.73)

y2 = —y1 + € (c1y2 — cay1) (v + v3) (2.74)

To determine ¢; and c,, we have two alternatives. First, we determine the image
(range) X of )& under B and then determine the subspace X° complementary to X.
The projection a° of @ on X¢ will be the part that cannot be eliminated by any
choice of I' (i.e., resonance terms) and hence a° will remain in the normal form.
Second, we note that, because B is singular (it has a rank of 6 and a null space of
rank 2), (2.18) has a solution if and only if @ — A is orthogonal to the two linearly
independent solution vectors of the adjoint problem

B'r=o (2.75)

where BT is the transpose of B, in which case I' is not unique. Equation 2.75 has
the following two linearly independent nontrivial solutions:

(3,0,1,0,0,1,0,3)" and (0,1,0,3,-3,0,—1,0)" (2.76)

Consequently, (2.18) has a solution if and only if @ — A4 is orthogonal to each of the
vectors in (2.76), which upon using (2.72) yields

801 = 30(1 + as3 + ag + 30(8
8¢, = ay+ 304 —3as — ay (2.77)

Comparing (2.59) and (2.77), we find that ¢; = a and ¢; = b, and hence the
normal form (2.73) and (2.74) obtained by attacking the two real-valued first-order
equations is the same as the normal form (2.66) and (2.67) obtained by attacking
the single complex-valued equation. However, the algebra involved in attacking the
complex-valued equation is much less than that involved in attacking the two real-
valued equations.
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2.5.2
The Method of Multiple Scales

We start by treating the complex-valued form (2.53) and seek a first-order uniform
expansion in the form

§ =200 (To, Th) + €C1 (To, Th) + - - (2.78)

where T, = t and T; = et. Hence,

4 Dyt D+ D 0
— = € e, = —
dt 0 ! " AT,

Substituting (2.78) and (2.79) into (2.53) and equating coefficients of like powers of
€ on both sides, we obtain

(2.79)

DoGo— i =0 (2.80)

Doly — ity = —DyZo+ 1 [(a1 —ias) (G0 + o)’ — i (a4 — ias) (G0 — To)’
— (a3 —iaz) (& + &o) (G0 — éo)2 + i(ay —iae) (G + éo)2 (%o — éo)]
(2.81)
The solution of (2.80) can be expressed as
Go = A(Ty)e'™ (2.82)

where A is an arbitrary function of T; to this order; it is determined by eliminating
the secular terms from ;. Substituting (2.82) into (2.81) and eliminating the terms
that produce secular terms in &3, we obtain

DiA=4(a+ib) A2A (2.83)

where a and b are defined in (2.59). Letting 7 = Ae'’ in (2.61), we obtain (2.83)
because €D A = A.

Next, we use the method of multiple scales to treat (2.51). We begin by seeking a
first-order expansion in the form

x1 = %11 (To, T1) + €x12 (To, T1) + - - (2.84)

%2 = %91 (To, Th) + €x2 (To, Ty) + - -- (2.85)

Substituting (2.84) and (2.85) into (2.51), using (2.79), and equating coefficients of
like powers of € on both sides, we obtain

Dox11 — %1 =0 (2.86a)
D0x21 + x11 = 0 (286b)
D0x12 — X = —D1x11 + alel + a2x121x21 + a;xnxzzl + a4x231 (2873)

3 2 2 3
Doxyy + %12 = —Di%x1 + sy + aeXi X1 + azx1%5; + agxy;  (2.87b)
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The solution of (2.86) can be expressed as
x11 = A(Th)e'™ +cc and  xp = iA(Ty)e' ™ + cc (2.88)

where cc stands for the complex conjugate of the preceding terms. Substituting
(2.88) into (2.87) yields

D0x12 — X = —DlAeiTO + [3(11 + a3 + i(az + 3(14)] AZA_eiTo
+ cc+ NST (2.89)

Dox, + %12 = —iD1Ae'™ + [3as + a7 + i(as + 3as)| A?Ae'™
+cc+ NST. (2.90)

Differentiating (2.90) once with respect to T and using (2.89) to eliminate Dgx1;
from the result, we obtain

DZxy + %25 = 2D Ae' T — 8 (a + ib) A2 Ae' ™ 4 cc + NST (2.91)

where a and b are defined in (2.59). Eliminating the terms that produce secular
terms from (2.91) yields (2.83).

Again, the algebra involved in attacking the Cartesian real form of the problem
is more than that involved in attacking the complex-valued form of the problem.

2.6
A Two-Dimensional System with Zero Eigenvalues

We consider a two-dimensional system having quadratic nonlinearities in the form
9:c1 _[o 1][= L alxli—l—alexz—l—a;xi 2.92)
Xy 0 0f]x asxi + asxix; + aex;

Then, we consider the same system with cubic, instead of quadratic, nonlineari-

ties. We note that (2.92) differs drastically from (2.51) in that the unperturbed part

of (2.51) can be diagonalized, whereas the unperturbed part of (2.92) cannot be

diagonalized.
Substituting (2.92) into (2.8) yields

dhy  Ohyy
5] Lo e |5 ol []-[5 o]
g12 dhy;  Ohyy | L0 Ofly2 0 0]|hyp
oy

_ |:(11Y% + a2y1y2 + 053)’%] (2.93)

asy? + asyiys + aeys

where (h11, h1,) and (g11, g12) are the components of h; and g;. The right-hand side
of (2.93) suggests seeking the hq,, and g1, as in (2.12)—(2.15). Substituting (2.12)—
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(2.15) into (2.93) yields

/11)’% + Aoy1y2 + /13)’% + y2 2y + Ioyl) — (F4Yf + Isy1y2 + rGY%)
= a1y} + ary1y2 + asy; (2.94)
Ayt +Asyry2+Aeys+ya @Lay1 + I5y)) = asyi+asyiya+agy; (2.95)

Equating the coefficients of y?, y1y;, and y? on both sides of (2.94) and (2.95),
we obtain (2.18), where I', &, and A are column vectors having the components
Iy, oy, and A,,, respectively, and

00 0 -1 O 0
20 0 0 -1 0
01 0 O 0o -1
B= 0 0 0 O 0 0 (296)
0 0 0 2 0 0
0 0 0 O 1 0

Because the linear part of the system under consideration cannot be diagonal-
ized, the resonance terms are not spanned by the null space of B. Since the ma-
trix B is singular (it has a rank of 4), the system of (2.18) has a solution if and only
if @ — A is orthogonal to every left-hand vector of B or to every eigenvector of BT
with a zero eigenvalue, where BT is the adjoint of B; that is, if and only if & — 4
is orthogonal to every solution of (2.75) where B is defined in (2.96). Because the
nontrivial solutions of (2.75) and (2.96) in this case are

(0,0,0,1,0,007 and (2,0,0,0,1,0)"
(2.18) has a solution if and only if
ay— Ay =0 and 2(a;— A1)+ as—A5=0
or
Ay =a4 and 24, + As =20 + a5 (2.97)

With conditions (2.97) satisfied, one can solve for I' for all values of the a,,, irre-
spective of the values of A,, A3, and A, which can be set equal to zero. Conse-
quently, the normal form of (2.92) is

y1=y2 + €Ary; (2.98)

Y2 =¢€ (a4yf + /15Y1Y2) (2.99)

where A; and A5 satisfy (2.97). Hence, the normal form is not unique because
there is no unique solution for (2.97).

As mentioned earlier, because the linear part of the system under consideration
cannot be diagonalized, the resonance terms are not spanned by the null space
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of B in this case, and hence this notion cannot be used to uniquely specify the
normal form. Moreover, attempts to use this concept might lead to contradictions.
For example, we suppose that A4 belongs to the null space of B; that is, the space
spanned by the nontrivial solutions of

BI =0 (2.100)
Then, one finds that

A = ¢1(0,0,1,0,0,0)" + ¢,(0,1,0,0,0,1)" (2.101)
which leads to the normal form

y1 = y2+ € (c2y1y2 + c1y3) (2.102)

V2 = €cay? (2.103)

The form in (2.102) and (2.103) is completely different from that given by (2.98)
and (2.99). Moreover, using the expression (2.101) for A4 and requiring & — A to be
orthogonal to the nontrivial solutions of (2.75), one obtains

a4 =0 and 201+ as=0

which, in general, are not satisfied. Consequently, the form given by (2.102) and
(2.103) is wrong.

Next, we consider system (2.92) with cubic, rather than quadratic, nonlinearities;
that is,

% 0 17 [x a1% 4+ ayxtxg + azx x4+ a4x;
= + € 3 3 5 3 (2.104)
Xy 0 0f]x asx] + agxix) + ayxi1x; + ogx;

Substituting (2.104) into (2.8) yields

dhy Ohyy
5] Lo ame |5 oJ[]-[0 o]
g12 dhy;  Ohyy [ L0 Ofly2 0 0]|hyp
oy

_ [alYf + arylys + asyiy? + awi’] 2,105
asy; + aeyiys + azyiys + asy;



2.6 A Two-Dimensional System with Zero Eigenvalues

The right-hand side of (2.105) suggests seeking the hy,, and gy, in the form
(2.28)—(2.31). Thus, substituting (2.28)(2.31) into (2.105) yields

Ary; + A2yiys + Asyry; + Asy; + ya2 3N1yi + 20 y1y2 + 13y3)
— (Isy3 + Toyiya + Dy1ys + Tsy3)

= a1y; + aryiys + asyiys + asy; (2.106)

Asy; + Aeyiys + Azy1yy + Asy; + y2 35y] + 2Isy1y2 + I7y;)
= asy; + aeyiy2 + ary1y; + asy; (2.107)
Equating the coefficients of y3, y2y,, y1y2, and y3 on both sides of (2.106) and

(2.107), we obtain (2.18), where I', &, and A are column vectors having the com-
ponents I, @, and A ,,, respectively, and

00 00 -1 0 0 O
3000 0 -1 0 0
0200 0 0 -1 0
0010 0 0 0 -1

B= 0000 0O 0 0 O (2.108)
0000 3 0 0 0
0000 0 2 0 O
0000 0 0 1 0]

Again, because B is a singular matrix, the system of (2.18) has a solution if and
only if @ — A is orthogonal to every solution of the adjoint homogeneous problem
(2.75) and (2.108) whose nontrivial solutions in this case are

(0,0,0,0,1,0,0,07 and (3,0,0,0,0,1,0,0)T
Consequently, (2.18) has a solution if and only if

as—As =0 and 3(a;— A1)+ ag—As=0
or

A5 = U5 (2109)

3/11 + AG = 30(1 + ag (2110)

Then, one can solve (2.18) for I" for all values of the a,,, and hence A,, 43, A4, A7,
and /g can be set equal to zero. Consequently, the normal form of (2.104) is

P1=y2 + €Ary; (2.111)

2 = € (asy; + Asyiy2) (2.112)

where A, and /A satisfy the condition (2.110), and hence this normal form is not
unique.
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52 | 2 Systems of First-Order Equations

Again, because the linear part of the system under consideration cannot be di-
agonalized, the resonance terms are not spanned by the null space of B and hence
this condition cannot be used to uniquely specify the normal form. In fact, using
this condition would lead to the contradictory results a5 = 0 and 3a; + ag = 0.

2.7
A Three-Dimensional System with Zero and Two Purely Imaginary Eigenvalues

We start with a system having quadratic nonlinearities of the form

X1 =% +¢€ (61x12 + drx1% + 6396’22 + 04w + Osxyw + 66x2w) (2.113)

9.62 = —x] + € ((579612 + (nglfo + 59x22 + (5101«1)2 + (3119611«1) + (5129621«1))
(2.114)
w=c ((3139612 + Oux1%) + (3159622 + 616W2 + 0w + 613x2w) (2.115)
so that
0O 1 0
J=|-1 0 0
0O 0 0

As discussed in Section 2.5, it is convenient to lump the coordinates x; and x; cor-
responding to the purely imaginary eigenvalues +i into a single complex variable.
To this end, we let

x1=C+C and x=1i({-7¢) (2.116)

and transform (2.113)—(2.115) into

E=if+1le [(a1 —i07) (E+ &) + (162 + 08) (22— T?)

— (05— 100) (& = £)” + (04— 1010) WP + (05 — 0w w (§ + )

+ (106 + 01)) w (C — E)] (2.117)
b= €[003 (6 +8) +i0u (62— 8) =015 (6 —T) + d1gw?

+017w (& + &) + 1w (£ - ) | (2.118)

The transformation (2.116) was chosen so that the unperturbed parts of (2.113) and
(2.114) assume the simple form § = ig.
To O(1), (2.117) and (2.118) are

=il and =0 (2.119)



2.7 A Three-Dimensional System with Zero and Two Purely Imaginary Eigenvalues

Hence, { o ¢'* and w is independent of t. Consequently, only the term w{ is a
resonance term in (2.117) and the terms ¢ £ and w? are resonance terms in (2.118).
Therefore, keeping only the resonance terms in (2.117) and (2.118), we obtain to
first order the normal form

E=iC+1e(ds5+ 01+ i06—idn) wi (2.120)
W =€[2(013 + O15) EC + d16w?] (2.121)

Expressing ¢ in the polar form 1/2re'?, we rewrite (2.120) and (2.121) in the fol-
lowing alternate normal form:

F=1€e(0s+ 01) rw (2.122)
W= 1€ (013 + 015) 12 + €d1w? (2.123)
B=1+1e(06— 01w (2.124)

Next, we consider a system having cubic nonlinearities of the form

3 3 2 2 3 2
X1 = X) + € (alxl + arxi % + a3x1x); + a4x; + dsx;w

+a6x1w2 + a7x22w + agxzwz + agxixw + a10w3) (2.125)
. 3 2 2 3 2
X1 = —X1 + € (otnx1 + anxyx + axix), + daXx; + disx;w
2 2 2 3
Fa1ex1Ww” + 17X, W 4+ a8 W + A19x1 %W + AW ) (2.126)

. 3 2 2 3 2 2
w=¢€ (a21x1 + XXy + 033 %1% + 02Xy + AsXiW + A W

a3 w + agxaw? + ayxxw + azw’) (2.127)

Again, we use the transformation (2.116) to lump the coordinates x; and x;, into a
single complex variable and rewrite (2.125)—(2.127) as

E=it+ te[(or—ian) (£ + ) + ix+ an) (E+ )’ (6~ )
— (a3 —ian) (E+8) (£ — &) — (s + ai) (£ — &)’
+ (s — iars) w (£ + £) + (ag — g w? (€ + )
— (a7 —iay)w (£ =) + (iag + arg) w? (£ = C)
+ (g + azo) w (8> = E2) + (a10 — iaz) w3] (2.128)

u}=e[a21(C+5)34-iazz(C+E)Z(C—E)—023(C+é)(g—5)2

—iaz (6= &) + anw (E+C) + aww? (E+C) — agw (€ - E)°
+iagw? (§ — 5) + iaxw (5% — 52) + asoW3] (2.129)
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54 | 2 Systems of First-Order Equations

Because, to O(1), { oscillates with the frequency 1 and w has a zero frequency,
only the terms &2 and w?{ are resonance terms in (2.128) and only the terms
¢Cw and w? are resonance terms in (2.129). Consequently, keeping only the reso-
nance terms in (2.128) and (2.129), we obtain the normal form

E=it+ s€Bar + a3+ app + 3o + i (a2 + 3as — 3ag; — a3)] g%
+ g€ lae + ag + i (as — ax)| w'E (2.130)

W = 2¢ (a5 + az) EEW + eazow’ (2.131)

Expressing ¢ in the polar form 1/2re'#, we rewrite (2.130) and (2.131) as

P = %e (Bay + as + ay + 3a14) B4+ %e (ag + a1g) wr (2.132)
W = Le (a5 + ay) r’w + eazow? (2.133)
[3 =1+ %e (ay +3as — 3011 — ap) r? + %e (ag — a16) w? (2.134)

2.8
The Mathieu Equation

In Section 7.1, we use the method of normal forms to determine approximations
to the solutions of the Mathieu equation

i+ o0u+2eucosQt=0 (2.135)

when 6 ~ 1 or 4. In this section, we consider the case 0 ~ 0, for which the two
eigenvalues of the unperturbed equation are approximately zero. To accomplish
this, we let 8 = €0 + €29, + --- so that the eigenvalues of the unperturbed
equation are exactly zero. Then, we cast (2.135) as a system of three first-order
equations by using the transformation

xi=u, x=1u, and z =" (2.136)
Hence, (2.135) can be rewritten as

X =% (2.137)

% = — (€01 +€°8,) x1 — ex1 (2 + 2) (2.138)

2=iQz (2.139)



2.8 The Mathieu Equation

To simplify (2.137) and (2.138), we let

21 = y1+ €hii (y1,y2,2,2) + €haa (y1, 72,2, 2) + - (2.140)
%) = y2 + €hy (Y1, v2, 2, 2) + €2hoy (y1, v2, 2, 2) + -+ (2.141)
P1=v2+€gu (y1, v2, 2 2) + €2 (y1,y2,2,2) + -+ (2.142)
V2 = €gn (y1, v2, 2, 2) + €202 (y1, 2,2, 2) + -+ (2.143)

where the g,, contain only resonance terms. Substituting (2.140)—(2.143) into
(2.137) and (2.138) and equating coefficients of like powers of €, we obtain

. oh dhqy _
ay“ ,+iQ BZ“ z—iQ az“ Z—hy =0 (2.144)
ah oh . dhay _
Gt o+ iRz —iQ 22 = 01y — i (2 + 2) (2.145)
Y1 0z 0z
ohiy dh ohiy _ dh dh
g12+wyz+ Qa—:z— Qa—_lzz hy = —gn—— F - — 82 8;; (2.1406)
dh ah dhyy _ ah
g2+ BYZZ y2 + 1Q BZZZZ —1Q 82’222 = —(3 I’Lll — (32))1 £11 ayzll
dhy
g 2y,
g o, 1u(z+2)
(2.147)

Because the frequency of z is 2 and, to first order, the frequencies of x; and
x, are zero, the perturbation term y;(z + z) in (2.145) does not produce any reso-
nances, and hence we put 0; = 0 and then g1; = g;; = 0. Consequently, we seek
the solution of (2.144) and (2.145) in the form

hll = Flylz + Fzylé + FSYZZ + F4Y22 (2148)

ha = Isy1z + Tey1z + [7y22 + [gy22 (2.149)
Equating the coefficients of y,,z and y,,z on both sides, we obtain

iQOH-TIs=0, iIQL+1T;=0,

L—iQlL—I3=0, [+iQ2=0,

iQL=-1, L1 +iQLZ-1;=0,

iQL=1, [—iQl3=0

112’ 2 2.150

i
s, 16,17, 13) = —(1,—-1, —, — 2.151
(I5, I, I7, I's) Q( QQ) (2.151)

Hence,

(I1, 13,13, 1) =

«-:oH
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Using (2.150) and (2.151) and the fact that g;; = go1 = 0, we rewrite (2.146) and
(2.147) as

0h1y . 0hp . 0hyy _
e e, _io%Ms _ho =0 2.152
812 + 8Y1 Y2 +1 92 z 1 92 z 22 ( )
22 ' ahZZ ah’ZZ —
Q —iQ
gt 5 Y2t T 9z -

1 _ 2i _ _
= —02p1 — o2 [yl(z +2)+ EYZ(Z — z)] (z+2) (2.153)

Because the nonhomogeneous part in (2.152) is zero, there are no resonance terms

and hence gi; = 0. Inspection of the right-hand side of (2.153) shows that d,y; and
y12Z are resonance terms and hence

2
82 = —52)/1 -

széyl (2.154)
Consequently, to second order, the normal form of (2.137) and (2.138) is
1 =72 (2.155)
Sy (5 2
2=-€ {02t 57 N (2.156)
which, upon elimination of y,, yields
s (s 2
Yyi=—€ 102+ AL (2.157)

Next, we use the method of multiple scales to determine a second-order uniform
expansion of (2.135) when J = €6, + €28,. To this end, we seek the expansion of
u in the form

u=ug(Ty, T, To) + €u1 (To, T1, To) + €1y (Ty, Ty, To) + - -+

(2.158)
where T, = €"t. In terms of the T,

a
- D D 2Dy 4 eee = 2.159
m o+€D;+¢€°Dy + 0T, ( )

Substituting (2.158) and (2.159) into (2.135) and equating coefficients of like pow-
ers of €, we have

Duo =0 (2.160)
Déul = —2D0D1u0—2u1 COSQTo—éluo (2161)

Déuz = —2D0D2u0 — D%uo — 2D0D1u1 — (52140 — 2u1 cos Q T() (2162)



The solution of (2.160) can be expressed as
ug = A(Th, Ty)
Then, (2.161) becomes
Déul =—-2Acos QTy— 0,A

Hence, u will have a secular term unless 0; = 0. Then,

2A
U = ECOSQ To

Substituting (2.163) and (2.164) into (2.162) yields

2A

Eliminating the terms that produce secular terms from (2.165) yields

2
DfA:—(éz—i-E)A

2.9 Exercises

(2.163)

(2.164)

(2.165)

(2.166)

which is in full agreement with (2.157), yet it is obtained with much less algebra.

2.9
Exercises

2.9.1 Determine the normal form of

U= Au
where
b1 ]
PEEE
d)AZ:—41 ;
e)A:_i :i ,
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58 | 2 Systems of First-Order Equations

3 -2
f)A:[z 1]’
aa=|)y ]

2.9.2 Determine the normal form of

uw=Au
where
! -1
a) A=| 2 —4 |,
| 4 —4
1 -1 -1
byA=|1 3 1 |,
L3 -6 ©
1 -1 -1
) A= 1 3 1 ,
.| -3 1 -1
f1 1 1
dA=|2 1 -1,
Lo -1 1
M1 1 1
e A=| 2 1 -1 [,
L -3 2 4
1 1 1
A= 2 1 -1
L3 2 0

2.9.3 Determine the normal forms of

a) ljtl = 3”1 + u)+ alu%

Uy = —u1 + Uy + aul,
b) l;tl =—u1+ u; + alu%

Uy = —Uy — Uy + arus,
Q) Uy =—u;+u;+ Ozluz1

: 2
Uy = Uy — Uy + au5,
d) l;Ll = —U +2u2 + a1uuy

u2=2u1—u2~|—azu% .



2.9.4 Determine the normal forms of

a) U = —uq + 2uy + a1ud + audu,
l;tz = 2u1 — Uy + a3u31 + asuqiuy,

b) iy = —ug + uy + ayud + ayuu,
Uy = —uy — Uy + a3ud + aguul,

Q) 1= —u+ Uy + U + ayuuy

Uy = Uy — Uy + a3ud + asuiud,
d) 61 =3ug + vy + o113 + ayulu,

Uy = g — Uy + asud + aguus .

2.9.5 Determine the normal forms of

ajul
a) u=Au+ | ayuius
azul
a1u31
b) i=Au+ | audius+ asuiul
(14.M33

where

2.9.6 Determine the normal forms of

aju?
a) u=Au+| azuius
azul
a1u31
b) =Au+ | auduy+ asuiud
a4u33

where

2.9.7 Determine the normal form of

a) By = —uq + 2uy + ajuius + ayud

2.9 Exercises
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b) B, = —uy —2uq + asuyuz + a4u§ ,
Q) T3 = —u3+ asul + aguiuy + ayus.
2.9.8 Determine the normal form of

2

3 o 1 A1U1Uy

2 2 2

= _9 o _3|u-+ |%2t2lU3
2 2 3
_23 _9 asu
> 2 2 1

2.9.9 Determine the second-order normal form of

. 2
X1 = =X + a1%] + %1%,

. 2
X) = X1+ A3x,

2.9.10 Determine the normal form of

2
3 0o 1 G1U7Us
2 2 3
b= -3 _¢ 3|lu+| %"
2 2 )
L YA azUu1U
5 10 3



3
Maps

In this chapter, we construct normal forms of smooth maps depending on a scalar
control parameter u near their fixed or equilibrium points. Specifically, we consider
the following map:

X1 = F(xiip)

where x €e UCR", Fe UC R", u € VCR,and x; and x4 represent the
states of the system at the discrete times t; and t; 41, respectively. The fixed points
of this map are solutions of the algebraic system of equations

F(x;u) =x

In Section 3.1, we consider linear maps; in Section 3.2, we consider nonlinear
maps; in Section 3.3, we discuss center-manifold reduction; and in Section 3.4, we
consider bifurcation of smooth maps.

3.1
Linear Maps

We consider the linear map

Xk+1 = Axk (3'1)
where A is an n x n constant matrix. In this case, the trivial solution x™* = 0
is a fixed point of this linear map. We denote the eigenvalues of A by p;, i =
1,2,...,n, and the corresponding eigenvectors (generalized eigenvectors) by p;,
i =1,2,..., n. The eigenvalues are the roots of the characteristic equation

det(A—pI) =0 (3.2)

The eigenvector p; corresponding to a distinct eigenvalue p; is given by

Ap; = pip; (3-3)

The Method of Normal Forms, Second Edition. Ali Hasan Nayfeh
© 2011 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2011 by WILEY-VCH Verlag GmbH & Co. KGaA
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and the generalized eigenvectors corresponding to an eigenvalue p,, with multi-
plicity n,, are the nontrivial solutions of

(A=puD)p =0, (A=puIp=0, -, (A—pyD)'"p=0 (34)
Introducing the transformation

x =Py (3.5)
where the matrix P = [p,p, -+ p,], into (3.1) yields

Pyy41 = APy, (3-6)

Multiplying (3.6) from the left with the inverse P~ of P, we obtain from (3.6) that
the normal form of (3.1) is

Yit1 = J¥e (3.7)

where | = P7!AP is called the Jordan canonical form of A. Next, we discuss two
cases: maps with distinct and nondistinct eigenvalues.

3.1.1
Case of Distinct Eigenvalues

If the eigenvalues of A are distinct, then J is a diagonal matrix D with entries p;,
i=1,2,...,n; thatis,

D=|.- . . . (3.8)
Then, (3.7) can be rewritten as
= pmyy” =12 3.9
Vg1 =Pm¥y » m=L2....n (3.9)
where y{™ is the mth component of y. Consequently,
y,(cm) = ,o’,;y(()m) , m=12,...,n (3.10)

It follows from (3.10) that y(™ — 0 as k — oo when p,, is inside the unit circle in
the complex plane and y™ — oo as k — oo when p,, is outside the unit circle in
the complex plane.



3.1 Linear Maps

Example 3.1

We consider a map with the matrix

-
=l v
-1 1

The eigenvalues of this matrix are 1/2 and 3/2 and their corresponding eigenvec-
tors are the columns of the following matrix P:

P=li 2]

P~'AP=D= F O}
0 3

2

Then,

and the normal form of the corresponding map is

O =

0
Yi+1 = [ §i| Yi (3.11)
2

Example 3.2

We consider a map with the matrix

1 —4
A=
b
The eigenvalues of this matrix are 1+ 2i and 1— 2i and their corresponding eigen-
vectors are the columns of the following matrix P:

2 =21
P =
.
In contrast with the preceding example, the eigenvalues and eigenvectors of this
matrix are complex-valued rather than real-valued. Then,
- 1+2i 0
PT'AP =D =
[ 0o 1- Zi]

Hence, the normal form of the corresponding map can be expressed in complex-
valued form as

1+2i 0
i|Yk (3.12)

Yk+1:[ 0 1-2i
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Expressing y(™ and 1 + 2i in polar form as

y = %ae , yP =ltaem ) 142i=re®
where r = +/5 and @ = tan~'(2), we rewrite (3.12) as

g1 =r1ar, Ohr1 =0+ o (3.13)
Hence, starting from a = a¢ and 6 = 6, we have

ap = rka,o s Gk = 00 + kw (3]‘4)

3.1.2
Case of Repeated Eigenvalues

If the number of distinct eigenvalues of Ais k < n, then J has the form

=\ (3.15)
o ¢ - - - Jr

where ¢ represents a matrix with zero entries and

om 1 O - - - 0
0 pu 1 - - - 0

Jm=10 0 pn - - - - (3.16)
0 0 0 - - - pu

Example 3.3

We consider the following map with repeated roots:

_ a 5(a—b)
A‘[—aa—m ’ b }

where b # a. The eigenvalues of this matrix are p = 1/2(a + b) with a multiplicity
of two and the corresponding eigenvectors are given by

(A—i(@a+b)I)p=0



3.1 Linear Maps

or

1 17[p] O

1 1]|p] " |0
Hence, we have the single condition p; + p; = 0, which relates p, to p; or vice
versa. Choosing p, = 1, we have p; = —1 and obtain the eigenvector

-1
pl = 1
Because A has only one linearly independent eigenvector, we need to calculate a
generalized eigenvector p,. To this end, we have

(A=3(@+bhI)p,=p
which yields the single condition
(b —a)(p1+ pa) =2

Choosing p; = —1, we have

=1+ 2
P2 = b—a

and hence the generalized eigenvector can be expressed as

-1

pzz 2
1
+b—a

Then,

1o o [ia+Db) 1
PlAP‘]‘[ZO %<a+b>]

and (3.7) yields
yis = oyl +yf (3.17)
ik, = oyl (3.18)
Starting from y® = p" and y@ = y!?, we obtain from (3.17) and (3.18) that

1 1 — 2
v = oty + kot g (3.19)

2 2
ye = p*yg” (3.20)
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3.2
Nonlinear Maps

In this section, we construct normal forms of the nonlinear n-dimensional map
Xk41 = F(xp;u) (3.21)

where u is the control parameter. A fixed point x™ at 4 = u, of this map satisfies
the condition

x* = F"™(x*;u0) forall me 2z (3.22)

where Z is the set of all positive integers. We note that an orbit of a map initiated
at a fixed point of the map is the fixed point itself. Moreover, the fixed points of a
map are examples of invariant sets.

To simplify (i.e., construct the normal form of) (3.21) near a fixed point, we first
shift the fixed point from x* to the origin by letting x = x™ + y and obtain

Yigr + %7 = F(y, + %™ uo) (3.23)

Then, we expand F in a Taylor series around x™, use (3.22), and obtain
Yir1 = AYi + Fa(yiiso) + F3(yyi o) + -+ (3.24)

where A = D, F(x*; o) and F,(y) is a vector-valued monomial of degree r; that
is,

(v vy ym) e
where my + my + ...+ m, = r, m; # 0, and (e, €;,..., €,) are a basis of R".
Next, we introduce the linear transformation

y =Pw (3.25)

into (3.24), where the columns of P are the (generalized) eigenvectors of A, multiply
the outcome from the left by P~1, and obtain

Wit1 = Jwi + PTVFy (Pwy: o) + P F5 (Pwys o) + - (3.26)

where | is the Jordan canonical form of A. To simplify (3.26) according to the
method of normal forms, one introduces successive near-identity analytic transfor-
mations to eliminate as many quadratic terms (i.e., F 2) as possible, then as many
cubic terms (i.e., F3) as possible, and so on. Next, we show how to reduce (3.26) to
its normal form when the lowest nonlinear terms are of order r.

To simplify the notation, we rewrite (3.26) as

X1 = Jxp + Fr (xp3u) (3:27)
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Then, we introduce the near-identity transformation

where the elements of h are monomials of order r, in (3.27), eliminate as many
nonlinear terms as possible, and obtain the normal form

Ye+1 = JYi + 8(¥e) (3:29)

where the terms in g cannot be eliminated by any choice of h. They are called
resonance or near-resonance terms.
Substituting (3.28) into (3.27) yields

Vi1 + B(yip) = Jyve + Jh(ye) + Fr [y, + h(y,)] (3.30)
Substituting (3.29) into (3.30), we have
Jy+gy)+h[Jy+gw]=Jy+ Jhy)+ F: [y + h(y)] (3.31)

Expanding the terms in (3.31) in Taylor series and keeping terms of degree r, we
obtain

g(y) + h(Jy) — Jh(y) = F:(y) (3.32)

which is called the homological equation. Next, we expand F,(y), h(y), and g(y) as
Fr(y) = Zn: amiy" e
i=1
h(y) = Xn: bmiy™ei
i=1
g(y) = i Cmiy" €
i=1

and obtain from (3.32) that

Cmi 4+ (0™ — Pi) bmi = A (3:33)
or
Omi — Cmi .
bmi = m fOI' 1= 1727""n (334)

It follows from (3.34) that by, is singular or near-singular if

p" A p; (3.35)
The condition (3.35) is called resonance or near-resonance of order r. If p™ is away
from p;, we let ¢,,; = 0 and obtain

Ami
P — pi

bmi =
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If p™ =~ p;, we let
Cmi = Omi

and hence b,,; is arbitrary.

Example 3.4

We consider the map

P1 0i| x |:a1x12k + arx1k %0k + a3x22k] (3.36)
2

Xk+1 = 2 2
|:0 A4Xqy + as X1k X2k + a6X5)
In this case, r = 2 and
F= 2 2 2 2
= a1x;e1 + arx1%€61 + azx, €1 + dsxy ey + dsxi X8 + dgX) e
2 2 2 2
h = bixjer + byxi1x61 + b3x; €1 + baxie; + bsxix,65 + bex; €

2 2 2 2
g=ci1x1€e1 + C2x1%61 + C3X)€1 + CaXy €y + CsX1X287 + CoXy €2

Therefore,
a1 — 0 a) — € a3 —C3
bi=—S—", b= ——" b=
P1 — P1 P12 — P1 Py =P
a4 — C4 a5 — Cs ae — Cg
by = —— bs = = —-—

2 ’ 5 - 6_ 2
P1 — P2 P12 — P2 Py — P2

One or more of the b; are singular or near-singular (have small divisors) if (a) ei-
ther p; or p; is zero or near zero, (b) either p; or p, is equal or nearly equal to unity,
(c) pa is equal or nearly equal to p2, and (d) p; is equal or nearly equal to p2. These
conditions are resonance or near-resonance conditions of order two and can be written
in compact form as

pitpyt &~ p; for i=1land2 (3.37)

where mq + m, = 2.

When none of the b; is singular or near-singular (i.e., absence of resonances or
near-resonances of order two), g = 0 and the transformation (3.28) yields the linear
form

_|p O
=3 °]n o

In the presence of any resonance or near resonance, (3.36) cannot be reduced to a
linear form. That is, when the p; are such that one or more of the b; are singular or
near-singular, then one or more of the b; are arbitrary and ¢; = a;. For example,
in the presence of only the resonance condition p? ~ p, by is arbitrary, ¢4 = a4,
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and a4x? is a resonance term, which cannot be eliminated by a proper choice of
b,. Hence the normal form of the map would be

p 0 0 ]
= + 3.39
Vit [0 pj Vi [«wfk (3-39)

And when p; ~ p?, a3x} is a resonance term, it cannot be eliminated by a proper
choice of b3, and the normal form would be

[p1 0] [asy;
Ver1 =g et 02] (3.40)

When p; & 1, the normal form would be

(o1 0] [ a1y, ]
- + 3.41
Yit1 0 Y | 05p1ev2e (3.41)

When p; = 1, the normal form would be

0 a2Y1kY2k]
= + 3.42
Vit [0 pz] Y [ asy2, (3.42)

When p; = €', where a # 0, then p, = ¢~ and y® must be the complex
conjugate of y!). Then, the resonance conditions (3.37) become

pr=1
Hence,
o1 = e%m or p1= e—%in
The normal form of the map when p; = e%i7 would be

2i; 2
Eit1= €57 + a3} (3.43)

where & = y(). The normal form of the map when p; = ¢~ 37 would be the
complex conjugate of that given by (3.43).

Example 3.5

We consider the map

1
Xk4+1 = |:

3 2 2 3
0 a1 x ArX:, X2k a3X1i X asXx
% . } . _|_|: 1k 1k 2%k 2k (3.44)
2

3 2 2 3
Gs5X3, + aeX]) %ok + 7 X1k X5, + A%y,
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In this case, r = 3 and

F = (ale + alezxz + a;xlxzz + a4x§’) eq
+ (a;xl3 + aﬁxlzxz + a7x1x22 + a3x23) (7)

h= (ble + blezxz + b3x1x22 + b4x23) (4]
+ (bsx; + bex{x; + byx1x; + bgx;) €,

g= (Clxl3 + szlzxz + c;xlxzz + ux{’) e

3 2 2 3
+ (csx1 + cexi X% + Crx1 %) + csxz) (7)

Therefore,
ar —C1 a; —C) a3 — C3 a4 — C4
by =— , bha=—5—"—, b3=—F5—-, by=— )
P1—pP P1P2 — P1 P1p; = P1 P =M
as — Cs e — Cq ay — Cy ag — Cg
bs = — ) 6= 5 > 7= —5——, bg=—
p1— P2 P1P2 — P2 P10 — P2 Py — P2

Some of these coefficients are singular or near-singular if p; ~ 0, p; ~ 1, ,o% ~ 1,
p1p2 = 1, p3 ~ p1, and p} ~ p,. These conditions are resonance or near-resonance
conditions of order three. They can be written in the compact form

pitpyt &~ p; for i=1land2 (3.45)

where mq, + m, = 3.

Again, in the absence of resonances or near-resonances of order three, the b; can
be chosen to eliminate all of the nonlinear terms in (3.44) and the normal form of
the map would be

p1 0
= 3.46
Yit1 [0 pz] Y (3.46)
When p? ~ 1, by and b are singular or near-singular. Hence, ¢; = a; and
¢ = a6 and the normal form of the nonlinear map would be
pr 0 a1y3, }
= + 3.47
Ve [0 Pz] Ye [“GYkazk (3.47)
When p ~ 1, b; and bg are singular or near-singular. Hence, ¢; = a3 and
cg = ag and the normal form of the nonlinear map would be
p 0 a3yik Y%ki|
= + 3.48
Vit [0 pz] Y [ asyl, (3.48)

When p1p; &~ 1, by and by are singular or near-singular. Hence, ¢; = a, and
¢7 = a7 and the normal form of the nonlinear map would be

pr 0 azyfkyzk]
= + 3.49
Ve [0 Pz] Ye |:“7Y1kY%k ( )
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When ,o% A p1, by is singular or near-singular. Hence, ¢4 = a4 and the normal
form of the nonlinear map would be

_ |, 0 @4¥3

When ,o% A Py, bs is singular or near-singular. Hence, ¢s = as and the normal
form of the nonlinear map would be

p1 0 0 :|
= + 3.51
Yi+1 [0 Pz:| Yi [“SYfk ( )

When p; = ¢'“, where a # 0, p, = e~ * and y? must be the complex conjugate
of (. In this case, the resonance p;p, = 1 occurs irrespective of the value of «; it

is an inevitable resonance. The resonance conditions (3.45) yield the conditions
pP~1 and pf~1 (3.52)

These two resonances are called strong resonances. In the absence of strong reso-
nances, the normal form of the nonlinear map would be

Evp1 = €& + 1280 (3.53)
In the presence of the strong resonance p = 1 or p; = €72 = i, the term a, &> is
a resonance term, and the normal form would be

By =16 + 02608 + as&] (3.54)
where & = y(1). When p = —i, the normal form would be the complex conjugate
of (3.54).
Example 3.6

We consider the map

3 2
p1 0 O a1x], + 02%5, X3
_ 2 3
Xp+1=|[ 0 p2 O |xp+ | asxg,xa + a4%5,
2 3
0 0 p3 a5 X1k Xy, + 6%y,

In this case, r = 3 and

2 2 2

F = aleel + arx)x3€1 + aszx; xep + a4x3362 + asxix;e;3 + a(,x23’e3
3 2 2 3 2 3

h= blxl el + bzxz x3e1 + b3x1 xXye) + b4x3 e, + b;xlxz e; + b6x2 e3

3 2 2 3 2 3
g = cC1Xx7e1 + C2X)X3€1 + C3X{ X263 + CaX3€7 + C5X1X)€3 + CoX; €3
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Therefore,
bl:“;_cly bz:‘jz;czy ;,3:‘213—_@,
P1—P1 P2P3 — P1 P1P2 = P2
b4:a:—c4y b5: asz—cs y b6:a36—(}6
03 — P2 p1P; = P3 05— ps3
When the b; are not singular or near-singular, the ¢; = 0 and hence g = 0.
Consequently, all of the nonlinear terms can be eliminated and the normal form
would be
pr 0 0
Yir1 = |0 p2 0]y
0 0 ps

When the p; are such that one or more of the b, are singular or near-singular, then
b,, is arbitrary and ¢,, = a,,. For example, in the presence of only the resonance
condition p% 03 & p1, by is arbitrary, ¢; = a5, and the normal form would be

pr 0 0 a2y%, Y3k
Yeitr =[O0 p2 0|y + 0
0 0 ps 0

33
Center-Manifold Reduction

We consider the local dynamics near a nonhyperbolic fixed point x* of the non-
linear map (3.21), where F is an analytic vector function of x. A fixed point of a
map is called hyperbolic if none of the eigenvalues (multipliers) of its linearization
at the fixed point is on the unit circle in the complex plane; otherwise, it is called
nonhyperbolic. Whereas linearization is sufficient for ascertaining the stability of a
hyperbolic fixed point according to the Hartman—Grobman theorem, linearization
may not be sufficient for determining the stability of a nonhyperbolic fixed point.
Moreover, according to the center-manifold theorem (Carr, 1981), there exists a C"
local center manifold for the nonlinear map (3.21) near x*. Furthermore, the long-
time dynamics of (3.21) can be reduced to determining the dynamics on the center
manifold. Next, we describe how to construct the center manifold in the neighbor-
hood of a nonhyperbolic fixed point with one multiplier being equal to 1 with all
of the other multipliers being inside or outside the unit circle. We assume that the
fixed point has been shifted to the origin and that the linear part has been trans-
formed into a Jordan canonical form; that is, we consider the map

Xpt1= Jx; + F(x) (3.55)
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We arrange the map (3.55) and rewrite it as
Xe4+1 = pXk + f(xk, yy) (3.56)

Yit1 = Byp + G(xk, y) (3.57)

where p = +1, B is a constant matrix with none of its eigenvalues being on the
unit circle, and fand G are scalar and vector-valued nonlinear functions of x; and
Y- According to the center-manifold theorem, there exists a center manifold

y = h(x) (3.58)

Moreover, the dynamics of the map (3.56) and (3.57) is qualitatively similar to the
dynamics on this manifold; that is,

Xet1 = pxi + f [0, h(xi)] (3.59)
Substituting (3.58) into (3.57) yields

h(xk41) = Bh(xi) + G [x, h(xi)] (3.60)
which upon using (3.59) becomes

hi{px + f[x,h(x)]} = Bh(x) + G [x, h(x)] (3.61)

Using two examples, we describe how to construct approximate solutions of (3.61).

Example 3.7

We consider the map
Xp4+1 = X + A1Xp Yk (3.62)

Ye+1 = pyr + arx} (3.63)

where |p| < 1 and a; and a; are constants. In this case, B = p, f(x,y) = ai;xy
and G(x,y) = a,x? and (3.61) becomes

h(x 4+ a1xh(x)] = ph(x) + arx? (3.64)
We seek an approximate solution of (3.64) in the form

h(x) = Dx* + N3x°
and obtain

F2 (x + a1F2x3 + a1F3x4)2 + F; (X + (11F2X3 + a1F3x4)3
=p1"2x2~|—p1"3x3~|—a2x2~|—---
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or

Dox? 4+ yx® — phyx? — phyx® —ayx? +--- =0 (3.65)
Equating to zero each of the coefficients of x% and x* in (3.65) and solving the
resulting algebraic equations, we obtain

ay

F:
2 1—p

and I3=0

Hence, the center manifold is given by

h(x) = X2 (3.66)
and it follows from (3.62) that the long-time dynamics on this center manifold is
given by

a0
1_px§+~- (3.67)

Xk4+1 = Xk +

We note that linearization is not sufficient for determining the stability of the
origin because the multipliers are p; = 1 and p, < 1. However, including the
nonlinear terms, we find from (3.67) that the origin is unstable when a;a; > 0
and stable when a;a, < 0.

Example 3.8

We consider the map

Xk+1 -1 0 O X alx,f + G, Xy + a3 X2k
Yeg1 | =10 3 O||ye|+|aax?+ asxiyr + acxizi (3.68)
Zk41 0 O % Zk a7x,f + agxpyr + GoxpZi

Clearly, the origin is a nonhyperbolic fixed point and the multipliers associated with

this point are —1, 1/2, and 1/4. Because linearization is not sufficient to ascertain

the stability of this fixed point, we investigate the dynamics on the center manifold.
In this case,

d B : 0
= — an =
P 0

IS
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and (3.59) and (3.61) become
Xp41 = —X + alx,f + ayxpha(xx) + azxpha(xk) (3.69)
h [—x + a1x% + azxhy(x) + a3xh2(x)]

1hy(x) . [sz + asxhy(x) + acth(x)] (3.70)

Lnywy | L0727+ dsxha(x) + agxha(x)

where h; and h, are the components of h.
Next, we seek an approximate solution for h(x) in power series of x; that is,

hi(x) = bix? +--- and  hy(x) = byx® 4 --- (3.71)

Substituting (3.71) into (3.70), expanding the result in Taylor series for small x, and
keeping up to quadratic terms, we obtain

bix? = %blxz + agx? 4

byx? = %bzxz +a7xt 4 -
Therefore, by = 2a4, b, = %a7, and hence

hi(x) = 2a,x" + -+ and  hy(x) = 3azx” + -+ (3.72)
Substituting (3.72) into (3.69), we obtain

Xk41 = — X + alx,f + (2a2a4 + %a3a7) x,? (3.73)

for the dynamics on the center manifold.

We note that the problem of determining the stability of the origin of (3.68) has
been reduced to determining the stability of the origin of the map (3.73). To ascer-
tain this stability, we introduce the near-identity transformation

x =&+ b3&? (3.74)

into (3.73) and choose b; to eliminate the quadratic term. The resultis bs = 1/2a4
and

Eip1 = & + (a] + 20204 + tasaz) g+ (3.75)
Therefore, the origin is stable or unstable depending on whether
a% + 2aa4 + §a3a7

is positive or negative.
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3.4
Local Bifurcations

As a single control parameter is varied, an asymptotically stable fixed point of a map
can experience a bifurcation if it becomes nonhyperbolic. There are three cases in
which a fixed point x = x™* of the map (3.21) ceases to be hyperbolic at a certain
critical value 4 = . of the control parameter. These cases are:

1. Dy F(x™; u.) has one eigenvalue equal to 1, with the remaining (n — 1) eigen-
values being within the unit circle.

2. D, F(x™; uc) has one eigenvalue equal to —1, with the remaining (n — 1) eigen-
values being within the unit circle.

3. DyF(x™; uc) has a pair of complex conjugate eigenvalues on the unit circle, with
the remaining (n — 2) eigenvalues being within the unit circle.

According to the center-manifold theorem, analysis of the dynamics of an n-
dimensional map near a nonhyperbolic fixed point can be reduced to the analysis
of the dynamics on the center manifold. The analysis can be reduced to a one-
dimensional map in cases 1 and 2 and to a two-dimensional map in case 3. In
case 1, three types of bifurcation can occur: fold (saddle-node, tangent), transcrit-
ical, and pitchfork bifurcations; in case 2, flip or period-doubling bifurcation can
occur; and in case 3, Hopf (Neimark-Sacker) bifurcation can occur. For more in-
formation on bifurcation analyses for maps, the reader is referred to the books of
Arnold (1988), Guckenheimer and Holmes (1983), Iooss (1979), Wiggins (1990),
and Nayfeh and Balachandran (1995). Next, we discuss these five types of bifurca-
tion.

3.4.1
Fold or Tangent or Saddle-Node Bifurcation

This type of bifurcation can occur when an asymptotically stable fixed point loos-
es stability due to an eigenvalue exiting the unit circle through +1 as a control
parameter exceeds a critical value. In this case, analysis of the dynamics of the n-
dimensional map can be reduced to the analysis of a one-dimensional map; that
is,

X1 = flxi:p) (3.76)

We assume that the fixed point is at x = 0 when 4 = 0 and that f(0,0) = 0 and

£4(0,0) = 1.
To investigate the dynamics of (3.76), we expand f(x;u) in a Taylor series for
small x and 4 and obtain

eg1 =%k + futt + 3 (fuukt® + 2 et + feni)
+ (l) (f/t/mﬂs + 3fx/mxkﬂ2 + 3fxxux1§ﬂ + fxxxxlz) + (3.77)
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As x — 0 and u — 0, the limit of (3.77) depends on whether f, and f,, are equal
to or different from zero. In the latter case, (3.77) tends to

Xk+1 = Xk + f,u,u + %fxxxlg (378)

The fixed points of (3.78) are

—2f,
o = g |22t (3.79)
fxx
The multipliers associated with these two fixed points are
-2
p 1 fup | 2lut (3.80)
fxx

It follows from (3.79) that there are two branches of fixed points in the neighbor-
hood of (x, 1) = (0,0) for 4 < 0if f, frx > 0andfor u > 0if f, fi. < 0. Then, it
follows from (3.80) that the upper branch is stable and the lower branch is unstable
if fyx < 0 and that the upper branch is unstable and the lower branch is stable if
fxx > 0. This bifurcation of the nonhyperbolic fixed point at the origin as u passes
through zero is called fold or tangent or saddle-node bifurcation.

Example 3.9

We consider the one-dimensional map
Xpt1 = X + f — X (3.81)

where u is a scalar control parameter. When u > 0, it is clear from Figure 3.1a that
this map intersects the identity map x;4; = x; in two points. In other words, for
1 > 0, (3.81) has the nontrivial fixed points

%= il and ¥ =—J@
The Jacobian matrix associated with the fixed point x o has the single eigenvalue
p=1-2x]

The fixed point x,° is an unstable node for all 4 > 0 because |p| > 1. On the oth-
er hand, the fixed point x;* is a stable node for 0 < u < 1 because |p| < 1. When u
is decreased to zero, the two fixed points approach each other and coalesce at the
single fixed point x = 0, as shown in Figure 3.1b. The map (3.81) is tangent to
the identity map and, hence, the associated bifurcation is called tangent bifurcation.
When u < 0, the map (3.81) does not intersect the identity map, as shown in Fig-
ure 3.1c, and hence for 4 < 0, (3.81) does not have any fixed points. In Figure 3.2,
we show the different fixed points of (3.81) and their stability in the vicinity of the
origin of the x — u space. Broken and solid lines are used to represent branches
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Figure 3.1 The functions f(x) = u + x — x?andxfor (a) u = 0.1, (b) u = 0.0, and
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Figure 3.2 Scenario in the vicinity of a saddle-node bifurcation.

of unstable and stable fixed points, respectively. A saddle-node or tangent bifurcation
occurs at (x, 1) = (0, 0).

Diagrams such as Figure 3.2 in which the variation of solutions and their stability
are displayed in the state-control space are called bifurcation diagrams. In the bifur-
cation diagram, a branch of stable solutions is called a stable branch and a branch
of unstable solutions is called an unstable branch. In most situations, a branch of
solutions either ends or begins at a bifurcation point.
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3.4.2
Transcritical Bifurcation

When f, = 0and f,. # 0, the limit of (3.77) as x — O and u — 0 s

Xk+1 = X + % (f/mﬂz + 2 frpxep + fxxxlf) (3.82)

whose fixed points are

. _ _fx/t + V f?%/t - f/mfxx

X
! fxx

_fx/t RV ffﬂ - f/mfxx

u and x = [ u
XX

(3.83)

provided that f?, — fuu fxx > 0. It follows from (3.83) that there are two curves of
fixed points in the neighborhood of (x, 1) = (0, 0), which intersect transversely at
(0,0). The multipliers associated with these fixed points are

p() =1+ ) f2 = fuu fex . and  p(x)) =1/ f2, — fup fax t

(3.84)

Therefore, x;" is stable when u# < 0 and unstable when u > 0. On the other hand,
%, is unstable when 4 < 0 and stable when x4 > 0. In this case, we have two
branches of fixed points that interchange stability at (0, 0). The bifurcation of the
nonhyperbolic fixed point at the origin as u passes through zero is called transcrit-
ical bifurcation.

Example 3.10

We consider the one-dimensional map
Xpt1 = X + pUx — xf (3.85)
where u is again a scalar control parameter. This map has the two fixed points

x; =0: trivial fixed point

x, = u: nontrivial fixed point .
For the fixed point x;.", the Jacobian matrix has the single eigenvalue
p=1+u—2x;7

Hence, it follows that the trivial fixed point is stable for —2 < u < 0 and unstable
for all # > 0. On the other hand, the nontrivial fixed point is unstable for all 4 < 0
and stable for 0 < u < 2. The scenario in the vicinity of (x, u) = (0, 0) is illustrated
in Figure 3.3.

A transcritical bifurcation occurs at the origin.
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Figure 3.3 Scenario in the vicinity of a transcritical bifurcation.

3.4.3
Pitchfork Bifurcation

When f, =0, frx =0, fyu #0,and fyy, # 0, the limit of (3.77) as ¥ — 0 and
u — 0is

X1 = Xk + fuuXitt + ¢ frxxi (3.86)

whose fixed points are

—6fy —6fy
x5 =0, xz*:‘lﬂ, and x;‘:—‘lM (3.87)
fXXX fxxx

It follows from (3.87) that there are three branches of solutions. The first branch
exists for all values of x4 and the other two branches exist for 4 > 0if fy, fixx <0
and for 4 < 01if fy, frxx > 0. The multipliers associated with these fixed points
are

p(x) =1+ fuutt, p() =1=2fquu, and p(x5)=1-2fcu
(3.88)

When f,, > 0, the trivial fixed point is stable when # < 0 and unstable when
u > 0. When f,., < 0, the two nontrivial fixed points exist and are stable when
« > 0. This bifurcation of the nonhyperbolic fixed point at the origin as u passes
through zero is called supercritical pitchfork bifurcation. On the other hand, when
frxx > 0, the two nontrivial fixed points exist and are unstable when x4 < 0. This
bifurcation of the nonhyperbolic fixed point at the origin as u passes through zero
is called subcritical or reverse pitchfork bifurcation.

Example 3.11

We consider the one-dimensional map

Xk41 = X + uxp + ax,f (3.89)
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Figure 3.4 Local scenarios: (a) supercritical pitchfork bifurcation and (b) subcritical pitchfork
bifurcation.

where u is a scalar control parameter. This map has the fixed points

trivial fixed point

nontrivial fixed points.

The Jacobian matrix associated with the fixed point xj* has the single eigenvalue

p=1+u+3ax’?

Therefore, the trivial fixed point is stable for —2 < x4 < 0 and unstable for all
1 > 0. For a < 0, nontrivial fixed points exist only for 4 > 0, and they are stable
for 0 < u < 1. For a > 0, nontrivial fixed points exist only for u < 0, and they are
unstable. The scenarios for @ = —1 and @ = 1 near the origin (x, u) = (0, 0) are
shown in Figure 3.4a and b, respectively. There is a supercritical pitchfork bifurcation
at the origin in Figure 3.4a and a subcritical pitchfork bifurcation at the origin in
Figure 3.4b.

3.44
Flip or Period-Doubling Bifurcation

As in the cases of fold, transcritical, and pitchfork bifurcations, analysis of the dy-
namics of an n-dimensional map in the neighborhood of a nonhyperbolic fixed
point with one eigenvalue being equal to —1 and the remaining eigenvalues be-
ing inside the unit circle can be reduced, by using the center-manifold theorem, to
the analysis of the dynamics of the following one-dimensional map on the center
manifold:

X1 = [l p) (3.90)
We assume that the fixed point is at x = 0 when 4 = 0 and that f(0,0) = 0 and
£2(0,0) = —1.
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Again, we expand f(x;u) in a Taylor series for small x and u and obtain

X1 = =%k + fupt + % (f/mﬂz + 2 fauxip + fxxxlg)
+ %) (f#/m;“s + 3fx/mxk/“2 + 3fxx,uxl§/“ + fxxxxlz) +e (3.91)

Therefore, the fixed points of the map (3.91) are solutions of

=25+ fult + 3 (fuut® + 2 feuxpt + fux?)
+ % (f“.“.“fu3 + 3fx##xfu2 + 3fxxﬂx2;u + fxxxx3) +e = 0 (392)

For (x, 1) near (0, 0), (3.92) has a single solution x* given by
x* =1 fuu + O(?) (3.93)

To ascertain the stability of this fixed point, we differentiate (3.91) with respect to x
and obtain

Dy f(x; ) = =1+ fuptt+ fexX+3 fruut’+ faxuXtt+3 fruxx®+--- (3.94)

Substituting (3.93) into (3.94) yields the multiplier

p(x™) = =1+ (fau + 5 fu fux) u + O(u?) (3.95)

Hence, if fy, + 1/2f, fux > 0, the fixed point x™ is stable when 4 > 0 and
unstable when ¢ < 0. On the other hand, if fy, + 1/2f, fcx < 0, the fixed point
x™ is stable when u# < 0 and unstable when u > 0.

For nondegenerate bifurcation,

d 1
2 = Faut 3 fufes #0 (3.96)

In other words, the multiplier of the map at the fixed point should exit the unit
circle through —1 with nonzero speed.

To investigate the bifurcating solutions, we first introduce a transformation to
reduce (3.91) to its normal form by shifting the fixed point to x = 0 and eliminating
the quadratic term. To this end, we let

x=1fuu+y+by (3.97)

Substituting (3.97) into (3.91) and choosing b to eliminate the quadratic term in y,
we obtain the normal form

Yet1 = —(1+ )y + ay} (3.98)

where

v=—(fuu+ 3 fufex)t+ 0@, b=7fex+Ou),
a = ¢ fuxs + 5 fix + O1)
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The fixed point y = 0 of (3.98) ceases to be hyperbolic when v = 0 and the map
undergoes a flip bifurcation there. To determine the bifurcating period-two orbit,
we investigate the fixed points of the second iterate of the map (3.98); that is,

yeta = (L4 2v)ye — 2ay} + - (3.99)

It follows from (3.99) that the fixed points of the second iterate map are

oo fin:

The first fixed point is also a fixed point of the map. The associated multipliers are
p=14+2v,1—4v,1—-4y

Therefore, the fixed point y* = 0 is stable when v < 0 and unstable when v > 0. If
a > 0, the nontrivial fixed points exist and are stable for v > 0. Consequently, the
period-two bifurcating orbit is stable, and the bifurcation of the nonhyperbolic fixed
point at the origin as u passes through zero is called supercritical period-doubling
or flip bifurcation. If a < 0, the nontrivial fixed points exist and are unstable for
v < 0. Consequently, the period-two bifurcating orbit is unstable, and the bifurca-
tion of the nonhyperbolic fixed point at the origin as u passes through zero is called
subcritical period-doubling or flip bifurcation.

Example 3.12
We consider the logistic map
X1 = F(x) = 4axi(l — x) (3.100)

for 0 < x < 1 and positive a. The fixed points of this map are
* * 1
%y =0 and x, =1——
4a

The multiplier associated with the fixed point x* is given by

pj = 4a(l—2x7)

F(X) FZ(X)

(@) x (b) x

Figure 3.5 Graphs to determine solutions of the logistic equation at @ = 0.8: (a) fixed points
and (b) period-two points.
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The trivial fixed point x;* exists for all a. Because p; = 4a, it is stable when
a < 1/4. The nontrivial fixed point x," exists for a > 1/4. Because p, = 2 — 4«,
this nontrivial fixed point is stable for 1/4 < a < 3/4. At a = 3/4, x; is nonhyper-
bolic because p, = —1 and it is unstable for « > 3/4. In Figure 3.5a, we plot F(x)
versus x when a = 0.8. The intersections of the line y = x with the curve F(x)
give the fixed points of F(x). They occur at x;* = 0 and %, = 0.6875. The fixed
point x,° = 0.6875 is unstable because |F/(x,” = 0.6875)] = 1.2 > 1.

Next, we investigate the fixed points of F®)(x), which are given by

F@(x) = F[F(x)] = Fl4ax (1 — x)]

or
FO(x) = 16a’x(1 — x) [1 — 4ax(1 — x)|

Hence, the fixed points of F®(x) are given by the solutions of
16a°x(1 — x)[1 —4ax(1—x)] =«

which are

. 1 1 1|1 1\’
x* =0,1—-—, and -+ —|=-=£ 20—-) —1
4a 2 4a |2 2

The first two fixed points are also fixed points of F(x). In Figure 3.5b, we plot
F@(x) versus x when o = 0.8. The intersections of the curve F?)(x) with the curve
y = x give the fixed points of F(?(x). We note that there are four intersections. The
dot corresponds to the fixed point x* = 1 — 1/(4a) = 0.6875 of F®)(x), which is
also a fixed point of F(x). The other three fixed points are x* = 0, x* = 0.5130,
and x* = 0.7995. We note that

F(0.5130) = 0.7995 and F®(0.5130) = 0.5130
and that
F(0.7995) = 0.5130 and F®(0.7995) = 0.7995

Hence, x* = 0.5130 and x™ = 0.7995 are period-two points of F(x). To determine
the stability of the fixed points xj’.“ of F@(x), we calculate its Jacobian; that is,

pj = % [F(Z)(xj’.")] = 16a’(1 - 2x7) [1 —8ax}(l- x;.")]
For the fixed points x* = 0and x™ = 0.6875, p = 10.24 and p = 1.44, respectively.
Hence, these fixed points are unstable. This is expected because these fixed points
are unstable fixed points of F(x); F/(x = 0) = 3.2 and F/(x = 0.6875) = —1.2.
For the fixed points x* = 0.5130 and x* = 0.7995 of F?(x), p = 0.16, and hence
both of the period-two points of F(x) are stable.
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0.65 0.7 0.75 0.8 0.85

Figure 3.6 Scenario in the vicinity of a period-doubling bifurcation of the fixed point of the logis-
tic map.

We numerically determined that the fixed points x;" and x,;* of F®(x) or equiva-
lently the period-two points of F(x) are stable for a < 0.85. In Figure 3.6, we show
the different solutions of F(x) and their stability for 0.65 < a < 0.85. The branches
of stable and unstable solutions are depicted by solid and broken lines, respective-
ly. The fixed point x," of F(x) experiences a supercritical period-doubling bifurcation
at a = 0.75. As a consequence, two branches of period-two points emerge from
this bifurcation point. We note that an iterate of F(x) initiated at either of the two
period-two points flips back and forth between them because

F(x5) =% and F(x)) = x5

For this reason, the period-doubling bifurcation of a fixed point of a map is also
called a flip bifurcation.

The fixed point x;° and the period-two points x;" and x,* of the map F(x) are all
fixed points of the map F®(x). At a = 3/4, the fixed point x;" = 2/3 of F?(x)
is nonhyperbolic because p, = 1. Hence, from Figure 3.6, we infer that this fixed
point of F(x) experiences a pitchfork bifurcation at @ = 3/4. In this case, the
pitchfork bifurcation is supercritical. In other cases, it is possible that a period-
doubling bifurcation of F(x) can correspond to a subcritical pitchfork bifurcation of
the map F(x). The associated period-two points that arise due to this bifurcation
will be unstable.

3.45
Hopf or Neimark—Sacker Bifurcation

When a fixed point of (3.55) is nonhyperbolic with a pair of complex conjugate
eigenvalues on the unit circle, the fixed point of the map can experience what is
called the Neimark—Sacker bifurcation or Hopf bifurcation (looss, 1979; Wiggins,
1990). This bifurcation can occur in two- and higher-dimensional maps. Again,
center-manifold reduction analysis can be used to reduce the analysis of the dy-
namics of the n-dimensional map in the vicinity of the nonhyperbolic fixed point
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into the analysis of the dynamics of a two-dimensional map on the center manifold

(Carr, 1981); that s,

X1 = f(k, Yis i) (3.101)

Vi1 = g(Xk, Yis i) (3.102)

We assume that coordinate and parameter transformations have been used so that
the fixed point is at (x, y) = (0, 0) when u = 0. Hence,

f(0,0;0) =0, g(0,0;0)=0

and the Jacobian matrix

g—f(o, 0:0) ‘;—f (0,0:0)
_ |9~ Y
A= 9 (3.103)

2, 0.0:0 35(0,0:0)
has a pair of complex-conjugate eigenvalues p = €' and p = ¢~ lying on the
unit circle.

In the absence of strong resonances (i.e., p" # 1for n = 1,2, 3,4), one can follow
steps similar to those in Examples 3.4 and 3.5 and the next example to obtain the
following normal form of the map (3.101) and (3.102):

Zig1 = (eiﬁ n vue”) zp + az’z (3.104)

where v and 7 are real-valued parameters and z is a complex-valued quantity. We
assume that v cos(f — 7) # 0 so that the pair of complex-conjugate multipliers
transversely exit the unit circle as u varies past zero. Substituting the polar form

z =re'? (3.105)
into (3.104) and separating real and imaginary parts, we obtain

Teg1 = T + vicos(B — 1) + A, rp + -+ (3-100)

Ort1= 6 + f—vusin(f — 1) + A;r? + - (3.107)

for small rand u, where A, + iAd; = ae” P,

We note that, because the r component is independent of 6, the problem is
reduced to studying the stability of the fixed points of the one-dimensional map
(3.106). We assume that /1, # 0; otherwise higher-order terms need to be included
in (3.104). There are three fixed points:

r—0. r= %@3—1) and

—vucos(f — 1)

3.108
0 (3.108)

The origin is asymptotically stable for vucos(8 — t) < 0, unstable for
vu cos(f — 7) > 0, unstable for vucos(f — 7) = 0 and A, > 0, and asymp-
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totically stable for vu cos(f — t) = 0 and A, < 0. On the other hand, the nontrivial
fixed points exist when —vu A, cos(f — 7) > 0 and correspond to invariant circles.
They are stable for vu cos(f—7) > 0and A, < 0 and unstable for vu cos(f—1) < 0
and A4, > 0.

Substituting for the nontrivial fixed points from (3.108) into (3.107) leads to the
circle map

_ vudicos(f —1)

Ok+1 =0+ B —vusin(f — 1) i

(3.109)
which describes the dynamics on the invariant circle. The dynamics on the invari-
ant circle is periodic or aperiodic (densely fills the invariant circle) depending on
whether

vud;cos(f — 1)

x=p—vusin(p—r1) - 1

is rational or irrational. A rational number is a number that can be written as the
ratio of two integers; that is, y = p/q where p and q are integers. An irrational
number cannot be written as the ratio of two integer. For example, 0.2 is a rational
number because it can be written as 1/5, whereas /5 is an irrational number.

When y = p/q where p and q are integers, the orbit of (3.109) starting at 6,
consists of g points

{00, 0o + 27ry, O + 47y, , 00 + 2(q — 2) 7y, Op + 2(q — )T}

We note that the next point in the orbit is 6y + 2qwy = 6y + 2p7w = 6. Conse-
quently, the orbit would repeat itself. This orbit can be represented by g points on
a circle. For example, when y = 3/5, the orbit consists of the five points

{90, 6o + g”r 0 + %75, 0o + %J‘E, 6o + %rz}
which can be represented as five points on a circle, as shown in Figure 3.7a.

(a) . () e e

Figure 3.7 Dynamics of a linear circle map: (a) periodic motion when y = 3/5 and (b) quasi-
periodic motion when y = 1/4/7.
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When y is irrational, starting from any point 6, on a circle, we find that none of
the iterates F(™ returns to the initial point 6, for any finite value of m. Thus, the
orbit wanders on the circle, filling it up without becoming periodic. In other words,
the orbit for irrational y is aperiodic and is an example of a quasiperiodic orbit. An
example is shown in Figure 3.7b for y = 1/+/7. We note that two quasiperiodic or-
bits starting from two points a small distance apart remain close for all subsequent
iterations; that is, there is no sensitivity to initial conditions.

Example 3.13

We consider the map

xit1 = (L+ )y (3.110)
Yi41 = Yk — Xk — 2%, Yk (3.111)
which has the fixed points (x,y) = (0,0) and (x,y) = (—1/2 — 1/2u, —1/2). The

Jacobian of this map is

. 0 1+u
J=1.- 2y 1-2x
Consequently, the multipliers associated with the nontrivial fixed point are p = 0

and p = 2 + u and hence it is unstable for values of u near zero. On the other
hand, the multipliers associated with the trivial fixed point are

- NG
p=1+1liBrdu=T+ue™ (Vi)

These complex-conjugate multipliers transversely exit the unit circle away from
the real axis as u increases past zero, and hence the trivial fixed point undergoes a
Neimark—Sacker bifurcation as  increases past zero.

To analyze the dynamics of the map near this bifurcation, we construct the nor-
mal form of the map (3.110) and (3.111) for small x, y, and u. To this end, we
rewrite it as

e S R | 4 P [ e
= + + 3.112
[Yk+1] [—1 1] Lye 0 0]y« —2Xk Yk ( )
The eigenvalues of the linear part of (3.112) when u = 0 are
0= %(1 +iv3) = 3™ and P =p1 = %(1 —iv3) = g 3im

and the associated eigenvectors are the columns of the matrix

b [%(1— iv3) 11+ iﬁ)]
1 1

Next, we introduce the transformation

-1
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Hence,
x=11-iV3)z+11+iv3)z and y=z+z2 (3.114)

Substituting (3.113) and (3.114) into (3.112) and multiplying the outcome from the
left with P!, we obtain

. 1 23
Zh41 = e%‘”zk + gﬁlﬂ(lk + zk) + %_ Zi
3 3
- (1 - “/T_L> 203 — (1 + ‘/T_L> 32 (3.115)

with the second equation being the complex-conjugate of this equation.

Next, we determine the normal form of (3.115) for small z and u. Instead of using
two successive transformations to simplify the quadratic terms and then the cubic
terms, we use a single transformation to accomplish simplification of both nonlin-
earities. To this end, we introduce a small nondimensional bookkeeping parameter
€,scale zas ez and u as €%u, let

z=E+eh(E &) + s, &) (3.116)
and choose hy (&, E) and h,(&, &) so that (3.115) takes on the simplest form

Evir = €37 E + egi(&n &) + @2 (E, B) (3.117)

Substituting (3.116) and (3.117) into (3.115) and equating coefficients of like pow-
ers of €, we obtain

Order (€)
gi(&. ) + (3178, e HTE) — (£, E)
=¥i§2—(1—?i)gé—(1+‘/7§i) &2 (3.118)

Order (¢2)

28, 8) + hy (37, e737E) — 17y &, )
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Because ¢'/3"" #£ 1 for n = 1 and 3, there are no strong resonances, and hence
h1(&, &) can be chosen to eliminate all of the quadratic terms in (3.118); that is,

h1(§,§)=—¥i§2—(1+‘?i> §é+%<1—?') g2 (3.120)

Consequently, g(&, &) = 0 and (3.119) becomes

§a(6.8) + ha (3178, THTE) — ey (£, 8)
= IV3iu(E + &) +28% +2(1 — iv3)E2E + 4882 4+ (1 - iV3)E
(3.121)

One can choose hy(&, &) to eliminate the nonresonance terms in (3.122), leaving
g2(&, &) with the resonance terms; that is,

g2(&, &) = $V3iuk +2(1 - iV3)E%E (3.122)
Therefore, the normal form of the map is
Evpr = 375 + LVBiug + 2(1 - iV3)ELE (3.123)

where the bookkeeping parameter has been set equal to unity.
Equation 3.123 can be rewritten as

Spr = (1+ Ju) T H8VE [ — 2 4 203525 + - (3.124)
Letting & = re'? in (3.124), we obtain
repr = 1+ 3u)re—2r} (3.125)

Opt1 = Ok + 1+ 1V3u — 24317 (3.126)

It follows from (3.125) that the attracting invariant circle r = 1/2,/u bifurcates
from the origin as u increases past zero. The dynamics on this invariant circle
is periodic or quasiperiodic, depending on whether 1/3( — +/3u) is rational or
irrational. We note that higher-order terms in x4 and r have been neglected in ar-
riving at (3.124) and (3.125). Including these higher-order terms, one finds that
the attracting smooth invariant curve is a circle only for values of u close to zero.
Moreover, for large values of u, the attractor may be complicated. In Figure 3.8,
we show phase portraits obtained numerically for the map (3.110) and (3.111) for
u = —0.01 and 4 = 0.02. When u < 0, the origin is asymptotically stable and all
iterates starting within its domain of attraction spiral to it, as shown in Figure 3.8a.
The six-fold rotational symmetry is the result of 5 being 1/37. When u > 0, the
origin is unstable and all iterates starting close to the origin spiral out to a smooth
closed invariant curve enclosing the origin, as shown in Figure 3.8b. For the chosen
value of u, the long-time iterates densely fill the invariant curve. Again, the six-fold
rotational symmetry is the result of 5 being 1/3x.
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0.2 0.2
0.1 S 0.1
0 0
~0.1 T -0.1
(a) -01 0 01 02 (b) -01 0 0l 02

Figure 3.8 Phase portrait of the map (3.110) and (3.117): (a) # < 0 and the origin is stable and
iterates spiral to it and (b) 4 > 0 and the origin is unstable and iterates spiral away from it and
onto a smooth invariant closed curve encircling it.

3.5
Exercises
3.5.1 Consider the map

Xk+1 :xk—i—/t—x,f
Examine the bifurcation that occurs at (xi, 1) = (1,1).
3.5.2 Consider the map

Xi+1 = Xp + Uxp — x,f
Study the bifurcation that takes place at (x, u) = (0, —2).
3.5.3 Consider the following map:

Xep1 =1+ X
Examine the bifurcation that takes place at (x, u) = (1/2, 1/4).
3.5.4 Consider the following map:

Xpt1 = UXy + xp
Examine the bifurcation that takes place at (x, u) = (0, 1).
3.5.5 Consider the map

Xp+1 = —ax,f +1

Determine its fixed points and their stability. Examine the bifurcation that takes
place as a is varied.

3.5.6 Find the fixed points of
Xnp1 = A%y — X

Determine their stability and the bifurcations, which they undergo as a is varied.
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3.5.7 Find the fixed points of
Xp41 = X, + xi

Determine their stability and the bifurcations, which they undergo as a is varied.

3.5.8 Consider the following map:
Xpt1 =t — X + X}

Determine whether the period-doubled orbit bifurcating from the point (x, u) =
(0, 0) is supercritical or subcritical.

3.5.9 Consider the map
Xnt1 = —(1 + a)x, + bx? — x}

What is the type of bifurcation which occurs at x = 0 and a = 0? Is it supercritical
or subcritical?

3.5.10 Show that a fixed point of the map f(x;4) = (1 + A)x + x2 undergoes a
transcritical bifurcation at A = 0.

3.5.11 Show that the map f(x; A) = e* — A undergoes a saddle-node bifurcation at
A=1

3.5.12 Determine the fixed points of the following cubic map and discuss their
stability:

Xpt1 = (1 —A)x, + /lxi
For what value of 4 does the first period-doubling bifurcation occur?
3.5.13 Consider the map

Xp+1 = —Xk + ax,f + bx,f

Compute the second iterate of this map and hence determine whether the period-
doubled orbit is stable or unstable.

3.5.14 Determine the normal form of the map

Xp41 = X + ax,f + bx,?

3.5.15 Consider the two one-dimensional maps

Xpgp1 =€ — 1

Ynt1 = —%/ltan_1 Yn
Find the fixed points and their stability. Show that x undergoes a saddle-node bi-
furcation at A = 1, whereas y undergoes a period-doubling bifurcation at A = 3.
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3.5.16 Consider the Hénon map
X1 =1+ yr — ax,f
Yi41 = Bxi

Assume that f # 0and a > 0.

a) Verify that this map has a stable fixed point and an unstable fixed point when
a<3(1-p)

b) Is this map dissipative for f = 0.3? For this case, determine the period-one and
period-two points of this map for a = 0.1, @ = 0.5, and a = 1.3. Discuss their
stability.

¢) For the above values of «, plot the iterates of this map.

d) Examine the bifurcation that takes place at

(1-8) =8 3

(xkkara)Z[ a4 ,Z(l—ﬂ)z]

3.5.17 Consider the two-dimensional map
Xpt1 = A+ %, + Ay, + x2
Yod1 = 3¥n + A%y + %}

Determine its fixed points and then show that the origin undergoes a saddle-node
bifurcation at A = 0.

3.5.18 Consider the two-dimensional map:
Xn+1 = Yn
Yn+1 = _%xn + Ayn— YE.

Determine its fixed points. Show that the origin undergoes a pitchfork bifurcation
at A = 3/2. Analyze the bifurcation at A = 3.

3.5.19 Consider the following map:

Xk+1 = 2%
Yit1 = 3k + 7%

Show that the stable manifold of its fixed point is the y-axis and the unstable man-
ifoldis y = 2x2.
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3.5.20 Consider the map

Xk4+1 = Yk
Yi+1 = ayi(l — x)

Show that the origin is a saddle. Determine analytical expressions for the stable
and unstable manifolds.

3.5.21 Consider the map

Xk+1 = Yk
Yi+1 = ayi(l — x)

Examine the bifurcation that occurs at @ = 2 and determine the normal form of
the map near this bifurcation.

3.5.22 Consider the map

Xk4+1 = Yk
Yi+1 = ayi(l — x)

Examine the bifurcation that occurs at @ = 1 and determine the normal form of
the map near this bifurcation.

3.5.23 Consider the following map near the origin:

Xp4+1 = X + AXE Yk

Vi1 = 3Vk + X}

Compute the center manifold, describe the dynamics on the center manifold, and
then determine the stability of the origin.

3.5.24 Consider the map

Xn+1 = VYn

Yn+1 = bxn — VYn + Xn¥n
What type of bifurcation occurs at (x, y, b) = (0,0, 0).
3.5.25 Consider the map

_s 3
Xk4+1 = gXk + gVk + XY
Vi1 = 2x 4 2y + x> — y?

Compute the center manifold near the origin, describe the dynamics on the center
manifold, and then determine the stability of the origin.
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3.5.26 Consider the two-dimensional map

Xn4+1 = (1+ )yn
Ynd1= Yn— X¥n — 2%nYn

Determine the fixed points of this map and their stability. Show that the origin
undergoes a Hopf bifurcation at 4 = 0. Calculate and plot the phase portraits for

a) u = —0.01 using the initial condition ¥ = 0.4, y = —0.4.
b) u = 0.05 using the initial condition x = 0.01, y = —0.01.

3.5.27 Consider the map

Xk41 = Yk
Yir1 = su+ (L4 u) (e — % — 2% yx)

a) Determine the fixed points and their stability.

b) Compute the normal form of this map near the origin when u = 0.

¢) Use this normal form to calculate the bifurcating invariant circle from the ori-
gin.

d) Calculate the phase portraits for 4 = —0.01 and # = 0.02.

3.5.28 Consider the map

Zk41 = pz + b112° + biyzz + b3z + an 2

+ 61«12227:' + 61«13222 + a1423
Show that its normal form near the origin has the form
_ 52 23
Zik+1 = P2k + 127+ az°z
when p* = 1 and the form
_ 25 3
Zk+1 = P2 + 01272 + azz

when p* = 1.

3.5.29 Consider the map
Zog1 = 2(V3 i+ 2iu)z, + 222,

What type of bifurcation occurs at (z, z, u) = (0,0,0). Determine the bifurcating
solutions.
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4
Bifurcations of Continuous Systems

In this chapter, we construct normal forms of smooth continuous systems depend-
ing on a scalar control parameter u near their fixed or equilibrium points. Specifi-
cally, we consider the following system:

% = F(x;u)
where x € U C R", F € U C R",and u € V C R. The fixed points or equilibrium
solutions of this system are solutions of the algebraic system of equations

F(x;u) =20

In Section 4.1, we consider linear systems; in Section 4.2, we consider the fixed
points of nonlinear systems and their stability; in Section 4.3, we discuss center-
manifold reduction; in Section 4.4, we consider local bifurcations of fixed points;
and in Sections 4.5 and 4.6, we illustrate how the method of multiple scales, a
combination of center-manifold reduction and the method of normal forms, and a
projection method can be used to construct the normal forms of static and Hopf
bifurcations in the neighborhood of a fixed point.

4.1
Linear Systems
We consider the linear system
% = Ax (4.1)

where A is an n X n constant matrix. In this case, the trivial solution x™ = 0 is
a fixed point of this linear system. We denote the eigenvalues of A by 4;,i =

1,2,...,n, and the corresponding eigenvectors (generalized eigenvectors) by
P i =1,2,..., n. The eigenvalues are the roots of the characteristic equation
det(A—AT) =0 (4.2)

The eigenvector p; corresponding to a distinct eigenvalue 4; is given by

Ap; = Aip; (4.3)

The Method of Normal Forms, Second Edition. Ali Hasan Nayfeh
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and the generalized eigenvectors corresponding to an eigenvalue A, with multi-
plicity n,, are the nontrivial solutions of

(A=2uD)p =0, (A=AnI)’p=0, ..., (A=A D)"p=0 (44

If an eigenvalue is complex-valued, then its corresponding eigenvector and gener-
alized eigenvectors are also complex-valued.
Introducing the transformation

x = Py (4.5)
where the matrix P = [p,p,,..., P, into (4.1) yields
Py = APy (4.6)

Multiplying (4.6) from the left with the inverse P~! of P, we obtain the normal of
(4.1) as

y=Jy (+7)

where ] = P7!AP is called the Jordan canonical form of A. Next, we discuss two
cases: systems with distinct and nondistinct eigenvalues.

4.1.1
Case of Distinct Eigenvalues

Ifthe eigenvalues of A are distinct, then [ is a diagonal matrix D with entries 1;, i =
1,2,...,n; thatis,

A0 0
0 A 0

D= : (4.8)
0 0 - - - A,

Then, (4.7) can be rewritten as
" =2,9"M, m=12,...,n (4.9)

where y{™) is the mth component of y. Therefore,

Y =cpett, m=1,2,...,n (4.10)
where ¢,, is a constant. It follows from (4.10) that y(™ — 0 as t — oo when 4,,
lies in the left-half of the complex plane, y{™ — oo as t — oo when 4,, lies in the
right-half of the complex plane, and y(™ = ¢, for all time when 4, lies on the
imaginary axis. Therefore, the origin of (4.1) is (a) asymptotically stable if all of the
eigenvalues 4; of the matrix A lie in the left-half of the complex plane, (b) unstable
if one or more 4; lie in the right-half of the complex plane, and (c) neutrally or
marginally stable if one or more 4; lie on the imaginary axis with the rest of the
eigenvalues being in the left-half of the complex plane.
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4.1.2
Case of Repeated Eigenvalues

If the number of distinct eigenvalues of A is k < n, then [ is diagonal if all of the
pi are eigenvectors; otherwise, it has the form

I
¢ o - - @
j=l @11)
¢ ¢ - - - T
where ¢ represents a matrix with zero entries and
Am 1 o - - - 0
o 4, 1 - - - 0
Im=|0 0 24, - - . . (4.12)
0 0 0 - - - An

Example 4.1

We consider a system with repeated roots and a nondiagonal J; that is,

_ a 3(a—b)
A_[—%(a—b) ’ b ]

where b # a. The eigenvalues of this matrix are p = 1/2(a + b) with a multi-
plicity of two. It follows from Example 3.3. that the corresponding eigenvector and
generalized eigenvector are

. [—1
pl - i 1
and
!
p, = 2
1
L + b—a
Then,
1
—(a+ b) 1
PTlAP =] =|2 1
and (4.7) yields
p0 = 2y0 4 y@ (4.13)

7 = 2p® (4.14)
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The general solutions of (4.13) and (4.14) can be expressed as

1)

yW = cre*t + teyett (4.15)

p® = et (4.16)

where ¢; and ¢, are arbitrary constants. Therefore, the origin of (4.1) is (a) asymp-
totically stable if Real(4) < 0 and (b) unstable if Real(4) > 0.

4.2
Fixed Points of Nonlinear Systems

The fixed points of the autonomous system

% = F(x:p) (4.17)
are defined by the vanishing of the vector field; that is,

F(x;u)=0 (4.18)

A location in the state space where this condition is satisfied is called a singular
point. At such a point, the integral curve of the vector field F corresponds to the
point itself. Also, an orbit of a fixed point is the fixed point itself. Fixed points
are also called stationary solutions, critical points, constant solutions, and sometimes
steady-state solutions. Physically, a fixed point corresponds to an equilibrium position of
a system. Further, fixed points are examples of invariant sets of (4.17).

4.2.1
Stability of Fixed Points

To investigate the stability of a fixed point x*(u*), where x* € R" and u™* € R,
we superimpose on it a small disturbance y(t) and obtain

x(t) = x" + y(t) (4.19)
Substituting (4.19) into (4.17) yields
P =F("+yu’) (4.20)

We note that the fixed point x = x™ of (4.17) has been transformed into the fixed
point y = 0 of (4.20). Assuming that F is at least twice continuously differentiable
(i-e., C?), expanding (4.20) in a Taylor series about x*, and retaining only linear
terms in the disturbance leads to

¥ = F(x™:u™) 4+ Dy F(x*:u*)y + O(llyI)
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or
Y~ D F(x*;u*)y = Ay (4.21)

where A, the matrix of first partial derivatives, is called the Jacobian matrix. If the
components of F are

Fi(%1, %2, ..., %), Fa(%1, %2, ..., %n), oo, Fu(%1, X2, ..., Xp)
then
[oF  0F . , OFT]
0%1 0% xp
0 9B R
0%1 0% xp
A=
0Fy  9F, . 0F
L 0x dx) axy, |

We have transformed the problem of determining the local stability of the fixed
point x* of (4.17) into that of determining the stability of the trivial solution of
the linear system (4.21). We say local stability because we have considered a small
disturbance and linearized the vector field. It follows from the preceding section
that the trivial solution of (4.21) and hence the fixed point x* of (4.17) is (a) asymp-
totically stable if all of the eigenvalues 1; of the matrix A lie in the left-half of the
complex plane and (b) unstable if one or more A; lie in the right-half of the com-
plex plane. In the case of repeated eigenvalues, the trivial solution of (4.21) and
hence the fixed point x* of (4.17) is unstable if one or more eigenvalues lie on the
imaginary axis and the Jordan form is not diagonal.

422
Classification of Fixed Points

When all of the eigenvalues of A have nonzero real parts, the corresponding fixed
point is called a hyperbolic fixed point, irrespective of the values of the imaginary
parts; otherwise, it is called a nonhyperbolic fixed point.

There are three types of hyperbolic fixed points: sinks, sources, and saddles. If all
of the eigenvalues of A have negative real parts, then all of the components of
the disturbance y decay in time, and hence x approaches the fixed point x* of
(4.17) as t — oo. Therefore, the fixed point x™ of (4.17) is asymptotically stable.
An asymptotically stable fixed point is called a sink. If the matrix A associated with
a sink has complex eigenvalues, the sink is also called a stable focus. On the other
hand, if all of the eigenvalues of the matrix A associated with a sink are real, the
sink is also called a stable node. A sink is stable in forward time (i.e., t — oo) but
unstable in reverse time (i.e., t — —o0). Further, all sinks qualify as attractors.

If one or more of the eigenvalues of A have positive real parts, some of the com-
ponents of y grow in time, and x moves away from the fixed point x* of (4.17) as
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t increases. In this case, the fixed point x™ is said to be unstable. When all of the
eigenvalues of A have positive real parts, x™ is said to be a source. If the matrix A
associated with a source has complex eigenvalues, the source is also called an un-
stable focus. On the other hand, if all of the eigenvalues of the matrix A associated
with a source are real, the source is also called an unstable node. A source is unstable
in forward time but stable in reverse time. Because trajectories move away from a
source in forward time, the source is an example of a repellor.

When some, but not all, of the eigenvalues have positive real parts while the rest
of the eigenvalues have negative real parts, the associated fixed point is called a
saddle point. Because a saddle point is unstable in both forward and reverse times,
it is called a nonstable fixed point.

A nonhyperbolic fixed point is unstable if one or more of the eigenvalues of
A have positive real parts. If some of the eigenvalues of A have negative real parts
while the rest of the eigenvalues are distinct and have zero real parts, the fixed point
x = x* of (4.17) is said to be neutrally or marginally stable. If all of the eigenvalues
of A are distinct, nonzero, and purely imaginary, the corresponding fixed point is
called a center.

Example 4.2

We consider the system

x=x(3—x—2y) (4.22)

y=v2-x-y) (4.23)

Its fixed points are (0, 0), (0, 2), (3,0), and (1, 1). The Jacobian matrix of the system
(4.22) and (4.23) is

3—2x—2y —2x
A:
[ —Y 2—x—2J

The eigenvalues of A corresponding to the fixed point (0,0) are 1; = 2and 4, =
3; hence, it is an unstable node. The eigenvalues of A corresponding to the fixed
point (0,2) are A; = —1 and 1, = —2; hence, it is a stable node. The eigenvalues
of A corresponding to the fixed point (3,0) are 1; = —1 and 1, = —3; hence, it
is a stable node. The eigenvalues of A corresponding to the fixed point (1, 1) are
A1 =—14+2and 1, = —1 — +/2; hence, it is a saddle. In this example, all of the
fixed points are hyperbolic.

4.2.3
Hartman-Grobman and Shoshitaishvili Theorems

Many theorems provide precise statements on what the stability of fixed-point solu-
tions of the linearized system (4.21) imply for the stability of fixed-point solutions



4.3 Center-Manifold Reduction

of the full nonlinear system (4.17). The Hartman—Grobman theorem (e.g., Arnold,
1988, Chapter 3; Wiggins, 1990, Chapter 2) is applicable to hyperbolic fixed points,
whereas the Shoshitaishvili theorem (e.g., Arnold, 1988, Chapter 6) is applicable to
nonhyperbolic fixed points. From these theorems, it follows that (a) the fixed point
x = x™ of the nonlinear system (4.17) is stable when the fixed point y = 0 of
the linear system (4.21) is asymptotically stable; (b) the fixed point x = x™ of the
nonlinear system (4.17) is unstable when the fixed point y = 0 of the linear system
(4.21) is unstable; and (c) linearization cannot determine the stability of neutral-
ly stable fixed points (including centers) of (4.17). In the case of neutrally stable
fixed points, a nonlinear analysis is necessary to determine the stability of x™*. It
will be necessary to retain quadratic and, sometimes, higher-order terms in the
disturbance y in the Taylor-series expansion of (4.20).

In a topological setting, the Hartman—Grobman theorem implies that the trajec-
tories in the vicinity of a hyperbolic fixed point x = x™ of (4.17) are qualitatively
similar to those in the vicinity of the hyperbolic fixed point y = 0 of (4.21). In other
words, the local nonlinear dynamics near x = x™ is qualitatively similar to the lin-
ear dynamics near y = 0, and a qualitative change in the local nonlinear dynamics
can be detected by examining the associated linear dynamics.

According to the Hartman—-Grobman theorem, there exists a continuous coordi-
nate transformation (i.e., a homeomorphism) that transforms the nonlinear flow
into the linear flow in the vicinity of a hyperbolic fixed point. In the absence of reso-
nances or near resonances, the method of normal forms (e.g., Sections 2.2 and 2.4)
may be used to generate a coordinate transformation to transform the nonlinear
flow into linear flow (e.g., Arnold, 1988; Guckenheimer and Holmes, 1983). Fur-
ther, such a coordinate transformation would be a differentiable one because the
method of normal forms yields transformations in the form of power-series expan-
sions.

4.3
Center-Manifold Reduction

We consider the local dynamics near a nonhyperbolic fixed point x* of the non-
linear system (4.17), where F is an analytic vector function of x. According to the
center-manifold theorem (Carr, 1981), there exists a C" local center manifold for
the nonlinear system (4.17) near x*. Furthermore, if none of the eigenvalues of
this fixed point lies in the right-half of the complex plane, the long-time dynamics
of (4.17) can be reduced to determining the dynamics on the center manifold. Next,
we describe how to construct the center manifold in the neighborhood of a nonhy-
perbolic fixed point with one eigenvalue being zero and the real parts of all of the
other eigenvalues being negative. We assume that the fixed point has been shifted
to the origin and that the linear part has been transformed into a Jordan canonical
form; that is, we consider the system

Xi+1= Jxi + F(x) (4.24)
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We arrange the system (4.24) and rewrite it as

* = f(x,y) (4.25)

y = By + G(x,7) (4.26)

where B is a constant matrix with the real parts of all of its eigenvalues being neg-
ative and fand G are scalar and vector-valued nonlinear functions of x and y. Ac-
cording to the center-manifold theorem, there exists a center manifold

Y = h(x) (4.27)

Moreover, the dynamics of the system (4.25) and (4.26) is qualitatively similar to
the dynamics on this manifold; that is,

% = f[x, h(x)] (4.28)
Substituting (4.27) into (4.26) yields

h(x) = Bh(x) + G [x, h(x)] (4.29)
which upon using (4.28) becomes

W (x)f [x, h(x)] = Bh(x) + G [x, h(x)] (4.30)
Using three examples, we describe how to construct approximate solutions of

(4.30).

Example 4.3

We consider the system

X = a1xy (4.31)

y=—y + ayx? (4.32)

where a; and a, are constants. Clearly, the origin is a fixed point of (4.31) and
(4.32). Because its associated eigenvalues are 4 = 0 and A = —1, the origin is
nonhyperbolic and the center and stable subspaces are one-dimensional. Conse-
quently, the center manifold is one-dimensional. To calculate the center manifold
and the dynamics on this manifold, we note that B = —1, f(x,y) = a;xy, and
G(x,y) = ayx2. Hence, (4.30) becomes

W(x)aixh(x) = —h(x) + a;x* (4.33)
We seek an approximate solution of (4.33) in the form

hix) = ax® + - (4.34)
and obtain

20%a1x" + ax? — x> +---=0 (4.35)
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Equating to zero the coefficient of x2, we obtain a = a,. Hence, the center mani-
fold is given by

h(x) = ax® + - (4.36)

and it follows from (4.31) that the long-time dynamics on this center manifold is
given by

% = ajax’ + - (4.37)
We note that linearization is not sufficient for determining the stability of the ori-
gin because its associated eigenvalues are A = 0 and 4 = —1. However, including

the nonlinear terms, we find from (4.37) that the origin is unstable when a;a; > 0
and stable when a;a; < 0.

Example 4.4

We consider the system

X = a1Xy + a,xz 4.38
Y
y=—uy+z+ azx’ (4.39)
z=—-uz—y+ aqx? 4.40
Y

where u > 0. Clearly, the origin is a fixed point of (4.38)—(4.40) and its associated
eigenvalues are A = 0 and 4 = —u =+ i. Hence, the origin is a nonhyperbol-
ic fixed point and the center and stable subspaces are one-dimensional and two-
dimensional, respectively. Consequently, the center manifold is two-dimensional.
Thus, we seek the center manifold of (4.38)—(4.40) emanating from the origin in
the form

y(x) =ax?+--- and z(x)= bx? + - (4.41)

Substituting (4.41) into (4.38) leads to the following equation describing the dy-
namics on the manifold:

% = ajax® + abx’ + - (4.42)
Substituting (4.41) and (4.42) into (4.39) and (4.40) yields

2ax(ajax® + a;bx’) + uax? — bx* —azx’> 4+ - =0 (4.43)

2bx(arax® + abx®) + ubx® 4+ ax? —ayx? +--- =0 (4.44)

Equating the coefficients of x? to zero in (4.43) and (4.44), we obtain
ua—b=as (4.45)

a+ub=oy (4.46)
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Hence,

i e N N el

4.4
T T (4.47)

and it follows from (4.42) that the dynamics on the center manifold is given by
% =Tx>+-- (4.48)

where

u(aroz + azoq) + a104 — azas

F:
14 u?

We note again that linearization is not sufficient for determining the stability of
the origin because its associated eigenvalues are A = 0 and 4 = —u =+ i. However,
including the nonlinear terms, we find from (4.48) that the origin is unstable when
I' > 0 and stable when I" < 0.

Example 4.5

We consider the system

X = y—i—alxz—i—azyz—i—a;zz+a4xy+a5xz+a(,yz (4.49)
y=—x+ bix* + bzyz + byz? + byxy + bsxz + bgyz (4.50)
2=—z4 c1x* + crp? + 322 + cuxy + osxz + coyz (4.51)

Clearly, the origin x = y = z = 0 is a fixed point of (4.49)—(4.51). Its associated
eigenvalues are A = i,—1i,—1, and hence the center subspace is two-dimensional
and the stable subspace is one-dimensional. Consequently, the center manifold is
one-dimensional.

We seek the center manifold emanating from the origin in the form

z(x,y) = ozlxz—|—052xy—|—063y2 (4.52)

Substituting (4.52) into (4.49) and (4.50) yields the following two-dimensional sys-
tem describing the dynamics on the center manifold:

% =y+ax?+ a3yt + asxy
+ (asx + agy)(a1x* + arxy + azy?) + - (4.53)

V= —x + byx? + byy* + byxy
+ (bsx + bey)(a1x* + ayxy + azy?) + -+ (4.54)
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Substituting (4.52) into (4.51) and using (4.53) and (4.54), we obtain

200xy + azyz —ayx’— 203xy = —aix? — Xy — a;yz

+oxt oy’ +oaxy 4o (4.55)

Equating the coefficients of x2, xy, and y? on both sides of (4.55) yields

a;— oy = Cq (4.56)

201 — 203 + 0y = ¢4 (4.57)

a; + a3 = ¢ (4.58)
Therefore,

o = %(361 +2¢; + c4) (4.59)

0y = —3(201— 263 — C4) (4.60)

a3 = $(2c1+ 3¢, — ¢4) (4.61)

Substituting for the a; from (4.59)—(4.61) into (4.53) and (4.54), we obtain a two-
dimensional dynamical system describing the dynamics on the center manifold.
Using a methodology similar to that in Section 2.5, we reduce this dynamical sys-
tem into its normal form.

4.4
Local Bifurcations of Fixed Points

From Section 4.2, we know that the matrix A in (4.21) and the associated eigenval-
ues are functions of the control parameter u. Let us suppose that, as u is slowly var-
ied, a fixed point becomes nonhyperbolic at a certain location in the state-control
space. Then, if the state-space portraits before and after this location are qualita-
tively different, this location is called a bifurcation point, and the accompanying
qualitative change is called a bifurcation.

There are two cases in which a fixed point x* of the continuous system (4.17)
ceases to be hyperbolic at a critical value u. of the control parameter. These cases
are

1. DyF(x™;u.) has one eigenvalue equal to zero with the remaining eigenvalues
being in the left-half of the complex plane,

2. Dy F(x™;uc) has a pair of purely imaginary eigenvalues with the remaining
eigenvalues being in the left-half of the complex plane.
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According to the center-manifold theorem, analysis of the the dynamics of an n-
dimensional continuous system near one of its fixed points can be reduced to the
analysis of the dynamics on its center manifold. In the first case, the center mani-
fold is (n — 1)-dimensional and the analysis of the dynamics of the system can be
reduced to that of analyzing the dynamics of a one-dimensional dynamical system.
On the other hand, in the second case, the center manifold is (n — 2)-dimensional
and the analysis of the dynamics of the system can be reduced to that of analyzing a
two-dimensional dynamical system. In Sections 4.5 and 4.6, we show how one can
obtain such reduced dynamical systems. In Case 2, Hopf bifurcation can occur;
and in Case 1, three types of static bifurcation can occur: saddle-node, transcriti-
cal, and pitchfork bifurcations. In Section 4.4.5, we consider Hopf bifurcation; and
in Sections 4.4.1-4.4.4 we consider bifurcations of the one-dimensional dynamical
system

% = flxin) (4.62)

where x and fare scalars and f(x; u) is a smooth function of x and u.

We assume that (x = 0,u = 0) is a nonhyperbolic fixed point of (4.62); that is,
f(0;0) = 0 and f,(0,0) = 0. Expanding f(x;u) in a Taylor series for small x and
u, we obtain

%= fult + 3(fuutt® + 2 frpxu + frxx?)
+ %(fu‘u‘u/"S + 3fxﬂﬂx;uz + 3fxxﬂx2;u + fxxxxS) + - (463)

Next, we consider the following four cases: (a) f, # 0and fyx # 0; (b) fu # O,
fex =0,and fyxy #0; () fu =0and fy, # 0;and (d) f, =0and f,, = 0. We
show below that the first case corresponds to saddle-node bifurcation, the second
case corresponds to a nonbifurcation, the third case corresponds to transcritical
bifurcation, and the fourth case corresponds to pitchfork bifurcation.

4.4.1
Saddle-Node Bifurcation

We consider the case f, # 0and f,, # 0. As x — 0and u — 0, (4.63) tends to
szlu#_’_%fxxe_F... (4.64)

When f,u # 0, the fixed points of (4.64) are

=2 fukt
fxx

which exist only when f, fyxu < 0. The eigenvalues associated with these two
fixed points are

x* =4

(4.65)

—2 fult

A== fex
fxx

(4.66)
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It follows from (4.65) that there are two branches of fixed points in the neighbor-
hood of (x, 1) = (0,0) for f,u < 0if f., > 0andfor f,u > 0if f,, <0. Then, it
follows from (4.66) that the upper branch is stable and the lower branch is unstable
if fix < 0 and that the upper branch is unstable and the lower branch is stable if
fxx > 0. This bifurcation of the nonhyperbolic fixed point at the origin as u passes
through zero is called fold or tangent or saddle-node bifurcation.

Example 4.6
We let f, = 1and fy, = a = %1 and consider the system

%= flx;u)=u+ ax? (4.67)

When a = —1, (4.67) does not have any fixed points for 4 < 0 but has the two
nontrivial fixed points

x=,u and x=-—/u
for u > 0. The Jacobian matrix has a single eigenvalue given by
A=-2x

Thus, the fixed point x = /i is a stable node because 4 < 0, and the fixed point
x = —, /W is an unstable node because 4 > 0. In Figure 4.1a, we display the
different fixed-point solutions of (4.67) and their stability in the x — u space. We
use broken and solid lines to depict branches of unstable and stable fixed points,
respectively.

On the other hand, when a = 1, (4.67) does not have any fixed points for u > 0
but has the two nontrivial fixed points

x=.—u and x=-—/—u
for u < 0. The Jacobian matrix has a single eigenvalue given by
A =2x

Thus, the fixed point x = ,/=u is an unstable node because 1 > 0, and the fixed
point x = —,/=u is a stable node because 4 < 0. In Figure 4.1b, we display the
different fixed-point solutions of (4.67) and their stability in the x — u space.

We note that f(x;u) = 0 and f,(x;u) = 0 at (0,0), and hence there is a non-
hyperbolic fixed point at 4 = 0. Moreover, we note that there is a change in the
number of fixed points from zero to two as u passes through zero. Therefore, the
origin of the x — u space is a static bifurcation. It is clear from Figure 4.1 that the
stable and unstable branches meet at the bifurcation point and have the same tan-
gent. Therefore, this bifurcation is called a tangent bifurcation. Although branches
of stable and unstable nodes meet at this bifurcation point, the tangent bifurca-
tion is also called saddle-node bifurcation because, in higher-dimensional systems,
branches of saddle points and stable nodes meet at such static bifurcation points.

Equation 4.67 is the normal form for a generic saddle-node bifurcation of a fixed point
of a continuous system.
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Figure 4.1 Scenario in the vicinity of a saddle-node bifurcation: (a) x = u — x? and (b) x =
u+ x2.

4.4.2
Nonbifurcation Point

We consider the case f, # 0, fux =0,and fiyx #0.Asu — 0and x — 0, (4.63)
tends to

X = fult + 3 fonn®® 4+ (4.68)

It has only one nontrivial fixed point when f,u # 0 given by

_ 13
x* = (—Jff”" ) (4.69)

The eigenvalue associated with this fixed point is

_Gfuﬂ )2/3
fxxx

It follows from (4.69) that this fixed point exists on both sides of f,u and it follows
from (4.70) that it is stable when f,,, < 0 and unstable when f,,, > 0. Although
the fixed point (4.69) is nonhyperbolic because f(x;u) = 0and A = Oatu = 0,
this fixed point is not a bifurcation point because there is no qualitative change
either in the number of fixed-point solutions or in the stability of the fixed-point
solutions as u passes through zero in the state-control space.

1

Example 4.7
We let f, =1and fyyx = —6in (4.68) and consider

%= flou)=u—x (4.71)
We have only one fixed point, namely,

x = ull3
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10 -05 0.0 0.5 1.0
u

Figure 4.2 Fixed-point solutions of (4.77).

This solution is depicted in Figure 4.2. At the origin of the x — u space, f(x,u) =0
and f, has a zero eigenvalue, implying that x = 0 is a nonhyperbolic fixed point
at u = 0. However, (0, 0) is not a bifurcation point because there is no qualitative
change either in the number of fixed-point solutions or in the stability of the fixed-
point solutions as u passes through zero in the state-control space.

443
Transcritical Bifurcation

We consider the case f, =0and fy, # 0. Asu — 0and x — 0, (4.63) tends to
x = %(fwuz—i—waxu—l—f“xz)—l—-u (4.72)

whose fixed points are

_fxll+ f;%,u_f/mfxx

x; = [ u and
" _fxﬂ_\/f;gy_f/mfxx
X, = ; u (4.73)

They exist when f2, — fuu fxx > 0. Their associated eigenvalues are

M) =\ fou = fun fex v and () = =/ [, = fuufux i (474)

Therefore, x;* is stable when u < 0 and unstable when x > 0. On the other hand,
x; is unstable when 4 < 0 and stable when 4 > 0. In this case, we have two
branches of fixed points that interchange stability at (0, 0). Therefore, the bifur-
cation of the nonhyperbolic fixed point at the origin as u passes through zero is
transcritical bifurcation.
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Example 4.8
Welet fuu =0, fux =1,and fyx = —2 and consider the system

%= flxip) = pux —x* (4.75)
There are two fixed points:

x =0; trivial fixed point

x = u ; nontrivial fixed point

The Jacobian matrix

fe=u—2x
has the single eigenvalue

A=u atx=0
A=—u atx=u

In the corresponding bifurcation diagram shown in Figure 4.3, the fixed point
x = 0 is a nonhyperbolic fixed point at ¢ = 0. At this point, a static bifurcation
occurs because there is an exchange of stability between the trivial and nontrivial
branches. The bifurcation point in Figure 4.3 is a transcritical bifurcation point. We
point out that all of the branches that meet at this bifurcation point do not have the
same tangent.

Equation 4.75 is the normal form for a generic transcritical bifurcation of a fixed
point of a continuous system.

02F . . .
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Figure 4.3 Scenario in the vicinity of a transcritical bifurcation.
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4.4.4
Pitchfork Bifurcation

We consider the case f, = 0and fy, = 0.Asu — 0and x — 0, (4.63) tends to
5= faurtt L frper® oo (4.76)

whose fixed points are

—6 —6
=0, x= M, and x3 = — M
fxxx fxxx

The second and third fixed points exist only when f,, fixxtt < 0. The Jacobian
matrix in this case

fx = fﬂx,u + %fxxxxz
has the single eigenvalue

Ax1) = fuxtt, Ax) = =2fuxpt,  A(x3) = _Zf,ux;“

Consequently, the trivial fixed point is stable when f,# < 0 and unstable when
Suxpt > 0. On the other hand, the nontrivial fixed points exist and are stable when
faxx <O0and f,,u > 0and exist and are unstable when f,., > 0and f,.u <0.

Example 4.9
Welet fuu =0, fux =1,and fy.x/6 = a = +1 and consider the system

%= fleiu) = ux + ax’ (4.77)
where u is again the scalar control parameter. There are three fixed points:

x =0; trivial fixed point

x = +4/—u/a; nontrivial fixed points
In this case, the Jacobian matrix

o=+ 308
has the single eigenvalue

A=u atx=0
A=-=2u atx==+\/—uja
Consequently, the trivial fixed point is stable when u < 0 and unstable when u > 0.

On the other hand, when o < 0, nontrivial fixed points exist only when 4 > 0
and they are stable. However, when a > 0, nontrivial fixed points exist only when
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Figure 4.4 Scenario in the vicinity of a pitchfork bifurcation: (a) supercritical pitchfork bifurca-
tion (¢ = —1) and (b) subcritical pitchfork bifurcation (a = 1).

u < 0 and they are unstable. The bifurcation diagrams of Figure 4.4a,b correspond
to @ = —1 and a = 1, respectively. In both cases, we note the following at (0, 0):
(@) f(x,u) =0, (b) fx hasazero eigenvalue, (c) the number of fixed-point solutions
for u < 0 is different from that for 4 > 0, and (d) there is a change in the stability
of the trivial fixed point as we pass through ¢ = 0. Hence, the origin of the state-
control space is a bifurcation point.

When a = —1, two stable branches of fixed points ¥ = /u and x = —/u
bifurcate from the bifurcation point, as shown in Figure 4.4a. When a = 1, two
unstable branches of fixed points ¥ = /i and x = — /i bifurcate from the bifur-
cation point, as shown in Figure 4.4b. The bifurcations observed in Figure 4.4a,b
are called pitchfork bifurcations because the bifurcating nontrivial branches have
the geometry of a pitchfork at (0, 0). Specifically, the bifurcation in Figure 4.4a is
called a supercritical pitchfork bifurcation, and the bifurcation in Figure 4.4b is called
a subcritical or reverse pitchfork bifurcation. In the case of a supercritical pitchfork
bifurcation, locally we have a branch of stable fixed points on one side of the bi-
furcation point and two branches of stable fixed points and a branch of unstable
fixed points on the other side of the bifurcation point. In the case of a subcritical
pitchfork bifurcation, locally we have two branches of unstable fixed points and a
branch of stable fixed points on one side of the bifurcation point and a branch of
unstable fixed points on the other side of the bifurcation point.

Equation 4.77 is the normal form for a generic pitchfork bifurcation of a fixed point
of a continuous system.

445
Hopf Bifurcations

When a scalar control parameter u is varied, a Hopf bifurcation of a fixed point
of a system such as (4.17) is said to occur at 4 = u. if the following conditions
(Marsden and McCracken, 1976) are satisfied:



4.4 Local Bifurcations of Fixed Points

1. F(x™;u) =0,

2. The matrix D, F has a pair of purely imaginary eigenvalues +iw while all of its
other eigenvalues have nonzero negative real parts at (x™; u),

3. For u >~ u., let the analytic continuation of the pair of purely imaginary eigen-
values be A, + iw. Then, Real(d1,/du) # 0 at u = u.. This condition implies a
transversal or nonzero speed crossing of the imaginary axis and hence is called
a transversality condition.

Again, the first two conditions imply that the fixed point undergoing the bifurcation
is a nonhyperbolic fixed point. When all of the above three conditions are satisfied,
a periodic solution of period 277/ w is born at (x™; u.); bifurcating periodic solutions
can also occur when the transversality condition is not satisfied (e.g., Marsden and
McCracken, 1976). It is to be noted that bifurcating periodic solutions can also
occur under certain other degenerate conditions (e.g., Golubitsky and Schaeffer,
1985). In such cases, we have degenerate Hopf bifurcations.

The Hopf bifurcation is also called the Poincaré—Andronov—Hopf bifurcation (e.g.,
Wiggins, 1990) to give credit to the works of Poincaré and Andronov that preceded
the work of Hopf. As pointed out in the literature (e.g., Abed, 1994; Arnold, 1988),
Poincaré (1899) was aware of the conditions for this bifurcation to occur. (Poincaré
studied such bifurcations in the context of lunar orbital dynamics.) Andronov and
his coworkers studied Hopf bifurcations in planar systems before Hopf studied
such bifurcations in general n-dimensional systems (Andronov et al., 1966; Arnold,
1988). In aeroelasticity, the consequence of a Hopf bifurcation is known as galloping
or flutter.

Example 4.10

We consider the planar system
X =px — oy + (ax — By)(x* +y?) (4.78)
y = wx +uy+ (Bx + ay)(x’ +y? (4.79)

where x and y are the states and u is the scalar control parameter. The fixed point
(0,0) is a solution of (4.78) and (4.79) for all values of u. The eigenvalues of the
corresponding Jacobian matrix there are

M=u—iw and ALh=u+iow

From these eigenvalues, we note that (0, 0) is a nonhyperbolic fixed point of (4.78)
and (4.79) when u = 0. Further, at (x, y, #) = (0,0, 0), we note that

dll—l and &

e S -1
du du
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Hence, the three conditions required for a Hopf bifurcation are satisfied, and a
Hopf bifurcation of the fixed point (0, 0) of (4.78) and (4.79) occurs at u = 0. The
period of the bifurcating periodic solution at (0, 0, 0) is 277/ w.

By using the transformation

x=rcosf and y=rsinf
we transform (4.78) and (4.79) into

F=ur+ar (4.80)

6 =aw+pr (4.81)

The trivial fixed point of (4.80) corresponds to the fixed point (0, 0) of (4.78) and
(4.79), and a nontrivial fixed point (i.e., r # 0) of (4.80) corresponds to a periodic
solution of (4.78) and (4.79). In the latter case, r is the amplitude and 6 is the
frequency of the periodic solution that is created due to the Hopf bifurcation. A
stable nontrivial fixed point of (4.80) corresponds to a stable periodic solution of
(4.78) and (4.79). Likewise, an unstable nontrivial fixed point of (4.80) corresponds
to an unstable periodic solution of (4.78) and (4.79).

We note that (4.80) is identical to (4.77), so the Hopf bifurcation at (0, 0, 0) in the
x — y — u space is equivalent to a pitchfork bifurcation at (0, 0) in the r — u space.
When a = —1, we have a supercritical pitchfork bifurcation in the r — u space
and, hence, a supercritical Hopf bifurcation in the x — y — u space. When a = 1, we
have a subcritical pitchfork bifurcation in the r — u space and, hence, a subcritical
Hopf bifurcation in the x — y — u space. The bifurcation diagrams for a = —1
are shown in Figure 4.5a,c and a = 1 are shown in Figure 4.5b,d, respectively. In

y Yy
X X
/)///;_AGII' ///////) ________
H H

(a) (b)
I

of I e ]
(©) 0 TR ) 0 u

Figure 4.5 Local scenarios: (a,c) supercritical Hopf bifurcation and (b,d) subcritical Hopf bifur-
cation.



4.5 Normal Forms of Static Bifurcations

Figure 4.5a,b, the bifurcating periodic solutions in the x — y — u space are depicted
as parabolic surfaces. In the case of a supercritical Hopf bifurcation, locally we have
a branch of stable fixed points on one side of the bifurcation point and a branch of
unstable fixed points and a branch of stable periodic solutions on the other side of
the bifurcation point. In the case of a subcritical Hopf bifurcation, locally we have
a branch of unstable periodic solutions and a branch of stable fixed points on one
side of the bifurcation point and a branch of unstable fixed points on the other side
of the bifurcation point.

When a # 0, (4.78) and (4.79) are the normal form for a generic Hopf bifurcation
of a fixed point of a continuous system. On the other hand, when a = 0 in (4.78)
and (4.79), although the conditions for a Hopf bifurcation are satisfied, there are
no periodic orbits in the vicinity of the bifurcation point to third order. This case is
degenerate.

4.5
Normal Forms of Static Bifurcations

In this section, we consider reduction of the nonlinear continuous system (4.17)
near a static bifurcation fixed point to its normal form. We assume that the fixed
point has been shifted to x = 0 and its corresponding control parameter has been
shifted to 4 = 0. Moreover, we expand (4.17) in a Taylor series for small x and u
and obtain

x = Ax + bu + Bux + Q(x,x) + C(x,x,x) +--- (4.82)

where A = D,F, B = D, F,and b = D,F at (x,u) = (0,u) and Q(x, x) and
C(x, x, x) are bilinear and trilinear column vectors involving quadratic and cubic
terms, respectively. Because the fixed point (x,u) = (0,0) is a static bifurcation
point, one of the eigenvalues of the matrix A is zero and all of its other eigenvalues
are in the left-half of the complex plane. Next, we demonstrate how one can use
the method of multiple scales, a combination of center-manifold reduction and the
method of normal forms, and a projection method to compute the normal forms
of saddle-node, transcritical, and pitchfork bifurcations.

4.5.1
The Method of Multiple Scales

To compute the normal form of the static bifurcation of (4.82) at the origin, we
introduce a small nondimensional parameter € as a bookkeeping parameter and
seek a third-order approximate solution of (4.82) in the form

x(t:u) = ex1(To, Ty, To) + € %2(To, To, To) + € %3(To, T1, To) + -+ (4.83)

where the time scales T,, = €™t. The time derivative can be expressed in terms of
these scales as

d
E=Do+eDl+eZD2+--- (4.84)

17
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where D,, = 9/0T,,. Moreover, because u is small, we expand it in terms of € as
Ho=eps+ ey +Eus+ - (4.85)

Substituting (4.83)—(4.85) into (4.82) and equating coefficients of like powers of ¢,
we obtain

Order (€)

Dox1 — Axq = bu, (4.86)
Order (€2)

Doxy — Axy = buy; — Dixq + Bxqus + Q(x1, x1) (4.87)
Order (€%)

D0x3 —AX3 = b/t3 — Dle — D2X1 + BleLtl + Bxlﬂz
+2Q(x1, %2) + C(x1, X1, x1) (4.88)

The general solution of (4.86) is the superposition of a homogeneous solution
x1;, and a particular solution x1,. For the homogeneous solution, we denote the
eigenvalues of the matrix A by A,,, m = 1,2,..., n and order them so that 1; = 0.
We let p,,, be the eigenvector (generalized eigenvector) corresponding to 4,,. Then,
all of the terms corresponding to 4,, and p,, for m > 2 decay with time so that the
long-time dynamics is given by

x1 = u(Th, To)p (4.89)

where the subscript in p, has been suppressed and the function u(T;, T3) is deter-
mined by imposing solvability conditions at the higher-order approximations.

We note that A is singular because one of its eigenvalues is zero. Because the
term by, on the right-hand side of (4.86) is independent of Ty, the particular solu-
tion of (4.86) is given by

Axlp = —b‘lll (490)

Because A is singular, (4.90) has a solution if and only if its right-hand side —bu is
orthogonal to every solution of the adjoint homogeneous equation; that is solutions

of
qA=0

which has a nontrivial solution because A is singular. This condition demands that
q'bu; = 0. There are two possibilities. First, g'b # 0 and hence u; = 0. Second,
q'b = 0 and hence u; is arbitrary. In the latter case, the solution is not unique. To
make it unique, we require it to be orthogonal to the left eigenvector q and write
the particular solution as

X1, = cuy where Ac=—b (4.91)

and q'c = 1. We consider these two cases separately, starting with the first case.
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The Case q"b # 0 In this case, the solution of the first-order problem, (4.86), can
be expressed as

X1 = M(Tl, Tz)p (492)
Substituting (4.92) into (4.87) yields
DoXx; — Axy = buy — Diup + Q(p, p)u? (4.93)

Again, the general solution of (4.93) is the superposition of a homogeneous term
and a particular term. The homogeneous solution is the same as that given in (4.89)
and hence is neglected. A particular solution of (4.93) is given by

Ax; = —by; + Dyup — Q(p, p)u’ (4.94)

Equation 4.94 has a solution if and only if its right-hand side is orthogonal to g;
that is,

Diu=q"bus + 4" Q(p, p)u’ (4.95)

Hence, there is a generic saddle-node bifurcation at the origin of (4.82) if

q4'Q(p. p) # 0.
When q' Q(p, p) = 0, it follows from (4.95) that 4, = 0 and Dju = O or u =
u(T,). Then, a unique particular solution of (4.94) is given by

x; = zu? where Az=—-Q(p,p) and q'z=1 (4.96)

Substituting (4.92) and (4.96) into (4.88) and using the fact that u; = 0, 4, = 0,
and D;u = 0, we obtain

Dox3 — Ax3 = bus — Dyup + [2Q(z, p) + C(p, p, p)] v’ (4.97)

Equation 4.97 has a solution if and only if its right-hand side is orthogonal to g;
that is,

Dyu=q'bus +[24"Q(z,p) + 4" C(p. p. p)| W (4.98)

Therefore, the origin of (4.82) is an inflection point and there is no bifurcation
there if the coefficient of u? in (4.98) is different from zero.

The Case q"h = 0 In this case, the general solution of (4.86) can be expressed as
x1 = u(Ty, L)p + cux (4.99)
Substituting (4.99) into (4.87) yields

Doxy — Axy = buy; — pDiu + [Bp + ZQ(c,p)],ulu
+ [Be+ Q(c, 0)| ui + Q(p, p)u’ (4.100)
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The solvability condition of (4.100) demands that its right-hand side be orthogonal
to g, which yields

Diu=[q"Bc+q"Q(c.c)|ut + [a"Bp +2q" Q(c, p)| u1u + 4" Q(p, p)u’
(4.101)

Therefore, there is a generic transcritical bifurcation of (4.82) at the origin when

q'Q(p.p) #0.
When q'Q(p, p) = 0, it follows from (4.101) that 4; = 0 and D;u = 0 and

hence u = u(T3). Then, the solution of (4.100) can be expressed as
Xy = cuy + zu? (4.102)

where ¢ and z are defined in (4.91) and (4.96), respectively. Then, substituting
(4.99) and (4.102) into (4.88) and using the fact that 44 = 0 and Dju = 0, we
obtain

Dox3 — Ax3 = bus — Dyup + [Bp +2Q(c, p)| uau
+[2Q(z,p) + C(p.p. p)] W (4.103)

Imposing the solvability condition in (4.103) yields

Dyu=[q"Bp +2q"Q(c, p)| u2u + [24"Q(z, p) + 4" C(p, p. p)| ¥
(4.104)

Therefore, there is a generic supercritical pitchfork bifurcation at the origin of
(4.82) when 2¢"Q(z, p) + q"C(p, p, p) < 0 and a generic subcritical pitchfork
bifurcation at the origin of (4.82) when 2q" Q(z, p) + q" C(p, p, p) > 0.

Example 4.11

We construct the normal form of the system
9.C1 = bLLt + 296'1 — 296'2 =+ Uux1 + auxlz =+ A12X1% + a13x22 (4105)
562 = bzlu + 4X1 — 4962 — 4[1,{962 + axn xlz + axpxi1x) + 0239622 (4106)

near the fixed point (x1, %, #) = (0,0, 0). We seek a third-order approximate solu-
tion of (4.105) and (4.106) in the form

%n(t; 1) = €xn1(To, T1, To) + € %n2(To, T1, To) + € %03(To, T1, To) + -+
(4.107)

Substituting (4.107), (4.84), and (4.85) into (4.105) and (4.106) and equating coeffi-
cients of equal powers of €, we obtain
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Order (¢€)
Dox11 — 2%11 + 2591 = t1by (4.108)
Doxa1 —4x11 + 4%1 = p1by (4.109)
Order (€2)

Dox1y — 212 + 2%25 = Usby — Dixyy + w1 %11 + anxiy

+ a1x11%21 + G13%5; (4.110)

Doxyy — 4x12 + 4% = by — D1%y1 — 41 %01 + G215,

+ anX11%1 + a23%5; (4.111)
Order (€3)

Doxi3 — 213 + 2%3 = u3by — Dix1p — Daxyy 4 %12 + Hoxi
+ 2011%11 %12 + G12X11 %22 + G12X12%21
+ 2a13%1%22 (4.112)

Doxy3 — 4x13 + 4%3 = 3by — D1%p3 — D)y — 4uq 203 — 4uz %
+ 2a21%11%13 + 323%11%23 + G23%X13%21
+ 20a73%1 %23 (4.113)

In this case, the coefficient matrix of (4.108) and (4.109) is

2 -2
A= [4 _4] (4.114)

whose eigenvalues are 1 = 0 and 1 = —2. Hence, the origin of (4.105) and (4.106)
may be a static bifurcation point. The right and left eigenvectors of A corresponding
to A = 0are

SHEREE

where q'p = 1. Because A is singular, (4.108) and (4.109) have a solution if and
only if their right-hand sides are orthogonal to q'; that is, if and only if (2b; —
by)u1 = 0. There are two possibilities: (a) (2b; — b;) # 0 and hence u; = 0 and
(a) (2b1 — by) = 0 and hence u; is arbitrary. We treat both cases separately, starting
with the first case.

When (2b1 — b;) # 0, the solution of (4.108) and (4.109) can be expressed as

X11 = M(Tl, Tz) and X1 = M(Tl, Tz) (4115)
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Substituting (4.115) into (4.110) and (4.111) yields

Dox12 — lez + 2x22 = szl — Dlu + (a11 +ap + a13)u2 (4116)

Doxyp — 4x12 + 4% = ﬂ2b2 — Diu + (6121 + ay + a23)u2 (4117)

Demanding that the right-hand side of (4.116) and (4.117) be orthogonal to q yields
the normal form

Dlu = (Zbl — bz)/tz + (2(211 + 2(112 + 2(113 — a1 — Gy — 023)142 (4118)

which indicates that the origin of (4.105) and (4.106) undergoes a generic saddle-
node bifurcation as u passes through zero if the coefficient of u? is different from
zero. When this coefficient is zero, one needs to carry out the expansion to higher
order.

When (2by — b;) = 0, the solution of (4.108) and (4.109) that is orthogonal to g
can be expressed as

X1 = M(Tl, Tz) + %bl,ul and X1 = M(Tl, Tz) + blﬂl (4119)
Substituting (4.119) into (4.110) and (4.111) yields

Dox1z —2x12 + 22
= b1 — Diu+ (% + %allbl + %alzbl + a13b1) biui
+ (1 + a11b1 + %a«lzbl + 261«13b1) uiu + (a11 + a1 + 61«13) uz (4120)

Doxyy — 4x12 + 4x22
= paby — Dyu+ (—4 + %a«ﬂbl + %azzbl + azby) byt
+ (—4 =+ a21b1 + %azzbl =+ 2023b1) uiu + (021 + ajy =+ 023)142 (4121)

The solvability condition of (4.120) and (4.121) yields the following normal form of
(4.105) and (4.106):

Dyu = Tou? + NMuyu + Hu? (4.122)

where

Fo = %bl (20 + 2a11b1 + 46!12b1 + 8a13b1 — a21b1 — 2a22b1 —46123b1)
(4.123)

I = 1 (12 + 4a11 by + 6a2by + 8ai3by — 2ax1 by — 3az by — 4a3b1)
(4.124)
I =2a11 4+ 2a1; + 2013 — a1 — axp — a3 (4.125)

Equation 4.122 indicates that the origin of (4.105) and (4.106) undergoes a generic
transcritical bifurcation as u passes through zero if I'; # 0.
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When I, = 0, it follows from (4.122) that u; = 0 and Diu = 0 or u = u(T).
Then, the particular solution of (4.120) and (4.121) that is orthogonal to q* can be
expressed as

X1 = 3bipa+ J(an+an+as)u’ and  xp = byuy+(an + a1+ ai3)u’
(4.126)

Substituting (4.119) and (4.126) into (4.112) and (4.113) and recalling that u; = 0
and D;u = 0, we obtain
Dox13 — 2x13 + 23
= u3bi — Dyu+ 3 (24 2a11b1 + 3a1,b1 + 4ai3hy) uou
+ 1 (2a11 + 3a1; + 4a13) (a2 + ax + ax) v’ (4.127)

Doxa3 — 4x13 + 4xp3
= u3by — Dyu— 3 (8 — 2az1by — 3a3by — 4az3bhy) pau
+ % (a21 + @23 + a23) (2421 + 3a3 + 4az3) u’ (4.128)

Imposing the solvability condition for (4.127) and (4.128) yields

Dyu = vusu + au’ (4.129)
where

v = 1 (124 4a11by + 6a1,b1 + 8a13b1 — 2a51by — 3aznby — 4az3by)

a = % (4a11 + 6a12 + 8a13 — 2ay1 — 3a2 — 4a) (a2 + a2 + a23)

It follows from (4.139) that, as x4 passes through zero, the origin of (4.105) and
(4.106) undergoes a generic supercritical pitchfork bifurcation when o < 0 and a
generic subcritical pitchfork bifurcation when a > 0.

Example 4.12

We consider the three-dimensional dynamic system

9'61 = blﬂ — X+ x — 2963 + Ux1 + aq (Xl + sz + X3)2 (4130)
% =byu—2x1—x— x5+ ux; + a, (1 — % + x3)° (4.131)
9'63 = b;,u + x1 + 2962 — X3 — 2/1963 + a3 (2X1 + % — X3)2 (4132)

Substituting (4.107), (4.84), and (4.85) into (4.130)—(4.132) and equating coeffi-
cients of like powers of ¢ yields.
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Order (€)
Dox11 + %11 — %21 + 231 = b1y (4.133)
Doxp1 + 2x11 + %21 + %31 = bays (4.134)
Dox31 — %11 — 2%1 + %31 = b3y (4.135)
Order (¢2)

Dox1z + %12 — %22 + 2%3; = —D1%11 + biuy + (1%
+ aq (%11 + 25001 + x31)° (4.136)

Doxyy + 2515 + %20 + %30 = —D1%1 + oy + 1%

+ az (%11 — %21 + %31)° (4.137)
Dox3y — %12 — 2%) + %33 = —D1%31 + by — 2u1 %3
+ a3 (2X11 + X1 — X31)2 (4138)

Order (¢3)

Dox13 + %13 — %23 + 2%x33 = —D1%15 — Dyxqy + bipts + o + uaxn
+ 2aq (%11 + 2201 + 231) (%12 + 2202 + %32)
(4.139)

Doxy3 + 2513 + %23 + %33 = —D1%p5 — Daxo1 + bopts + uaxo1 + 1%
+ 2a; (%11 — %21 + %31) (%12 — %22 + %32)
(4.140)

Dox33 — %13 — 2%3 + %33 = —D1X35 — D)3y + by — 2upx31 — 2u1%3;

+ 2a3 (2x11 + %21 — %31) (2%12 + %22 — X32)

(4.141)
In this case, the coefficient matrix of (4.133)—(4.135) is
-1 1 =2
9 1 1 (4.142)
1 2 -1

whose eigenvalues are 4 = 0 and 4 = 3/2(—14 i+/3). Hence, the origin of (4.130)—
(4.133) may be a static bifurcation point. The right and left eigenvectors of A corre-
sponding to A = 0 are

-1 1 -1
p=1|1 and =3 1
1 1
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where q"p = 1. Because A is singular, (4.133)—(4.135) have a solution if and only if
their right-hand sides are orthogonal to q*; that is, if and onlyif (b3 +b,—b1)u; = 0.
There are two possibilities: (a) (b3 + b, — b1) # 0 and hence u; = 0 and (a)
(b3 + by —b1) = 0 and hence u; is arbitrary. We treat both cases separately, starting
with the first case.

When (b3 + b, — by) # 0, the nondecaying solution of (4.133)—(4.135) can be
expressed as

X11 = —M(Tl, Tz) s X1 = M(Tl, Tz) , and X31 = M(Tl, Tz) (4143)

Substituting (4.143) into (4.136)—(4.138) yields

Dox1y + %12 — %2 + 2x3 = Dyu+ 4u'ay + bipy (4.144)
Doxzz + 2x12 + X + x3; = —Dlu + uZOLZ + bzluz (4145)
Dox3y — %12 — 205 + %33 = —Diu + 4u?asz + bsus (4.146)

Demanding that the right-hand side of (4.144)—(4.146) be orthogonal to q yields the
normal form

Diu= 1 (b3 + by —b1) s + 3 (4as + az — 4a1) u’ (4.147)

which indicates that the origin of (4.130)—(4.132) undergoes a generic saddle-node
bifurcation as u passes through zero if the coefficient of u? is different from zero.
When this coefficient is zero, one needs to carry out the expansion to higher order.
When (b; + b, — by) = 0, the solution of (4.133)—(4.135) that is orthogonal to q
can be expressed as
x11 = —u(Ty, To) + %bzﬂl
x1 = u(Th, Tp) — %%Hl
X31 = M(Tl, Tz) + %(b3 + bz)[ul (4148)
To simplify the algebra, we let by = 2b, b, = b, and b3 = b. Substituting (4.148)
into (4.136)—(4.138) yields
Dox1a + %12 — %22 + 235 = Diu+ b (3 + bay) ut + 2bu,
— 1 (3 —4bay) uru + 4aru’ (4.149)

Doxpy + 2%12 + %22 + %33 = —D1u— §b (3 — 16bay) ut + bu,
+ % (3 —8bay) uru + au? (4.150)

Dox3y — %12 — 2%22 + %3 = —Dyu — gb (12 — bas) ui + bus
—2(3—2bas) uru + 4azu’ (4.151)

The solvability condition of (4.149)—(4.151) yields the normal form of (4.130)-
(4.132) as

Dlu: I’oﬂ%—i—l’lﬂlu—i—l}uz (4152)
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where

Iy =—5b(18 + bay — 16ba; — bas)
I, = %b(a; —2a; — a,)
FZ = %(46(3 + a2—4a1)
Equation 4.152 indicates that the origin of (4.130)—(4.132) undergoes a generic tran-
scritical bifurcation as u passes through zero if the coefficient of u? is different
from zero; that is, (4a3 + a; —4aq) # 0.
When I, = 0, it follows from (4.152) that u; = 0 and Diju = 0 or u = u(T).

Then, the particular solution of (4.144)—(4.146) that is orthogonal to q' can be ex-
pressed as

X1 = 3hus + jayu?
X)) = —%bluz — %a;uz
X3 = %b[ltz + (%az + %CL}) LLZ (4153)

Substituting (4.148) and (4.153) into (4.139)—(4.141) and recalling that u; = 0 and
Diu = 0, we obtain

D()X13 + X13 — X3 + ZX33 = Dzu + 2b/t3 + % (4b0(3 + baz — 3) Uru
+ 2(ay — 2a3)(ay + 4as)ud (4154)

Doxy3 + 2513 + %3 + %33 = —Dyu + buz — % (8bay —3) uyu

— %0, (ay + 4a3) v’ (4.155)

Dox3) — %12 — 23622 + x33 = —Dyu + bﬂ3 + % (2ba; — 3) Hru
+ % (8as — a) azw’ (4.156)

Demanding that the right-hand side of (4.154)—(4.156) be orthogonal to q and using
the fact that a; = 1/4a, + a; yields the normal form

Dyu = —bayuu + % (160(% —8aya; — Za%) u? (4.157)

It follows from (4.157) that the origin of (4.130)—(4.132) undergoes a supercritical
pitchfork bifurcation as u passes through zero when

(16a3 — 8aza3 —2a3) <0
and a subcritical pitchfork bifurcation when (16a% — 8a,a3 — 2a3) > 0.

452
Center-Manifold Reduction

To compute the normal form of the static bifurcation of (4.82) at the origin by
using center-manifold reduction, we first calculate the eigenvalues 11,4,,..., 4,
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and eigenvectors (generalized eigenvectors) p,, p,, ..., p, of the matrix A. Second,
we arrange the eigenvalues of A so that A1 = 0 and let p, be be its corresponding
eigenvector. Third, we introduce the transformation x = Py and obtain

7= Jy+ P 'bu+ P 'BPyu+ P'Q(Py, Py) + P~ C(Py, Py, Py)

(4.158)
where ] = P71 AP. We note that ] can be rewritten as
0 O
= 4.159
where Jisan (n—1) x (n — 1) matrix whose eigenvalues are 45, 13, ..., 1,,. Fourth,
we let y, be the (n — 1)-dimensional vector with the components y,, y3,..., y» and
rewrite (4.158) as
. n
y1= b+ Eyiu+ Hlyuy) + Sy (4.160)
i=1
and
bo = Jovo+ boe + Eyne+ Byu + Fa(yr, v)) + Fa(v1,v) (4.161)
where b = P~ b, f2 and F; are the first and last (n — 1) components of

P~1Q(Py, Py), and f;3 and F; are the first and last (n — 1) components of
P~1C(Py, Py, Py).

To determine the dependence of the center manifold on «, we augment (4.160)
and (4.161) with the additional equation

=0 (4.162)

Because the f; and F; are polynomials and hence infinitely differentiable, there
exists a local center manifold of the form (Carr, 1981)

Y = h(yi:p) (4.163)
where h is a polynomial function of y; and u such that

h(0,0)=0, D, hi(0;0)=0, and D,h;(0;0) =0 (4.164)
where the h; are the scalar components of h.

Substituting (4.163) into (4.161) yields

h/(Yl) |:l;1ﬂ + &iyin + Z Eihi(y)u + f2(y1s h(Yl):|

i=2

= Joh(y1) + bou + Eyase + Bh(pa)pe + Falys, h(y2)] + -+ (4.165)
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To solve (4.165), one approximates the components of h(y;; u) with polynomials.
The polynomial approximations are usually taken to be quadratic to the first approx-
imation and do not contain constant and linear terms so that the conditions (4.164)
are satisfied. Substituting the assumed quadratic polynomial approximations into
(4.165) and equating the coefficients of the different terms in the polynomials on
both sides, one obtains a system of algebraic equations for the coefficients of the
polynomials. Solving these equations, we obtain a first approximation to the center
manifold y, = h(y;; ). Finally, substituting this approximation into (4.160), we
obtain the one-dimensional dynamical system

Ji= b+ Eyi+ Y B+ flyn byl + flynh(p)] - (4166)

i=2
describing the dynamics of the system (4.82) on the center manifold. Next, we con-

sider two examples.

Example 4.13

To reduce the algebra, we consider a special case of Example 4.11, namely

X = by +2x1 — 2% + uxy + alxlz (4.167)

Xy = b +4x1 —4x; —4ux; + a%1% (4.168)
The coefficient matrix of this system at (0, 0, 0) is given by (4.114). Its eigenvalues
are A1 = 0 and 1, = —2 and their corresponding eigenvectors are

e[ o ]
Hence,

P = E ;:| and P !'= [_21 _11:|
Next, we introduce the transformation
MR
b 1 2|y
into (4.167) and (4.168) and obtain

Y1 = (b1 = ba)p + 6y1u + 10y20 + (21 — c2)y;
+ (4a1 —30)y1y2 + 2(a1 — az)y% (4.169)

Y2 = —2y2 + (b2 — b1)u — Syt — Oyau
— (a1 = @2)yi — (201 = 3a2)y1y2 — (@1 — 2a2)y; (4.170)



4.5 Normal Forms of Static Bifurcations

We seek the center manifold of (4.169) and (4.170) in the form y,(t; u) = h(y1; 1)
and rewrite (4.169) as

Y1 = (b1 = ba)u + 6y1u + 10hu + (21 — @)y}
+ (4a1 — 3ay)y1h + 2(a; — az)h? (4.171)
Substituting (4.171) and the expression for the center manifold into (4.170) yields
W [(2b1 — bo)u + 6y1u + 10hu + (201 — az)yt| = —2h + (b, — b1)u

— Sy — Yhu — (a1 — az)yi — (a1 — 3a)y1h — (a1 — 2az)h* + -+
(4.172)

whose approximate solution can be expressed as
h = 1(by — bi)u — 2(a1 — az)y; + -+ (4.173)

Substituting (4.173) into (4.171) yields the following one-dimensional equation de-
scribing the dynamics on the center manifold:

¥1 = (2by — by)u + [S(ba—b1) + 3(a1—az)(by—b1)* | u® + a1 — az)y;
+ [6 + %(bz — bl)(4a1 — 30(2)] YLL{ — %(al — 0(2)(40(1 — 3(12)))13
(4.174)

There are two possibilities: (a) b, # 2b; and (b) b, = 2b;. In the first case, as
y1 — O0and u — 0, (4.174) tends to

¥1= (2by — by)u + (201 — az)y; (4.175)

Therefore, the origin of (4.167) and (4.168) undergoes a saddle-node bifurcation as
u passes through zero when o, # 2a;. When a, = 2a4, the origin of (4.167) and
(4.168) is not a bifurcation point.

When b, = 2by, as y; — 0 and u — 0, (4.174) tends to

. 1 1
Y1 = [Sbl + Z(al - az)b%i| ‘M2~|—|:6 + Eb1(4a1 — 3a2)i| y1/¢+(2a1—a2)y%
(4.176)

and therefore the origin of (4.167) and (4.168) undergoes a transcritical bifurcation
as u passes through zero when a; # 2a;. When a; = 2a;,as y; > 0and u — 0,
(4.174) tends to

1 = (6 — arby) yiu — aty; (4.177)

and therefore the origin of (4.167) and (4.168) undergoes a supercritical pitchfork
bifurcation as u passes through zero.
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Example 4.14

We reconsider the system (4.130)—(4.132) discussed in Example 4.12. In this case,
the coefficient matrix of the linear system at (0, 0, 0; 0) is given by (4.142). Its eigen-
values are A = 0 and 4 = 3/2 (—1 + l«/g) and their corresponding eigenvectors

can be expressed as

1 L(1+iv3) L(1-1v3)
P = 1 P, = %i(i—i—ﬁ) , and p;= —%i(—i—i—ﬁ)
1 1
We note that p; = p,. Then,
-1 3(1+iv3) 1(1-1v3)
P=11 Li(i+v3) -3i(-i+3)
1 1 1
and
-3 3 3
pi— | i(1-iv3) i —i+\/§) 3
La+iv3)  ti(i+v3) )

Next, we introduce the transformation x = Py into (4.130)—(4.132) and after some
algebraic manipulations obtain

Y1 =—3 (b1 — by — bs) s — } (har — ay —4as) yi — pu(y2 + 72)
_ [% (0(1 + 3i\/§0(1 + 2a, — a3 + 3i\/§a3) Y12
_ }-) (13(11 - 3ix/§a1 + 8ay; —13a3 — 3i\/§a3) y%
1
3

+3 (7ar —4a, —7as3) y272 + cc] (4.178)

yo=—3 (1-;\/?) yo+ L (bl—iﬁbl—bz—iﬁbz—kZb;)y
—(n+ P+ ¢ (4051 —4iv3a; — ay —iv3a; + 8a3) i
+ 2 (51 + iv3ar + @y + iV3a + a3 = 3iv3e) iy
+ % (—4(11 — 2i«/§a1 + a; + i«/gaz + as; + 3i«/§a3) Y1¥2
+ %i (2ia1 + Sﬁal +4ia, —4«/§a2 + 13ia3 — 3«/§a3) y%
+1 (7(11 —7iv3ay — 40, — 4iv30; + 14a3) yafs

+ 2i (1ia +5v3a + 4ias = 4430, + 13ias + 3v3a3) 73
(4.179)
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where y; = y,. We note that the equation governing y; is the complex conjugate
of (4.179).

We seek the center manifold of (4.178) and (4.179) in the form y,(t;u) =
h(y1; u), where h is a complex-valued function, and rewrite (4.178) as

+ % (70(1 — 40(2 — 70(3) hl’_L
-1 (13&1—3i«/§a1 +8a; — 133 - 3iv3a; ) h2+cc] (4.180)

Substituting y,(t; «) = h(y1: #) into (4.179) and using (4.180), we obtain

W[4 by — by — bs) i — 3 (s — a — 4at3) v} — h — ]
= =3 (1= iv3) h+ & (b= iv3bi — by — iv/3by + 2bs)
+ }—) (4a1—4i\/§a1—a2—i«/§a2+8a3) yf—i—-.- (4.181)
An approximate solution of (4.181) can be expressed as

h=1 (zb1 4 by—iN3by + by + iﬁb;)u
+1—18(8a1+az—i«/§a2+4a3 +4i«/§a3) yi4 - (4.182)

Substituting (4.182) into (4.180) yields the following one-dimensional equation de-
scribing the dynamics on the center manifold:

1= =3 (b1 = by = bs) st — § (401 — @y —4a3) y}
— 5 [b3 (—4a1 + oz — 5as)
+b1 (a1 + 2a; — a3) + by (Say + a; + 4as)] uyr + Lo’
— 55 (4a} + ) + a1 (13a; — 20a3) + 8azas — 20a3) y; (4.183)

where

Iy = % [bs (—27 4 8b3 (51 + a; — 5a3)) + bt (a1 + 16a; + a3)
—2by (27 + by (51 — 8ay + 4a3) — by (4aq + 8ay + 5a3))
+b% (=250 + 4 (ay + 4a3))
+b3 (=27 + b3 (—16ay + 4a; + 25a3)) |

There are two possibilities: (a) by # by + b3 and (b) by = by + bs. In the first
case, as y; — 0 and 4 — 0, (4.183) tends to

b1 = =3 (b1 — by — by) = § (4 — 0 — 4a3) v (+184)
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Therefore, the origin of (4.130)—(4.132) undergoes a saddle-node bifurcation as u
passes through zero when 4a; # a; + 4a3. When 4a; = a; + 4a3, the origin of
(4.130)—(4.132) is not a bifurcation point. Equation 4.184 is in full agreement with
(4.147) obtained with the method of multiple scales.

When by = b, + bs, as y; — 0 and u — 0, (4.183) tends to

y1 = Dou® — § [bs (—a1 + ay — 2a3) + by Qa1 + az + a3)luy:
— 1 (4ar — a; — 4a3) yi (4.185)

where
FO = 21—7b2 [—9 + 4b3 (a1 + 2(12 — (13)] =+ %b% (—4(11 + 4(12 + (13)
+ 35b3[=9 + b3 (—ay + 4 (az + a3))]

Therefore, the origin of (4.130)—(4.132) undergoes a transcritical bifurcation as u
passes through zero when 4a; # a, + 4as. Equation 4.185 is in full agreement
with (4.152) obtained with the method of multiple scales.

When 4a; = a; + 403, as y; — 0and u — 0, (4.183) tends to

y1= 3 [bs (4a3 — ag) — 2by (az + 203) uy:s — % (aj + 4aza3 —8a3) y;
(4.186)

Therefore, the origin of (4.130)—(4.132) undergoes a supercritical or subcritical
pitchfork bifurcation as u passes through zero, depending on whether a3 +
4a,03 — 8a? is positive or negative, respectively. Equation 4.186 is in full agree-
ment with (4.157) obtained with the method of multiple scales.

453
A Projection Method

In this section, we propose a method of reducing (4.82) directly without calculating
the center manifold. We decompose its solution as follows:

x = pu(t) + y(t) (4.187)
where p is the right eigenvector of A,
q y(t)=0 (4.188)

and q is the left eigenvector of A normalized so that q*p = 1. Substituting (4.187)
into (4.82) yields

pi+y = Ay + bu+ Bpuu+ Byu + Q(p, p)u’ +2Q(p, y)u + Q(y, )
+C(p.p.p)w’ + - (4.189)
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Multiplying (4.189) from the left with q and using (4.188) leads to

i=q"bu+q Bpuu+ q'Byu +q"Q(p,p)u’ +2q" Q(p, y)u

+4°Q(y.Y) +q' Clp,p.p)u’ + -+ (4.190)
Substituting for & from (4.190) and (4.189), we obtain
¥ = Ay +bu—(a"b)pu + Qp, p)u’ — (4" Qp. p)) pu’ +---  (4.191)

There are two possibilities: g'b # 0 and q"b = 0. In the first case, as u — 0 and
u — 0, (4.190) tends to

i=q"'bu+q Qp,p)v’ (4.192)

and therefore the origin of (4.82) undergoes a generic saddle-node bifurcation as u
passes through zero when q" Q(p, p) # 0.
When q"b = 0, we express the solution of (4.191) and (4.188) as

V= cu + zu? (4.193)
where

Ac=—b and Az =-Q(p.p)+(4"Qp.p)) P (4.194)
and

q°c=0 and q'z=0 (4.195)

Substituting (4.193) into (4.190), we find that, as 4 — 0 and 4 — 0, (4.190) tends
to

i=[q"Bc+q"Qc,c)]u*+q" Bpuu+ q" Q(p, p)u* (4.196)

when q" Q(p, p) # 0. Therefore, the origin of (4.82) undergoes a generic transcrit-
ical bifurcation as u passes through zero.
When q"Q(p, p) = 0,as u — 0 and u — 0, (4.190) tends to

i=q Bpuu+[24"Q(p.z) + q'C(p.p.p)| W (4.197)

Therefore, the origin of (4.82) undergoes a generic supercritical or subcritical pitch-
fork bifurcation as u passes through zero depending on whether [2q" Q(p, z) +
q'C(p, p, p)] is negative or positive.

Example 4.15
We reconsider (4.167) and (4.168). Their Jacobian matrix evaluated at (0,0, 0) is
given in (4.114) and its eigenvalues are A = 0 and 4 = —2. The right and left

eigenvectors of A are

ST
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Therefore, we express the solution of (4.167) and (4.168) as
x = pu(t) + y()
or
x1 = u(t) + yi(t) and x, = u(t) + ya2(t) (4.198)

and impose the condition q"y = 0. Substituting (4.198) into (4.167) and (4.168)
yields

U+ y1= biu + 2y1 — 2y2 + p(u + y1) + ar (v + y1)° (4.199)

U+ Y2 = bap + 4yr — 4y, — Hu + y2)u + (4 + y1)(u + y2) (4.200)
The condition q'y = 0 yields

21—y, =0 (4.201)

Multiplying (4.199) and (4.200) from the left with q* and using the condition q"y
= 0, we obtain

0= (2by — by)u + Qaq — ax)u® + 6uu + 2uyr + 4uy,
+ (4a1 — ar)uy; — aruy; + Zalyf — a1y (4.202)

Substituting (4.202) into (4.199) and (4.200) yields
).)1 = (bz—bl)[u+2Y1—2Y2+(O(2—C(1)M2+"' (4203)
).)2 = Z(bz — bl)[u + 4Y1 — 4Y2 + 2(0(2 — 0(1)142 + .- (4204)

Because u(t) varies slowly with time, the solution of (4.204) and (4.201) can be
expressed as

y1=3(b2—b)u+ 3(ay —ar)u’ +--- and y, =2y, (4.205)

It follows from (4.202) that there are two possibilities: b, # 2b; and b, = 2b;. In
the first case, as u — 0 and 4 — 0, (4.202) tends to

= (2by — by)u + 2a; — ay)u? (4.206)

Therefore, the origin of (4.167) and (4.168) undergoes a saddle-node bifurcation
as u passes through zero if a; # 2a;. We note that (4.206) is in full agreement
with (4.118) and (4.175) obtained with the methods of multiple scales and center-
manifold reduction, respectively.
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When b, = 2b;, substituting (4.205) into (4.202) yields

U= %bl (10 + b1a1 — blaz)l[lz + % (12 + 4b1a1 - 3b1a2)/4u
+ (201 — ay)u? — 24y = 3ay) (a1 — a)u® + - (4.207)

As u — O0and u — 0, (4.207) tends to

0= 1b1 (10 + b1a1 — blaz)l[lz + % (12 —|—4b1a1 — 3b1a2)/4u

-2

+ (201 — ay)u? (4.208)

Therefore, the origin of (4.167) and (4.168) undergoes a transcritical bifurcation
as u passes through zero if a; # 2a;. We note that (4.208) is in full agreement
with (4.122) and (4.176) obtained with the methods of multiple scales and center-
manifold reduction, respectively.

When a; = 2aq,as u — 0and u — 0, (4.207) tends to

U= (6—bya)uu—aiu’ (4.209)

Therefore, the origin of (4.167) and (4.168) undergoes a supercritical pitchfork bi-
furcation as u passes through zero if a;, = 2a;. We note that (4.209) is in full
agreement with (4.129) and (4.177) obtained with the methods of multiple scales
and center-manifold reduction, respectively.

Example 4.16

We reconsider the system (4.130)—(4.132) treated in Examples 4.12 and 4.14. The
coefficient matrix of this system evaluated at (0, 0, 0; 0) is given by (4.142). Its eigen-
values are 1 = 0 and 4 = 3/2(—1 = i+/3). Hence, the origin of (4.130)-(4.133) may
be a static bifurcation point. The right and left eigenvectors of A corresponding to
A =0are

-1 1 -1
p=1|1 and q=3 1
1 1

where q is normalized so that q"p = 1.
We express the solution of (4.130)—(4.132) as

x = pu(t) + y(t) where q'y=0
or

X1=—u+y1, Xp=u+Yy, X3=u-+ys (4.210)

Yi—y2—y3=0 (4.211)
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Substituting (4.210) into (4.130)—(4.132), we have

Vi—u=bu—yi+y2—2ys—uu+uy
+ a1 2u+ y1 + 2y, + y3)° (4.212)

Yo+ i =byu—2y1—ys—y3s tuu+uy;
+ay(—u+yr—y2+ y;)2 (4.213)

Y3 + 0 = bsu + y1 + 2ys — y3 — 2uu —2uy;
+ a3 (—2u+ 2y1 + y2 — y3)* (4.214)

Multiplying (4.212)—(4.213) from the left with q" yields

bl — bz — b3)‘u + %(4(13 + a, —4a1)u2 — (Yl — Y2+ 2Y3)/4
4asz + oy 4+ 201)uy — %(2(13 —ay +4ar)uy;

=
I
|

—_— —~

203 — ay —2aq)uys + %(40(3 + ay; — al)yf

as + oy —4a1)y§ + %(a; + ay; — 4-0(1))/%

+ o+ o+

WIN Gl W= WN WIN Wi

PR

as + a; — 051))’% + %(2053 —ay—2a1)y1y2
(Qaz —ay + ag)y1ys — %(a; + a4+ 2a1)y2y3 (4.215)

Substituting (4.215) into (4.212)—(4.213) yields

y1=3(4by — by — b3)u — y1 + y2 — 23
+ 22a1 + az = 2a3)u + - (4.216)

y2 = %(b1 + 2by — b3)u —2y1 — y2 — y3
+%(4a1—a2+8a3)u2+”‘ (4.217)

y3 = 3(b1— by + 2b3)u + y1 + 2y2 — y3
+ 14y — az + 8az)u + - (4.218)

Because u(t) is a slowly varying function of time, the particular solution of (4.216)—
(4.218) orthogonal to q can be expressed as

y1 = 5(b1+2by — b3)u + £(2a1 + az — 2a3)u* + -+ (4.219)
y2 = 5(ba— by — 2b3)u — 3 (4a1 — ay + 8az)u + - (4.220)
3 = §(2b1 + by + b3)u + §(8ay + ap + 4az)u’ + - (4.221)

There are two possibilities: by — b, — b3 # 0 and b; — by — b3 = 0. In the first
case, as u — O and u — 0, (4.215) tends to

o= —3(by — by — b3)u + 3 (403 + oz — 4a1)u’ (4.222)
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Therefore, the origin of (4.130)—(4.132) undergoes a saddle-node bifurcation as u
passes through zero when 4a; # a; + 4as. When 4a; = a, + 4a;3, the origin
of (4.130)—(4.132) is not a bifurcation point. Equation 4.222 is in full agreement
with (4.147) and (4.184) obtained with the methods of multiple scales and center-
manifold reduction, respectively.

When by = b, + bs, substituting (4.219)—(4.221) into (4.215), we have

= —5% (9by + 9b3 + 4bjay — 4bybsay + biay — 4bja; —8bybsa,
—4b§az — b%a; +4bybzoz — 4b§a3) u?
- zi7 (biay + 5bya —4bsay + 2bias + bya,
+bya; + bsa; — byas + 4byas — Shsas) uu + %(40(3 + oy — 4a1)u2
— 217 (4ai + 13aja; + a5 — 20a 03 + 8a,a3 — 20a3) u? (4.223)

When 4a; # a; + 4as,as u — 0and u — 0, (4.223) tends to

U= —%7 (9b; 4+ 9b; + 4b30q — 4bybyay + bia; —4bia, — 8bybsa,
—4b§a2 —blas + 4bybsas — 4b§a3) u?
— 55 (bray + Shyay —4bsay + 2biaz + bya,
+byay + bsay, — bias + 4byas — S5byas) uu
+ 3(4as3 + oy — 4aq)u’ (4.224)

Therefore, the origin of (4.130)—(4.132) undergoes a transcritical bifurcation as u
passes through zero when 4a; # a; + 4as. Equation 4.224 is in full agreement
with (4.152) and (4.185) obtained with the methods of multiple scales and center-
manifold reduction, respectively.

When a; = a3 + 1/4a,,as u — 0and u — 0, (4.223) tends to

= 3[bs(4as — az) — 2by (ay + 203)] pu — % (a3 +4ara; — 8a3) w’

(4.225)

Therefore, the origin of (4.130)—(4.132) undergoes a supercritical or subcritical
pitchfork bifurcation as u passes through zero, depending on whether a2 +
4a,a; — 8a3 is positive or negative, respectively. Equation 4.225 is in full agree-
ment with (4.157) and (4.186) obtained with the methods of multiple scales and
center-manifold reduction, respectively.

4.6
Normal Form of Hopf Bifurcation

In this section, we describe methods for simplifying the dynamical system (4.17)
near a Hopf bifurcation point. We assume that this point has been shifted to x = 0
and that the control parameter has been shifted to 4 = 0. Moreover, we expand
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(4.17) for small x and u and obtain (4.82). Furthermore, because A is nonsingular,
we can shift the fixed point by —A™'bhu and hence rewrite (4.82) as

x=Ax+ uBx+ Q(x,x) + C(x,x,x) + --- (4.226)

Because the origin is a Hopf bifurcation, two of the eigenvalues are purely imagi-
nary complex conjugates (i.e., £iw) and the remaining eigenvalues are in the left-
half of the complex plane. Next, we demonstrate how one can use the methods of
multiple scales, projection method, and center-manifold reduction to compute the
normal form of (4.226) near x = 0 and small u.

4.6.1
The Method of Multiple Scales

To compute the normal form of the Hopf bifurcation of (4.226) at the origin, we
introduce a small nondimensional parameter € as a bookkeeping parameter and
seek a third-order approximate solution of (4.226) in the form

x(t;ﬂ) = Exl(To, Tz) + GZXZ(T(), Tz) + E3X3(To, Tz) —+ .- (4227)

where the time scales T,,, = €™t. The time derivative can be expressed in terms of
these scales as

d

rrin Do+ €*Dy+--- (4.228)
where D,, = 3/0T,,. As shown below, there is no dependence on T; because the
second-order problem is solvable. Moreover, because u is small, we scale it as €?u.
Substituting (4.227) and (4.228) into (4.226) and equating coefficients of like pow-
ers of €, we obtain

Order (€)

Dox1 —Ax1 =0 (4.229)
Order (¢2)

Dox, — Axy, = Q(x1, %1) (4.230)
Order (¢3)

Dox3 — Ax3 = —Dyx1 + uBxq1 + 2Q(x1, x3) + C(x1, %1, X1) (4.231)

The general solution of (4.229) is the superposition of n linearly independent
solutions corresponding to the n eigenvalues of A: n — 2 of these eigenvalues have
negative real parts and two are purely imaginary. The n—2 solutions corresponding
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to the eigenvalues with negative real parts decay with time and hence the long-
time dynamics of the system depends on the center space corresponding to the
two purely imaginary eigenvalues. Therefore, we express the solution of (4.229) as

x1 = z(Ty)pe'® T + z(Ty) pe 0T (4.232)

where the function z(T5) is determined by imposing the solvability condition at
third order and p is the eigenvector of A corresponding to the eigenvalue iw; that
is,

Ap =iwp (4.233)
Substituting (4.232) into (4.230) yields
Dox; — Axy = Q(p, p)z°¢* '™ +2Q(p, p)zZ + Q(p, p)2°e 7T (4.234)
The solution of (4.234) can be expressed as
xy = §,22e¥0T0 4 28 27 4 £,z%e7 20T (4.235)
where
Riwl— A, = Q(p.p) and AL, =—Q(p,p) (4.236)
Substituting (4.232) and (4.235) into (4.231), we have
Dox3 — Ax3 = —[Dozp —uBpz —4Q(p, §0)2°2 —2Q(p, §,)2°2

—3C(p,p. p)z’Z] e'®T 4 cc 4+ NST.
(4.237)
Because pe'® T is a solution of the homogeneous equation 4.237, the nonhomoge-

neous equation has a solution only if a solvability condition is satisfied. We let q be
the left eigenvector of A corresponding to the eigenvalue iw; that is,

Alqg=iwq (4.238)

We normalize it so that " p = 1. Then, the solvability condition demands that the
term proportional to ¢'“0 in (4.237) is orthogonal to q. Imposing this condition,
we obtain the following normal form of the Hopf bifurcation:

Dyz =q'Bpuz + 49" Q(p,&o) + 24" Q(p. &,) + 34" C(p, p, p)| 2°2
(4.239)
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Example 4.17

We consider the system
. 2
X1 = UX— %+ X — A1X%1X3
562 = Uxp + X1+ arxx3

. 2 2
X3 = —x3 + %1 + 2%,

(4.240)
(4.241)

(4.242)

Substituting (4.227) and (4.228) into (4.240)—(4.242), scaling u as €?u, and equating

coefficients of like powers of € on both sides, we obtain

Order (€)
Dox11 + %21 =0
Doxz1 — %11 =0
Dox31 + %31 =0
Order (¢?)
Dox1y + %2 = %{; — A1%11%31
Doxpp — %12 = @2%1%31

2 2
Dox3y + x33 = %17 + 2%5;

Order (¢3)
Dox13 + %3 = —Dax11 + (x11 + 2%11%12 — 01 X11X32 — A1X12 %31
Dox3 — %13 = —Daxp1 + U1 + G2%1 %32 + A2X22%31
Dox33 + x33 = —Dyx31 + 2x11 %12 + 4%1 %22

The nondecaying solutions of (4.243)—(4.245) can be expressed as
x11 = iz(Ty)e' ™ — iz(Ty)e '™,

X1 = Z(Tz)ZiTO + Z(Tz)e_iTO ,

x31 =0

(4.243)
(4.244)

(4.245)

(4.246)
(4.247)

(4.248)

(4.249)
(4.250)

(4.251)

(4.252)



4.6 Normal Form of Hopf Bifurcation

Substituting (4.252) into (4.246)—(4.248) yields

Doxiy + xpp = 22620 — 227 4 22721 D0 (4.253)
Doxzp — %12 =0 (4.254)
Dox3y + %33 = 2%e*' 0 4 622 + 2272110 (4.255)

whose solutions can be expressed as

X1y = —%iZZBZiTO + %izze—ZiTo (4‘256)
X)) = —%ZZBZiT" —2zz — %ZZB_ZiTO (4.257)
X3 = 11 —20)223 T 4 622 4+ L(1 4 2i)z2 2D (4.258)

Substituting (4.252) and (4.256)—(4.258) into (4.249) and (4.250), we have
Dox13 + %3 = [—iDzZ + l/tZ + (% + %0(1(2 - 291)) 222] ZiTO
+ cc + NST (4.259)
Doxp; — %13 = [~ Dyz + uz + tay(31 — 2i)2?2] €' + cc + NST  (4.260)

The solvability condition of (4.259) and (4.260) demands that their right-hand sides
be orthogonal to q, where q" = 1/2(—i, 1). Imposing this condition, we obtain the
following normal form of the system (4.240)—(4.242) near its origin:

Dyz = uz + 5 [93a; — 87a; — (20 + 6a1 + 6a,)i] 2’z (4.261)

Letting z = 1/2¢'% in (4.261) and separating real and imaginary parts, we obtain
the following alternate normal form of the Hopf bifurcation:

Dor = tur + £(31a; — 29ay)r? (4.262)
D60 = —25(10 + 3a; + 3ay)r’ (4.263)

4.6.2
Center-Manifold Reduction

To determine the normal form of the Hopf bifurcation of the system (4.226) at the
origin, we first calculate the eigenvalues 11, 4,..., 1, and eigenvectors (general-
ized eigenvectors) p,, p,, ..., p, of the matrix A. Second, we arrange the eigenval-
ues of Asothat 4; = iw and 4, = —iw and let p; and p, be their corresponding
eigenvectors. Third, we introduce the transformation x = Py and obtain

¥ =Jy+ PT'BPyu+ PT'Q(Py,Py)+ PT'C(Py, Py, Py)  (4.264)
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where | = P71AP. We note that ] can be rewritten as

Jo 0 io 0
= = 4.2

] [0 L oad =10, (4.265)
and Jisan (n — 2) x (n — 2) matrix whose eigenvalues are 13, 44, ..., 1,. Fourth,
we let y, be the two-dimensional vector with the components y; and y, and let y,
be the (n — 2)-dimensional vector with the components y3, y4,..., y, and rewrite
(4.264) as

Ye = Je¥e + #Bicyc + 1 Bisys + Ga(ye ¥s) + Gs(ve vs) (4-266)
and

Y = Jsvs +uBacy. + uBasys + Fa(ye, vy + Fs(ye vs) (4.267)

We note that y, and y, are linearly uncoupled but nonlinearly coupled. Further,
F;(0,0) =0, G;(0,0) = 0, and the Jacobian matrices DF;(0,0) and DG (0, 0) are
matrices with zero entries.

Because F; and G are polynomials and hence infinitely differentiable, there
exists a local center manifold of the form

¥s = h(y.)
where h is a polynomial function of y, and
h(0)=0 and D, h(0)=0 (4.268)

Fifth, we determine the (n—2)-dimensional function h by constraining the center
manifold to be two-dimensional in the n-dimensional space. Substituting for y,
into (4.266) yields

Ve =Jev.+uBicy. +uBish(y) + Galy. by + Gs [y, hly.)] (4269)

Substituting for y, into (4.267) and using (4.268), we have

Dy h(y) Ueve + G2y b(yd] + Gs [y b(yo)]}
= Jsh(ye) + Faly e B(yo)l + Falye, h(yo)] + -+ (4:270)

To solve (4.270), one approximates the components of h(y_) with polynomials. The
polynomial approximations are usually taken to be quadratic to the first approxi-
mation and do not contain constant and linear terms so that the conditions on h
are satisfied. Substituting the assumed quadratic polynomial approximations into
(4.270) and equating the coefficients of the different powers in the polynomials on
both sides, one obtains a system of algebraic equations for the coefficients of the
polynomials. Solving these equations, we obtain a first approximation to the cen-
ter manifold y, = h(y,). Finally, substituting this approximation into (4.269), we
obtain a two-dimensional dynamical system describing the dynamics on the center
manifold.
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Example 4.18

We use a combination of center-manifold reduction and the method of normal
forms to compute the normal form of the Hopf bifurcation near the origin of
(4.240)—(4.242). In this case, the local manifold is one-dimensional and tangent
to the x; — x;, plane at the origin. We approximate this manifold by a quadratic
function in the form

x3(x1, %) = h(x1, %) = alxlz + azxzz + azxix + - (4.271)

Substituting (4.271) into (4.242) yields

. . . . 2 2
2a1x%1% + 20,%0%; + a3X1% + a3%%1 = — (a1%] + 82%5 + A3%1%)

+xf 2% + - (4.272)
Substituting (4.240) and (4.241) into (4.272) and using (4.271), we have

Z(az—al)x1x2+a3xlz—a3x22 = — (alxlz + azxzz + a3x1x2)+x12+2x22~|—---
(4.273)

Equating the coefficients of each of xf, x22, and x;x, on both sides of (4.273), we
obtain

a3+a1:1, az—a3:2, a3+2a2—2a1:0

whose solution is

“viN
vijoo
“vino

ar=35, 62=5, 03=-— (4.274)

Substituting (4.274) into (4.271) and then substituting the result into (4.240) and
(4.241), we obtain the following two-dimensional system describing the dynamics
of (4.240)—(4.242) on the center manifold:

X1 :yxl—xz—i—xlz—%xfal—{—%xfx2a1—§x1x§a1 (4.275)
X =/¢x2+x1~|—%xfxzaz—%xlxzzaz+§x23a2 (4.276)
Next, we use the method of normal forms to simplify (4.275) and (4.276). First,

we calculate the Jacobian matrix of (4.275) and (4.276) evaluated at the origin. The
result is

G )
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Its eigenvalues are 4 = =i. The right and left eigenvectors of this matrix corre-
sponding to A = i are

() 1)

Second, we introduce the transformation

("1) = pu(t) + pi(t)

X2
and obtain
x1(t) = iu(t)—iu(t) and x(t) = u(t) + u(t) (4.277)

Substituting (4.277) into (4.275) and (4.276) and multiplying the result from the
left with q yields

bo=iu+4pu+ 2i(w® —2ui+ #%) + 1 [(31 —2i)az — (29 + 2i)aq | WP
+ nonresonance cubic and higher-order terms (4.278)
Third, we introduce a near-identity transformation of the form
u(t) = v(t) + bv*(t) + bov(t)9(t) + b3v” (4.279)
into (4.278), approximate v and v with iv and —i 7, respectively, and obtain

b= iv+uv+ 2i(1=2by)v? —i(1— by)vi + Ti(1 4 6b3)p°
+ 15 [31 = 2i)az — (29 + 2i)ay + 10i(bs — by) | v*D (4.280)

Fourth, we choose the b; to eliminate the quadratic terms and obtain

bi=1, by=1, b3=-1 (4.281)
Finally, we substitute for the b; in (4.280) and obtain the normal form
V= iv+uv + 55 [93a; —87a1 — (20 + 601 + 6az)i] vi (4.282)

which is in full agreement with (4.261) obtained with the method of multiple scales.

4.6.3
Projection Method

To determine the normal form of the Hopf bifurcation at the origin of the system
(4.226) as u increases past zero with the projection method, we assume that

x(t) = pu(t) + pu(t) + y(?) (4.283)
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where p and p are the right eigenvectors of A corresponding to the eigenvalues
+iw. We assume that all of the other eigenvalues of A are in the left-half of the
complex plane. Moreover, we constrain y(t) to be orthogonal to the left eigenvectors
q and g corresponding to the eigenvalues +iw normalized so that ¢'p = 1 and
q'p = 1; that is, we require

q'y=0 and g'y=0 (4.284)
Substituting (4.283) into (4.226) yields

pi+pi+y=iopu—iopi+ Ay + uuBp + Q(p, p)u
+2Q(p. p)uit + Q(p. p)i’ +3C(p. p. p)u’
+2Q(p, y)u+ Qp, y)u + - (4.285)

where the three dots stand for nonresonance and higher-order terms. Multiplying
(4.285) from the left with q", we have

i=iwpu+uuBp+q Q(p, p)u’ + 24" Q(p, p)uii + q" Q(p, p) i’
+3q"C(p,p. p)u’i + 29" Q(p. Y)u+ q Q(p, y)is + -+ (4.286)

Substituting (4.286) and its complex conjugate into (4.285), we obtain

1?=AY+[Q(pp)—q Q(p.p)r — ' Qp. p)p] v
2[Q(p.p)—q"Qp. P)p — 4" Q(p. p)P]
2

uu
+[Q(p. P)— a' Q. P)P — 4" QP. P)P] #* + -+ (4.287)

A particular solution of (4.287) can be expressed as
y=+|mt SaQppp - d Qb 2B |
w 3w
i _ i N .
+21n0——4q Qp.p)p + aq Qp. p)p | utt
_ i o
+ [772 — 3,9 QP PP — —7 Qb P)P ] Wt (4.288)

Next, we substitute (4.288) into (4.284) and determine constraint conditions on
72 and 7. Finally, we substitute (4.288) into (4.286) and introduce a near-identity
transformation to eliminate the quadratic terms, thereby obtaining the normal
form of the bifurcation.

We note that, out of the three methods, the method of multiple scales seems
to be the best for simplifying high-dimensional nonlinear systems near a Hopf
bifurcation.
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Example 4.19

We use the projection method to compute the normal form of the Hopf bifurcation
at the origin of the system (4.240)—(4.242) as u passes through zero. In this case,

i —i
1
p=11 and q= 7 1 (4.289)
0 0
and (4.283) and (4.284) lead to

x1(t) = iu(t) — in(t) + yi(t) ,
x(t) = u(t) + u(t) + y2(t), and
x13(t) = y3(t) (4.290)

y1(t) =0 and y,(t) =0 (4.291)

Substituting (4.290) and (4.291) into (4.240)—(4.242) yields

i—il=—u— i+ ig(u—u)—u?+2uii— 4> —ia uys +iaiiys (4.292)
U4 0= —id4 u(ui) + ayuys + ayiiy; (4.293)
3 = —y3 + u® + 6uii + i’ (4.294)

Multiplying (4.292)—(4.294) from the left with g, we have

2 2

w=1iu+uu+ %iu —iun+ %iu — %uy3a1 + %ﬁy3a1

+ %uy3a2 + %ﬁy;az (4.295)

Substituting (4.295) and its complex conjugate into (4.292)—(4.294), we find that the
first two equations reduce to zero. Then, solving (4.294) yields

Y3 = $(1=2i)u? + 6uit + (1 + 2i)u? (4.296)

Substituting (4.296) into (4.295), we obtain (4.282) obtained with center-manifold
reduction.

4.7
Exercises

4.7.1 Consider the following one-dimensional systems:

a) x = ux + x?
b) x = —u + x?
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Q) x=—ux+ x>
d) x = —ux— 3
e) x=u—x>.

In each case, x is the state variable and u is the control parameter. Construct the
bifurcation diagrams for all cases and discuss them.

4.7.2 Consider the following one-dimensional systems:

a) % =2u’+ ux — x?

b) ¥ = % = 2u® + ux —x
Q) x=pu+ux—x’

d) x =pu+ux—x>+x>.

3

What type of bifurcation does each of these systems undergo with increasing u at
u = 0? Determine the bifurcating solutions.

4.7.3 Determine the fixed points of
x=x%—4x+3
Determine their stability.
4.7.4 Find the equilibrium solutions of
% =x—2ax’ +x°
Determine their stability and the bifurcations, which they undergo as a is varied.
4.7.5 Sketch the bifurcation diagram of
%= x>+ a®—3ax

in the (a, x) plane, indicating which equilibrium solutions are stable and identify-
ing a turning point and a pitchfork bifurcation.

4.7.6 Sketch the bifurcation diagram of
% = 2(a® — x%) — (a* + x%)?

in the (a, x) plane, indicating which equilibrium solutions are stable and identify-
ing two turning points and a transcritical bifurcation.

4.7.7 Sketch the bifurcation diagram of

% = —x(x* —2bx — a)
in the (a, x) plane for a given positive b, indicating which solutions are stable.
4.7.8 Consider the one-dimensional system

% = ax + bx® + cx®

Determine the fixed points and their stability.
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4.7.9 Consider the system
$=x*4+ax’+bx+c

Sketch the intersection of the bifurcation set and three planes a = constant for
4 <0,a=0,and a > 0 (Thom, 1975).

4.7.10 Consider the one-dimensional system (Drazin, 1992)
% =x—2ax’—(b—3)x+c
forreal a, b, and c.
a) Show that, if ¢ = 0, then there is a transcritical bifurcation, but if ¢ # 0, there

are two (nonbifurcating) branches of equilibria.
b) Show that the loci of the bifurcation points is given by the curve

(27¢ —18b + 38)2 = 4(3b — 5)°

which has acuspat b = 3/5 and ¢ = —8/27.

4.7.11 Determine the fixed points and their types for the following systems, and for
each case sketch the trajectories and the separatrices in the phase plane:

a) ¥ +2%+x+x3=0
b) ¥ +2%+x—x3=0
Q) ¥+2%—x+x=0
d) #+2%—x—x3=0
e) ¥x—a+x2=0fora>0,a=0,anda <0.

4.7.12 Consider the following system (Drazin, 1992):
% =x>+0x2—ux

Determine the fixed points of this system and study the bifurcations in the (x, u)
plane for zero and nonzero values of 6. Show that the pitchfork bifurcation at (0, 0)
for & = 0 becomes a transcritical bifurcation for small ¢ and that there is a turning
point at (—1/20, —1/402). Sketch the bifurcation diagram in the (x, u) plane for
0>0.

4.7.13 Consider the following single-degree-of-freedom system with quadratic and
cubic nonlinearities:

¥+x+0x>+ax’=0

Sketch the potential energy V(x) for the system and the associated phase portrait
for each of the following cases: (a) 0 =3and a =4, (b)d =a =4,and (c) 6 =5
and a = 4.
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It is common to refer to the first case as a single-well potential system because
there is a well in the graph of V(x) versus x. The third case is referred to as a two-
well potential system. From the phase portraits, one can discern a qualitative change
as one goes from the first case to the third case.

4.7.14 Consider the system
x=x(3—x—2y)
y=y2-x-y)

where x > 0 and y > 0. Determine all of the fixed points of this system and
determine their types.

4.7.15 Consider the system

x=x>— ﬂz

p=y+x'—u
Determine the equilibrium solutions and their stability.
4.7.16 Consider the system

X1 = xX) — %/l(xf — 3x1)

Xy = —x

Show that the origin is the only equilibrium point. Determine its stability as a
function of 4.

4.7.17 Show that the origin is an unstable equilibrium point for each of the two
systems

a) 9.61:x2,9.62:x1+2x23.

. 2 . 3
b) %1 = x1 + 5% + x{x, X =5%1 + % — x5 .

4.7.18 Show that the origin is a saddle point for each of the two systems

3.) 9.6'1=—XZ,9.C2=9C2+9C13.

b) 3.61:x2,9.62:x1+x13.

Determine the stable and unstable manifolds of the origin for the linearized as well
as the nonlinear systems.

4.7.19 Determine an approximation to the stable and unstable manifolds of the
saddles of the system

561 = 1—x1x2

kzle—x;
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4.7.20 Consider the system

3'(?1:},-’-2961962
% =14 x} — x}

Show that there are two saddles when 4 = 0 and that the x,-axis is invariant.
Hence, show that there is a heteroclinic connection. Sketch the phase plane. Show
that, when |A| # 0 and is small, there are still two saddle points but the saddle
connection is no longer present. Sketch the phase plane for 1 3> 4 > 0and -1 <
A<0.

4.7.21 Show that the trivial solution is the only equilibrium solution of
% =xy’+x’y+x> and y=y’—«°
and that it is unstable.

4.7.22 Show that the trivial solution of the system
. 2 3 . 2 2 3
x =2xy*— x> and p=cxy -y

is asymptotically stable.

4.7.23 Show that the origin is a stable equilibrium point of the system

3

x=y—x> and y=—«>

4.7.24 Show that the origin is an asymptotically stable equilibrium point of the
system
t=y-x(x'+yY) and j=-x—y@E'+y9
4.7.25 The origin of each of the following systems is a degenerate saddle point:
a) x =x%y=—y
b) x =x%—y% y=2xy.
Sketch the phase portrait for each case.
4.7.26 Show that the origin is an unstable equilibrium point of the system
% =2x’y and y = —2xy?
Hint: Show that xy is constant on each orbit.
4.7.27 Consider the system
x=xy and y=2—x—y

Find the fixed points and determine their stability.
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4.7.28 Consider the planar system

x=3(-x+ x%)

)‘) =
where € < 1. Show that there are three saddle points. For € = 0 and € # 0, sketch
the phase portrait and indicate any heteroclinic connections.

4.7.29 Consider the system
¥+ w’x 4+ edxtcos(Qt) =0

where € is a small nondimensional parameter. Use the method of multiple scales
to determine the modulation equations when Q = 3w.

4.7.30 Consider the system
¥+ w’x 4+ edxtcos(Qt) =0

where € is a small nondimensional parameter. Use the method of averaging to
determine the modulation equations when Q =~ 3w.

4.7.31 Consider the following speed-control system investigated by Fallside and
Patel (1965):

501=x2

X:
9.C2= dez—xl—lez (—?Z—l—xl%—l)

a) For K; = —1 and G = 6, determine the fixed points and their stability.

b) Plot the stable manifolds of the unstable fixed points and a few other trajectories
in the (%1, x;) space.

c) Discuss the phase portrait.

4.7.32 Calculate the fixed points of the system

%x=oaxy and y=—y+x’

Determine their stability.

4.7.33 The free oscillation about the upright position of an inverted pendulum con-
strained to oscillate between two closely spaced rigid barriers is described by (e.g.,
Shaw and Rand, 1989)

¥4+2ux—x=0 |x|<1

x—>—rx |x|=1
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where x describes the position of the pendulum; the locations of the rigid barriers
are x = —1 and x = 1; u is a measure of the friction; and r < 1 is a reflection
coefficient representing energy loss during impact with either of the rigid barriers.

Assuming elastic impact (i.e., r = 1), construct and discuss the phase portraits
for the following two cases: (a) 4 = 0 and (b) u > 0.

4.7.34 In studying the forced response of a van der Pol oscillator with delayed am-
plitude limiting, Nayfeh (1968) encountered the following system of equations:

% = x1(1 — x}) + F cos x,

. , F .
X =0+ vx{ ——sinx
X1

a) Show that the fixed points (x19, %20) of this system satisfy
p[(1=p)* + (0 +vp)’] = F?

where p = x}.

b) For v = —0.15, plot the loci of the fixed points in the p — o plane for F2 =
1,1/3,4/27, and 1/10. What is the significance of the value 4/27?

¢) Show that the interior points of the ellipse defined by

(1=p)(1=3p) + (0 +vp)(o+3vp) =0

are saddle points and hence unstable. Also, show that the exterior points are
nodes if D > 0 and foci if D < 0, where

D =4[(1-3v*)p’ —4vpo — 0’].

d) Finally, show that the exterior points are stable if p > 1/2 and unstable if p <
1/2.

4.7.35 A bead of mass m sliding on a rotating circular hoop of radius R is described
by

g
R
Here, 6 describes the angular position of the bead on the hoop, g is the acceleration

due to gravity, u is a measure of the friction experienced by the bead, and w is the
angular velocity of the hoop.

0 +2u0 + Ssinh — w?sin O cos O = 0

a) For u = 0, determine the fixed points (equilibrium positions) of the system and
sketch the phase portrait in each of the following cases: (i) w? < g/R, (ii) ®* =
g/R, and (iii) @2 > g/R.

b) For u > 0, choose w as a control parameter and examine the different local
bifurcations of the fixed points that occur as w is increased from zero. Construct
appropriate bifurcation diagrams.
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4.7.36 Mingori and Harrison (1974) studied the following system for analyzing the
motion of a particle constrained to move on a circular path that is spinning and
coning:

u=v
V=—ui(v—1) + uussinu + %y% sin2u

Let u; = 0.1 and u, = 2.0. Then, as u; is varied from zero, bifurcations take
place at 0.0502, 0.3, and 2.265. Examine the qualitative changes that take place in
the (u, v) space due to these bifurcations.

4.7.37 Consider the nonlinear oscillator
i+ u+e [Zulu + uai|i| + au® + ZKMCOS(.Qt)] =0

where € is a small, positive parameter. Further, the parameters u4, u,, and K are all
independent of € while the parameter Q is such that

Q=2+c¢€0
A first approximation obtained for this system has the form
u=pecos(3Qt) + gsin (3 21¢) + Ofe)

where
1 3a 4u,
[ _ = K e 2 AN 2 2
p urp 2(0+ )q + gq(p + 99 3ﬁp\/p +q

1 3a 4u;
r— - _K _ 2 2y e 2 2
q u1q+2(0 )p 3 p(p*+q7) 3nq\/p +q

In the above equations, the prime denotes the derivative with respect to the time
scale 7 = €t.

a) Simplify the dynamical system governing p and q to its normal form for a tran-
scritical bifurcation in the vicinity of

(.9 K) = (0, 0, \/4u3 + 02) :

b) What happens to the bifurcation at the above-mentioned bifurcation point when
Uy = 0?
¢) Construct the frequency-response curves when #, = 0 and discuss them.

4.7.38 Consider the system

1— 52— 2
R yz( YY)
Y

Determine its limit cycle and indicate whether it is stable or unstable.

x=—-y+

p==x+ (1—x*—y?
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4.7.39 Consider the system
X=u—x+y+xy
p=2u+x—y—y

where u is the control parameter. Determine the normal form of this system in
the vicinity of the bifurcation point (x, y,«#) = (0,0,0). What is the type of this
bifurcation?

4.7.40 Consider the system
X1 =+ X1 — X% + 2ux + x{
%) = bu + 2x1 — 2%, + ux; + ax22

where u is the control parameter. Determine the normal form of this system in the
vicinity of the bifurcation point (x1, x2, 1) = (0,0, 0).

a) Show that this system undergoes a generic saddle-node bifurcation as u increas-
es past zero when b # 2 and a # 2.

b) Is there a bifurcation at (x1, x2, ) = (0,0,0) when b # 2 and a = 2?

c) Show that this system undergoes a generic transcritical bifurcation as u increas-
es past zero when b = 2 and a # 2.

d) Show that this system undergoes a generic pitchfork bifurcation as u increases
past zero when b = 2 and a = 2.

4.7.41 Consider the system

9.61 = X1 — 296'2 +ﬂb + al(xl + 2x2)2
9'62 = 2961 —4XZ +;4b + az(xl — XZ)Z

Determine the type and normal form of the bifurcation that takes place at

(%1, %2, 1) = (0,0,0)

4.7.42 Consider the system

X = %1 — 2% +ub+ a(x; + 236'2)2
%y = 2% — 4%y + 2ub + 29a(x; — x,)*

Determine the type and normal form of the bifurcation that takes place at

(%1, %2, ) = (0,0,0)

4.7.43 Consider the system

% = %1 — 2% + ub + ux, + a(x; + sz)2
2x7 — 4%, + 2ub + ux; + 32a(x; — xz)2

%)
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Determine the type and normal form of the bifurcation that takes place at

(%1, %2, ) = (0,0,0)

4.7.44 Consider the system

% =—y+ux+ ax(x*+y?
y=x+uy+ay(+y?)
What type of bifurcation occurs at (x, y, u) = (0,0, 0). Determine the bifurcating
solutions.
4.7.45 Consider the system
X1 =+ %1 — X%+ 2ux + x]
Xy = 2U + 2% — 2%) + ux; +x22
where u is the control parameter. Determine the normal form of this system in

the vicinity of the bifurcation point (x1, x;, u) = (0,0, 0). What is the type of this
bifurcation?

4.7.46 Consider the system
X1 =+ X1 — X% + 2ux + x{
Xy =+ 2% — 2% + pxi + x;
where u is the control parameter. Determine the normal form of this system in

the vicinity of the bifurcation point (x1, x;, u) = (0,0, 0). What is the type of this
bifurcation?

4.7.47 Consider the system

X1 =+ X1 — X% + 2ux + x{
9'c2=/¢+2x1—2x2+/¢x1+2x22

where u is the control parameter. Determine the normal form of this system in
the vicinity of the bifurcation point (x1, x;, u) = (0,0, 0). What is the type of this
bifurcation?

4.7.48 Consider the system
X1 :y—i—xl—xz—i—z;ucz—i—xlz
%) = bu +2x1 — 2%, + ux; + axzz

where u is the control parameter. Determine the normal form of this system in the
vicinity of the bifurcation point (x1, x,, u) = (0, 0, 0) for each of the following cases:
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a) b#2and a #2

4.7.49 Consider the system

% = %1 — 2% + ub + a(x; + 2x2)2
%y = 2% — 4%y + 2ub + 29a(x; — x2)2

Determine the type and normal form of the bifurcation that takes place at

(%1, %2, ) = (0,0,0)

4.7.50 Consider the system

% = %1 — 2% + ub + ux, + a(x; + sz)2
%y = 2% — 4%y + 2ub + ux; + 32a(x — xz)2

Determine the type and normal form of the bifurcation that takes place at

(%1, %2, ) = (0,0,0)

4.7.51 Consider the system

3'(?1 = X1 — ZXZ +;4b + al(xl + sz)z
%) = 2% — 4% + ub + az(x — xz)2

Determine the type and normal form of the bifurcation that takes place at

(%1, %2, ) = (0,0,0)

4.7.52 Consider the dynamical system
k:%ﬂ—i—x—ly—i—xz
y=2x—4y +xy

Examine the bifurcation that takes place when (x, y, ) = (0,0, 0) and determine
the normal form of the system near this bifurcation.
4.7.53 Consider the system

X1 =+ %1 — X% + 2ux + x{

Xp = 2U + 2% — 2% + ux1 + 296'22
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where u is the control parameter. Determine the normal form of this system in
the vicinity of the bifurcation point (x1, x;, u) = (0,0, 0). What is the type of this
bifurcation?

4.7.54 Consider the system
X=uUux—y
p=x+uy+ax’
Examine the bifurcation that takes place at
(x,y,1) = (0,0,0)
Is the bifurcation supercritical or subcritical?
4.7.55 Consider the system
% =ux—y+xy
p=uy+x+2x%y

where u is the control parameter. Determine the normal form of this system in
the vicinity of the bifurcation point (x, y,«#) = (0,0,0). What is the type of this
bifurcation?

4.7.56 Consider the system
9'61 =X
Q.CZ = x1~|—/1x2—x12

Discuss the bifurcations of the fixed points of this system as a function of the
control parameter A. Sketch the state space for A =0, 1 > 0,and 4 < 0.

4.7.57 Consider the system
% =ux—y+xy
p=uy+x
where u is the control parameter. Determine the normal form of this system in

the vicinity of the bifurcation point (x, y,«#) = (0,0,0). What is the type of this
bifurcation?

4.7.58 Consider the system
% =2y +ux + ax(x* +y?
P =2x+uy+ay’+y’)

What type of bifurcation occurs at (x,y, u) = (0,0,0). Determine the bifurcating
solutions.

4.7.59 Consider the Rossler equations (Rossler, 1976a):
x=—(y+2)

y=x+ay

z

=b+(x—c)z
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Assume that the parameters g, b, and ¢ are positive.

a) When a is used as a control parameter, verify that a fixed point of this system
experiences a saddle-node bifurcation at

c ¢ ¢ ¢
xX,V,2Z2,0)= T T oS T 7 ).
.28 =\ =332 1p

b) Simplify the three-dimensional system to the normal form for a saddle-node
bifurcation in the vicinity of the bifurcation point.

4.7.60 Consider the Lorenz equations (Lorenz, 1963):

x=o(y—x)
y=px—y—x2
z=—-fz+xy

Assume that the parameters o, 8, and p are positive.

a) Choose p as the control parameter and examine the different local bifurcations
experienced by the different fixed points. Verify that a Hopf bifurcation of a fixed
point occurs at

oo+ +3)
c—-f—-1 "~

c =

b) Construct the bifurcation diagram for 0 < p < p,.

¢) Simplify the three-dimensional system to its normal form for a pitchfork bifur-
cation in the vicinity of (x, y, z, p) = (0,0, 0, 1) and obtain

_o(1-p) o 3

o+1 " Blo+”

4.7.61 Consider the three-dimensional dynamical system

9.61 = blﬂ — %1+ % — 2x3 + +b11ﬂxl + a; (Xl + sz + X3)2 (4297)
X) = by —2x1 — %3 — x3 + bpuxy + oy (x1 — x + x3)° (4.298)
9.63 = b3/t + x1 + sz — X3 + b33/t9€3 + a3 (le + x; — X3)2 (4299)

Show that the origin of this system undergoes a saddle-node bifurcation as # in-
creases past zero when (b3 + b, — by) # 0. Show that this system can be simplified
to

i=1(bs+by—b1)us + 1 (4as + a — 4a1) u? (4.300)
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Show that the origin of this system undergoes a transcritical bifurcation as u in-
creases past zero when (b; + by — by) = 0. Show that this system can be simplified
to

U= Tou? + Nuu+ Hu? (4.301)
where

Ty = & (=3byb1y — 3bshy, + 3bybss + 3bshss — 4blay + 4bybsay — bla
+4b%0€2 + 8b2b30€2 + 4b§0€2 + b%a3 — 4b2b30(3 + 4b§0(3)
3 (3b11 4 3byy + 3b3; — 8byay + 4bsoy

—4byay —4bzo, —4byas + 8b3a3)
FZ = %(46(3 + a2—4a1)

I

4.7.62 Consider the system

X =ux—2y
y=uy+2x+ Aixz+ Ayz
2 =—z+ ax’
where a, 1, A1, and t are constants. Use a combination of center-manifold reduc-

tion and the method of normal forms to construct periodic solutions of this system
for small u.

4.7.63 Consider the system

9'61 = —x1 + h(X3)
562 = —h(x;)

X3 = —ax; + bxy — ch(x;3)
where a, b, and ¢ are positive constants and h(0) = 0 and

yh(y)>0 for O0<|y|<k forsome k>0

a) Show that the origin is an isolated equilibrium point.
b) Is the origin an asymptotically stable equilibrium point?
c) Suppose that yh(y) > 0. Is the origin globally asymptotically stable?

4.7.64 Consider the system

X =y
y=-—x+uy—ayz

2=—z+x°
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Show that the center manifold of the origin (x = 0,y = 0, u = 0) is given by
z =1 (3x* —2xy +2y?)

Then, determine the equations governing the dynamics on this manifold.

4.7.65 Consider the system

% =ux—y+ x> —ajxz
y=uy+x+ aryz
2 =—z+x242y?

a) Show that the origin of this system undergoes a Hopf bifurcation as u increases
through zero.

b) Determine the normal form of this bifurcation.

¢) Is the bifurcation supercritical or subcritical?

d) Calculate the amplitude and frequency of the bifurcating limit cycle.

4.7.66 Consider the system

X1 = UX] — X

9252 = Ux + x1 + ZX1X3

9}53 = —X3 + xlz
where u is a small parameter. Design a controller to convert the bifurcation at
(%1, %2, x3, 1) = (0,0, 0,0) from subcritical to supercritical.

4.7.67 Consider the system

i+ w’u = UU— A UV — 0 Uv

v+ v=0u

Determine the normal form of this system near (u, v) = (0, 0) as u passes through
zero.



5
Forced Oscillations of the Duffing Oscillator

In this chapter, we consider the response of a single-degree-of-freedom system to a
harmonic excitation modeled by

i+ wlu + 2euis+ eau® = Fcos Qt

where € is a small nondimensional parameter that is used as a bookkeeping device.
Carrying out a straightforward expansion, one finds that up to O(e), resonances
occur if

w: Primary or main resonance
: Subharmonic resonance of order one-third
®: Superharmonic resonance of order three.

e o o
00O

~
I~
~
I~
~
I~

3
1
3

Next, we use the method of normal forms to determine second-order uniform ap-
proximations to the solutions of this equation for these resonances.

5.1
Primary Resonance

In the case of primary resonance, the linear theory shows that a small excitation
leads to a large response. Hence, we need to determine the orders of F and u that
will explicitly display this observation. One way of accomplishing this is to order
the excitation at O(e) and rewrite the governing equation as

L’L+w2u:—e[2yi¢+au3—Fcoth] (5.1)
To apply the method of normal forms, we let

z = Fe'?! (5.2)
so that

FcosQ2t = %(z—i—i) (5.3)

The Method of Normal Forms, Second Edition. Ali Hasan Nayfeh
© 2011 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2011 by WILEY-VCH Verlag GmbH & Co. KGaA
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and
z2=iRz (54)

Hence, we transform the two-dimensional nonautonomous problem into a three-
dimensional autonomous problem. Next, to quantitatively describe the nearness of
the primary resonance, we introduce a detuning parameter o defined according to

Q*=w’+eo (5.5)

Using (5.5) and (5.2) to eliminate w? and F cos 2, respectively, from (5.1), we
have

i,H—QZu:—e[2;¢ﬂ—ou+au3—%(z+2)] (5.6)

Equation 5.6 can conveniently be represented as a first-order complex-valued
equation. To this end, we note that when, ¢ = 0, the solution of (5.6) can be ex-
pressed as

b= AeiQt 4 Ag—ift
where A is a constant. Then,
0=iQ (Ae'?! — Ae™'?")

When € # 0, A will be time-varying rather than constant. To represent (5.6) as a

single complex-valued equation, we identify Ae'" as ¢ and hence introduce the
transformation
u=¢(+¢ and =iQ(§-§) (5.7)
so that
1 i = 1 i,
C_E(M_EM) and C—E(M-I—Eu) (5.8)

With this transformation, (5.6) becomes

We note that the unperturbed problem is transformed into the simple equation
& = iQ¢ under the transformation (5.7). Other transformations may lead to an
equation involving & and €.

Next, we use the near-identity transformation

E=n+eh(nnzz)+--- (5.10)
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so that (5.9) takes the simple form
n=1i2n+eg(n,17,2,2)+--- (5.11)

Substituting (5.10) and (5.11) into (5.9), using (5.4), and equating the coefficients
of € on both sides, we obtain

pig (M, o kb,
i —n - — —z——Z—
£ o o T az% T 8z

—_ )+—[—0(17+77)+a(n+77)3— <z+z)] 5.12)

20

Next, we choose h to eliminate all of the nonresonance terms in (5.12), leaving
g with the resonance and near-resonance terms. The right-hand side of (5.12) sug-
gests choosing h in the form

h= A’ + A0 + Asyip + A4 + A + Ay0) + A3z + A4z (5.13)
Substituting (5.13) into (5.12) and rearranging yields
3ia a 3
- —z—i|—2Q4, 4+ —
g+”'7+2977 29’7’7+4QZ L( 1Jrzg)”
3a a
—i(2QA;+ —= | n?—il4Q A, + — | 7}
L( 3+29)n77 L( 4+29)77
2504 +u—22Ni—i(204, - )z=0 5.14
AT )T Ta0)*T 14

We note that (5.14) does not depend on A1, 43, and A,, and hence they are arbi-
trary, and the terms proportional to 7, 727, and z are resonance terms. Choosing
Aq, A3, Ay, Ay, and A4 to eliminate the nonresonance terms, we have

iu o 1

Ay = — , = — 5.15
2=50 Tie ‘T 82 -15)
a 3a a
YTa02 TP T 40 T T80 (-10)
With the choices (5.15) and (5.16), (5.14) yields g as
io Jia 2_ i
=—un— — — - — 5.1
g§=—un—sontoonn- 52 (5.17)
which, upon substitution into (5.11), yields the normal form
i€o Jiea 2_ i€
7] l.QT]—G,MT]—E + 20 nn— EZ (518)

Substituting (5.13) into (5.10) and then substituting the result into (5.7), we ob-
tain
w=n+7+e[(A+A) (7 +7°) + (Aa+ A3) 77 + (A + A3) i’
F(di+ )+ (dy+ A1) i+ (A3 + Az + (A3 + A4) 2] + -
(5.19)
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If we express # in the polar form
n = lag(?t) (5.20)

we find that, to O(1), the amplitude of the fundamental frequency £ of oscillations
is a. However, some of the first-order terms in (5.19), namely, 427, %% 7,7, z,
and Zz, also have the frequency ©Q, and hence modify a and make it nonunique. In
order to uniquely define the amplitude of the term at the fundamental frequency Q
of oscillations by a, we choose A1,, 47, and 43 to eliminate the terms involving
z,2,1,1,1n%%, and 4?2 in (5.19). With this choice, (5.19) becomes

€a

w=n+i+ gor (07 +0°) + (5.21)

on account of (5.16). In terms of the polar coordinates (5.20), (5.21) becomes

3
€aa
u=acos(Qt+y)~|—Wcos(39t+3y)+m (5.22)
Substituting (5.2) and (5.20) into (5.18) and separating real and imaginary parts, we
obtain

a a cF si 5.23
= - — ——sin .
€ua— oo siny (5.23)

. €0 " 3eaa’ eF . 594
ay = ———a — — Co .
Yo 8o 20 7 (5:24)

5.2
Subharmonic Resonance of Order One-Third

To express the nearness of 2 to 3w, we introduce the detuning parameter o de-
fined as

%!22 =w’+eo (5.25)

Moreover, because this resonance is called secondary resonance, we need to order
F cos 2t at O(1) so that its influence is accounted for in the transformed equation.
Consequently, using (5.3) to replace F cos £t with 1/2(z + z) and using (5.25) to
replace w? with 1/902?% — €0, we rewrite (5.1) as

i+ 1Q%u=13(z+2) —eQui—ou+ au’) (5.26)
To express (5.26) in complex-valued form, we let

u=E+¢ and u=1iQ(£-7) (5.27)
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so that
C:%(u—gu) and Ej:%(u—i—%u) (5.28)
Substituting (5.27) and (5.28) into (5.26) yields
(= %iQC—%(z—l—z)
g |5me -0 -0+ D+a(+ D] (5.29

Because the frequency of the response is 1/3£2 and because z and z have the
frequencies Q and —Q, z + Z is not a resonance term in this case and because it
appears at O(1), we first introduce a linear transformation to remove it from (5.29)
at O(1). To this end, we let

E=n+hz+Dz (5.30)

in (5.29) and obtain
.1, 1, _ . - 30 _
n = EL.QT] + 519 (lz+ Lz)—Tz—1Lz— m(z + z) 4+ O(e) (5.31)

Using (5.4) to eliminate 2 and z from (5.31) yields

1 1 3i
0=3iQn+3iQ (Nz+ H2)—iQhz +iQ Nz - ﬁ(w z) + O(e)

(5.32)
Next, we choose I and I to eliminate z and z from (5.32) and obtain
9 9
h=—-—— d = — 5.33
1= 780 MY 1T 60 (:33)
Substituting (5.30) into (5.29) and using (5.4) and (5.33), we obtain
1 3ie | 2 27z 27z
e e 2 o o
1= G [3”‘ (’7 T~ 602 T 1692)
oln s 9z 9z N L 9z 9z \’
_ 2z 7= a 2z 7=
TN 1607 T 1602 TN 1607 T 1602
(5.34)

To simplify (5.34), we introduce the near-identity transformation

n=2E&+eh(§ & 22) (5.35)
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and obtain

&= —195—1——Lth—e£§—eggé—e%2—e%§

+3Le ErEo 9z \?3
20Q 1692 1602

9z
(5 +E- 1692 Bl 16!22)

2 27z
—iuf — 5.36
3 (5 § - 1692 + 1692):| + (5.36)
Substituting (5.35) into (5.30) and then substituting the result into (5.27), we have

u=E+&— (z+z)-|—e(h+h) (5.37)

1692

on account of (5.33). To be strictly consistent, we should not include the term € (h +
h) in (5.37) if we are not going to keep the resonance terms in (5.36) that arise
from h.

The form of the O(¢) terms in (5.36) suggests choosing h in the form

h= 15 + A58 + A3z + A4z + MG + M,8°8 + A3EE + A&
+ As2® + Ng222 + Ay22% + AgZ> + AgE?2 + AE?2 + A EP2
+ A0E%2 + Ai3E2° + A1 2% + AisEZ* + Ni6E 22 + AyEzz
+ Migbzz + A€z + NpEEz (5.38)

Because z = i£2z and, to the first approximation, E=1 /312§, out of all of
the terms in (5.36), only the terms involving &, £2&, 2%, and &2z are resonance
terms and hence the coefficients 41, A,, 411, and A7, are arbitrary. Moreover, as
aforementioned, we are not justified in including €(h 4 h) in (5.37) if we are going
to eliminate only the resonance terms from (5.36). Substituting (5.38) into (5.36)
and using (5.4), we can choose the A1, to eliminate all of the terms except the
resonance terms. Consequently, we obtain the simple equation

31 31 43 270 -
§= JiRE-ens- Gttt 3082 + potisai- e aE |4
(5.39)

Substituting (5.2) and the polar form
£= %aei(%.@tﬂ/) (5.40)
into (5.37) and (5.39) and separating real and imaginary parts, we obtain to the

second approximation

1 9F
u:acos(th—i—y)—@coth—i— (5.41)



5.3 Superharmonic Resonance of Order Three

where
Z o BeAE o ins 5.42
4 =—cua— a’sin .
u ITE Y (5:42)
. 3eo N 729¢ F? 9¢a , 8leaF , <3 543
T30 T 25605 Y T80 Y T ey ¢ (5:43)
5.3

Superharmonic Resonance of Order Three

To express the nearness of @ to 382, we introduce the detuning parameter o de-
fined according to

9Q% = w’ + €0 (5.44)

As in the case of subharmonic resonance of order one-third, we need to order the
excitation at O(1) so that the effect of this resonance will occur at the same order
as the effects of the damping and nonlinearity. Substituting (5.44) into (5.1), using
(5.3), and assuming that z = O(1), we obtain

i+9Q%u=1(z+2)—eui—ou+ au’) (5.45)
To express (5.45) in complex-valued form, we let

u=C(+C and u=3iQ(5-§) (5.46)
so that

C:%(u—%u) and E:%(u%—éu) (5.47)
With this transformation, (5.45) becomes

i

£=3i0t -~ 55 (z+32)
+ (:—;[Giug (C—E)—o(é+5)+a(§+é)3] (5.48)

The first step is to introduce a linear transformation to eliminate the term pro-
portional to z 4+ z at O(1). To this end, we let

E=n+hz+Dz (5.49)
in (5.48) and obtain
i

7 =3iQn +3iQ (hz + [12) — [12 = [ — =5 (2 +2) + 0(e) (550)
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Using (5.4), we express 2 as i 2z and z as —i Q Z in (5.50) and obtain

. . i A
We choose I'7 and I to eliminate the terms involving z and z in (5.51); that is, we
put
I d I ! 5.52
= an = — .
LT 2402 2T 4802 6->2)

Substituting (5.49) into (5.48) and using (5.4) and (5.52), we obtain

i€ z z
=310 — | 6iu2 -
=2 ”+69[’” (" Tt sar 4&%)
- N
it et —— )t a (T e + —
10+ g7+ Tege 6q7 * o0
(5.53)
To simplify (5.53), we introduce the near-identity transformation

n==E+eh(EE 22) (5.54)

and obtain

: . . dh . oh = oh . oh .
I3 —3LQ§+3169h—6£§—e£§—e£z—e£z

z
_6_Q -z
) [’” (5 §+4892 4892)
EyEr oy 2
1692 1602

N
(5+5+m92+m20}+"' (5.55)

Next, we choose h to eliminate the nonresonance terms. As discussed in the pre-
ceding section, if we want to stop at second order, we do not need to determine h
and all that we need is to keep the resonance terms in (5.55). The result is

: . i€co ica z z}
§=3i28 —eul - —f + — (35 E+ 128945 + 409696) (5.56)
Substituting (5.54) into (5.49) and then substituting the result into (5.46), we
have
u=E+E+ oz (z+2)+0f) (5:57)

Expressing & in the polar form

£ = lac(2rty) (5.58)



5.4 An Alternate Approach

and using (5.2) to replace z with Fe!“!, we rewrite (5.57) as
F
u:acos(?;!)t—i—y)—l—wcos!)t—i—m (5.59)

Substituting (5.58) and (5.2) into (5.56) and separating real and imaginary parts, we
obtain

. eaF?

4 =—ua+ T2 28807 S0 (5.60)
. €0 e€a F? €a . eaF?

=50 T 65 T e T 122807 (5-61)

5.4
An Alternate Approach

In the preceding sections, we used the detuning relationships (5.5), (5.25), and
(5.44) to replace w? in terms of 22,1/90Q2%, and 9922 in (5.1). Alternatively, we
can have w as it is in the governing equation and watch for near-resonance terms.
We describe this approach for the cases of subharmonic and superharmonic reso-
nances of order one-third and three, respectively. In these cases, F is assumed to
be O(1). To express (5.1) in complex-valued form we let

u=¢+¢ and u:iw(é—i) (5.62)
so that
1 i, d Fo 1 i 5
C—E(u—zu) an C—E(u—l—au) (5.63)
Using (5.3), (5.62), and (5.63) and the fact that F = O(1), we rewrite (5.1) as
é=iw@—ﬁ(z—l—ZH—%[2iwu(§—é)+a(§—l—é)3] (5.64)

Again, the first step is to introduce a linear transformation to eliminate the term
proportional to z + Zz. To this end, we substitute (5.49) into (5.64) and obtain

n = iwn—l—iw(l"lz—i—l}i)—l"lé—FZE—4L(z+2)+O(e) (5.65)
)

Using (5.4) to replace 2 and z with i Q2 z and —i Q z, we rewrite (5.65) as

1 1
7']:iwn—i—i(wl"l—QH——)z—i—i(wl}—i—Ql}——)E—i—O(e)
4w 4w
(5.606)

Next, we choose /7 and I to eliminate the terms involving z and z in (5.66); that
is,
1 1

T ow_2) M T et Q) (-67)
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Substituting (5.49) into (5.64) and using (5.67), we obtain

. +ie 9 - 2(z—2)
TERONT g )T 20(w? — 22)
z+z ’
N+ ————— 5.68
+a[n+17+2(w2_92)]§ (5.68)

To simplify (5.68), we use the near-identity transformation (5.54) and obtain

. oh . oh = aoh oh .
E=iwé+icoh—e—&—e—=&E—ec—Z2—c—2Z

& AE 0z 0z

ie |, = Q(z—2)
* 20 2rop [5_5 * 2w(w2—92)i|
= z+z }
+a |:§ +&+ m} + - (5.69)

Then, we choose h to eliminate all of the terms in (5.69) except the resonance and
near-resonance terms. The resonance terms correspond to the terms that produce
secular terms, whereas the near-resonance terms correspond to terms that produce
small-divisor terms in the applications of the method of multiple scales (Nayfeh,
1973, 1981) and the Krylov—Bogoliubov—Mitropolsky technique (Bogoliubov and
Mitropolsky, 1961). The resonance terms in (5.69) are the terms proportional to
£,E2E, and £zZ. The near-resonance terms depend on the resonance being con-
sidered. In the subharmonic-resonance case of order one-third, the term propor-
tional to zé 2 is the near-resonance term, whereas in the superharmonic-resonance
case of order three, the term proportional to z* is the near-resonance term. There-
fore, keeping the resonance and near-resonance terms in (5.69), we obtain

3zz £t 3z
(wz _ 92)2 z(wz _ QZ

: . iea
§=iwd—eul +——
w

2= =2
> [35 E+5 )5 ] (5.70)

when Q2 ~ 3w (i.e., when there is a subharmonic resonance of order one-third),
and

3zz z3
5.71
(w2_92)2§+8(w2_92)3i| ( )
when 2 &~ 1/3w (i.e., when there is a superharmonic resonance of order three).

Again, to second order, we do not need to determine h. Then, substituting (5.54)
and (5.49) into (5.62) and using (5.67), we obtain

iea
w

. 2_
E=ing et + 5 [3§§+2

u=E+&+5 !

o 92_) (z4+2)+--- (5.72)

Next, substituting the polar form

£ = %ae"(‘”‘*ﬂ) (5.73)



5.4 An Alternate Approach
into (5.72) and using the fact that z = Fe'?!, we have

F
u=acos(wt+f)+ —F——5c08Q2t+- (5.74)
w? —

Q

5.4.1
Subharmonic Case

For the subharmonic-resonance case, substituting (5.73) into (5.70), separating real

and imaginary parts, and using the fact that z = Fe'®?!, we obtain
. 3eaFa® .
a4 = —€eua =+ m sm3y (575)
. 3ea 3eaF?a 3ea Fa?
= — 3 5.76
b= 50" Tt =0 T o= ay (-76)
where
3y =3—(2 —3w)t (5.77)
Substituting for § from (5.77) into (5.74) yields
1 F
U = acos th—i—y +mc059t+m (5.78)
while substituting for 8 from (5.77) into (5.76) yields
. 1(9 30)at 3ea . 3eaF’a N 3eaFa? o3
ay =—=(2 -3w)a+ —a co
v 3 8w 4o(w? — 222 8w(w? — Q?) v
(5.79)

Therefore, to the second approximation, u is given by (5.78), where 4 and y are
given by the autonomous equations (5.75) and (5.79). These equations are in full
agreement with those obtained by using the methods of multiple scales and aver-
aging.

To compare the expansion obtained in this section with that obtained in Sec-
tion 5.2, we solve for w in terms of £ from (5.25) and obtain

W =-Q%—co or w=-Q—-— +... 5.80
(5.80)

Substituting for @ from (5.80) into (5.78), (5.75), and (5.79), we obtain (5.41)—(5.43)
to O(e).
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5.4.2
Superharmonic Case

In this case, substituting (5.73) and (5.2) into (5.71) and separating real and imagi-
nary parts, we obtain

; L el i 5.81

G =—€uag+ ——————sin .
Mot gl — Q7 Y (>-81)
) 3ea o N 3eaF’a N eaF3 S S8

afl = —a co .
8w 4o(w? — 222 8w (w?— Q7?)3 v (-82)

where

y=p—-03R2 —w)t (5.83)

Using (5.83) to eliminate j from (5.74) yields

F
u=acos(3Qt+y)+mcoth+--- (5.84)

while using (5.83) to eliminate f from (5.82) yields
a 3eaF?a eaF3

)= (32 —w)at ey -
ay = — —w)a+ —a
v 8w 4o(w? — 222 8w (w? — Q?)3

cosy

(5.85)

Therefore, to the second approximation, u is given by (5.84) where a and y are
given by the autonomous equations (5.81) and (5.85). This approximation is in
full agreement with that obtained by using the methods of multiple scales and
averaging.

To compare the expansion obtained in this section with that obtained in Sec-
tion 5.3, we use (5.44) to solve for @ in terms of £ and obtain

5 5 €0
=9Q° — =30 ——+.- 5.86
w €0 or w 1%%) + (5.86)

Using (5.86) to eliminate w from (5.84), (5.81), and (5.85), we obtain (5.59)—(5.61)
to Ofe).

5.5
Exercises

5.5.1 Consider the system

ﬁ—i—wzu:e(u—%iﬁ)—i—Fcoth
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Use the method of normal forms to determine an approximation to this system
when Q ~ w,3w, and 1/3w.

5.5.2 Use the method of normal forms to determine a second-order approximation
to the solution of

i+ w4+ 2euti + eau® = €Fcos 2t

when Q ~ 2w.






175

6
Forced Oscillations of SDOF Systems

6.1
Introduction

In this chapter, we consider small- but finite-amplitude responses of a single-
degree-of-freedom system with quadratic and cubic nonlinearities to a harmonic
excitation; specifically, we consider solutions of

i+ wu 4+ 2ui+ ou’ + au® = Fcos Qt (6.1)

The results of Section 1.5 show that, to the second approximation, the free un-
damped solution of (6.1) can be expressed as

2
u:acos(d)t—i—ﬂ)—i—%[cos(ld)t—l—lﬂ)—ﬂ—i—m
)

where a and f are constants and the frequency @ of free oscillations is given by

~ (3a 562) 5
w=w -+ a” 4+ .-

8w 1203

Consequently, as the oscillation amplitude a increases, the undamped frequency @
of oscillation is shifted from the undamped linear frequency @ of oscillation by

3a 507 ,
(% B m) ¢

To keep track of the different orders of magnitude, we introduce a small nondi-
mensional parameter as a bookkeeping device and scale the quadratic terms at O(e)
and the cubic term at O(e?). The resonances produced by the excitation try to make
the response very large. But as the response grows, the nonlinearity, which modi-
fies the natural frequency of the system, and the damping, which dissipates part of
the input energy, are activated, thereby limiting the response at small but finite am-
plitude. Because the quadratic and cubic nonlinearities produce a resonance term
first at O(€?) according to Section 1.5, we scale the damping at O(e?). With these
scalings, we rewrite (6.1) as

il + w’u=Fcos Qt—edu’ — e (2uir + au’) (6.2)

The Method of Normal Forms, Second Edition. Ali Hasan Nayfeh
© 2011 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2011 by WILEY-VCH Verlag GmbH & Co. KGaA
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Because the appearance of resonance terms produced by the excitation depends
on the excitation magnitude F and the type of resonance, we scale F differently,
depending on the resonance being considered. Carrying out a straightforward ex-
pansion, one finds the following resonances:

S

: Primary or main resonance

w: Subharmonic resonance of order one-half
w: Superharmonic resonance of order two

w: Subharmonic resonance of order one-third

e o o o o
VOO0 D

R R R

2
1
2
3
%w: Superharmonic resonance of order three.

To treat these cases and determine the appropriate scaling of F for each resonance,
we cast (6.2) in complex-valued form by letting

u=¢+¢ and B=iw(l-0) (6.3)
and

z = Fe'?! (6:4)
so that

:=iQz (6.5)

Using (6.3)—(6.5), we rewrite (6.2) as

: 2

(¢ + 5)2+% [zmw (E-8) +a(C+ 5)3]

i€d
2w

E =it (24 2)+

6.2
Primary Resonance

In this case £ ~ o and we need to scale F at O(e?) so that the resonance term
produced by the excitation appears at the same order as those produced by the
damping and the nonlinearity. With this scaling, we rewrite (6.6) as

i=iwé+§(é+§)2—ezu(é—§)+g[a(é+i)3—%(2+2)}
(6.7)
To determine a second-order uniform expansion of (6.7), we let
E=n+ehi(n.7)+€hy(n,7,2,2) + (6.8)
where

i =iwn+eg(n,7) +€eg(n,7,2,2) +- (6.9)



6.2 Primary Resonance

and the g; represent resonance and near-resonance terms that cannot be eliminated
by nonsingular choices of the h;. Substituting (6.8) and (6.9) into (6.7) and equating
coefficients of like powers of €, we obtain

gitio (aa_i;1 - %—P;_ - hl) = %(n +7) (6.10)
g +io (%—p:n— E;_P;ﬁ—hz) +iQ (%z— %z)
:—%—};gl_%gl_ﬂ(ﬂ_ﬁ)ﬁ-%(17—{—7'7)(]11-1-]/_;1)

* ﬁ [a O+ ’_7)3_%(2 +2)] (6.11)

Because we will proceed to the next order, we need to explicitly determine h;.
The right-hand side of (6.10) suggests seeking h; in the form

hy = Ny? + L + Ti? (6.12)

Substituting (6.12) into (6.10) yields

o o 0
—g1— (wr1 - —) >+ (wrz + —) i+ (3wF3 + —) 72 =0 (6.13)
2w w 2w

Hence, the terms proportional to 52, 17, and 72 can be eliminated from (6.13) if

) 0 0
Nn=—, LhLh=—, I=—— 6.14
17 w2 z w? 3 6w? (6.14)
Then, (6.13) reduces to g; = 0.
Substituting (6.12) and (6.14) into (6.11) and using the fact that g; = 0, we obtain

[ dh,y dh,y _ . (dh,y dh,y _ B
—ty——h—h Q=—2z—-23)=-u@n-
gz+lw(ann 37_777 2)+l (azz 322) wuln—m)

. 2 .

_ _ _ 1
(n+7)(n* + 7> —6ny) + —

+ 2w

o [atr+ 7 -3tz +2)]

(6.15)

The usual approach for determining the normal form is to choose h; to elimi-
nate as many terms as possible from (6.15), thereby leaving g, with the remaining
terms. Alternatively, we choose g; to eliminate the resonance and near-resonance
terms in (6.15) knowing that we can always eliminate the nonresonance terms by a
proper choice of h,. Because we are stopping at this order (seeking a second-order
approximation), we do not need to solve explicitly for h, and all that we need to do
is choose g; to eliminate the resonance and near-resonance terms in (6.15); that is,
we put

1052) o

-z
3w?

i
= — — | 3a —
82 #’7+2w(0‘ o
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Substituting for g; and g, into (6.9), we obtain the normal form

L 5 ie? 1002\ ,_ i€
77=“U77—€H77+£ 3a—3w2 nn—az (6.16)

Substituting (6.12) and (6.14) into (6.8) and then substituting the result into (6.3),
we obtain to the second approximation

<

307 (7> + 7* —6nq) + - (6.17)

w=mn+1i+

where 7 is given by (6.16).
Finally, we introduce the polar representation

n = laeilorth) (6.18)

into (6.17) and obtain

Byt eda?
U = acos(w
( ) Cw?

[coswt +28) —3] +--- (6.19)

Substituting (6.18) and (6.4) into (6.16) and separating real and imaginary parts, we
obtain

e’F
a=—eua+ —sin[(Q —w)t —p] (6.20)
2w
n_ af3a  50*\ ; €F 3 B
afl = € (% _12w3) a S cos[(2 —w)t —p] (6.21)

Equations 6.19-6.21 are the same as those obtained by using the methods of mul-
tiple scales and averaging (Nayfeh and Mook, 1979).

6.3
Subharmonic Resonance of Order One-Half

Because z and Zz are nonresonance terms when Q is away from w, we first intro-
duce the linear transformation

into (6.6) and obtain

0= iwn+io(diz+ A,2) — Az — Ay5 — 4L(z Y2+ 0(6) (623
w



6.3 Subharmonic Resonance of Order One-Half

Using (6.5) to express z and z as i 2 z and —i Q Z, we rewrite (6.23) as

7'7:iwn+i[(w—9)A1—%]z—i—i[(w—l—!))z]z—%]é—kO(e)
(6.24)

We choose 4, and 4, to eliminate the terms involving z and z; that is,

1 1
and Ay =—— (6.25)

A1=4w(w—!2) 4o(w + Q)

It follows from (6.25) that the transformation (6.22) is singular or near singular
when 2 =~ w; thatis, z and z would be resonance terms in this case. This is the
reason we scaled F and hence z and Z at O(e?) in the preceding section. Substitut-
ing (6.22) and (6.25) into (6.6) yields

. = 2
j—ion+ 2Ly ga s 22 ] uy-q)
7 2w 2(w? — 272)
ie? [ 2iuQ(z— %) z+z \’
A (e el G T 6.26
+2w|: (@2 — Q7 +“(’7+’7+2(w2—92)) (6.20)

When = 2w, the excitation produces the near-resonance term z7. In order
to have this term appear at the same order at which the nonlinear resonance term
1721 appears, we rescale F and hence z as O(e) and rewrite (6.26) as

. i€d 9 ie2o _ _ 5 _
=ion+ (n + 1) +2w(w2_92) (m+n)(z+2)—euln—1n)
.2
+ ) (6.27)
2w

Because there are no resonance or near-resonance terms at O(¢) in (6.27), we can
eliminate the O(e) terms, as in the preceding section, by using the near-identity
transformation

5 _ _
n=&+ 5 (382 - B2 - 6E) (6.28)
Then, (6.27) becomes
. €20 _ ) i
E=iot s (Dt - Cu(E-§)
2 B 252 B B B
+ l;wa E+8)+ % (E+E)(E2+E%—68¢) (6.29)

To simplify (6.29), we can introduce a near-identify transformation to eliminate
the nonresonance terms. Because we are stopping at this order, we need to keep
only the resonance terms & and £2£ and near-resonance term z&. The result is

) 2 )
e ) i€ B 100 )z €20 -
E=iw&—€ut + 2% (3a 302 E°&E+ —Zw(w2 — QZ)ZS (6.30)
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Substituting (6.22) and (6.28) into (6.3), using (6.25), and recalling that F is scaled
at O(e), we obtain to the second approximation

i (4B —ckE) 4 (6.31)

(w? — Q7?) + 3w?
where & is given by (6.30).
Substituting the polar forms (6.4) and (6.18) into (6.31) yields

eda?

6w?

2cosQH—

F
a)zej [cos(2wt~|—2ﬁ)—3]~|—

(6.32)

u=acos(wt+ )+

while substituting (6.4) and (6.18) into (6.30) and separating real and imaginary
parts yields

€’0F

20(w? — 22)

a=—ctua+ sin[2f — (2 — 2w) t] (6.33)

. 3a 502 €20F
S 3 2— (2 =2 34
aff =€ (Sw 12w3)a +2w(w2—92) cos 23 — ( w)t]  (6.34)
Equations 6.32-6.34 are in full agreement with those obtained by using the method
of multiple scales (Nayfeh, 1986).

6.4
Superharmonic Resonance of Order Two

In this case, 2 ~ 1/2w. Inspection of (6.26) reveals that the resonance term arising
from the excitation is z2. In order that its influence balance the resonance terms
arising from the damping and the nonlinearity, we scale F and hence z at O(e'/?)
and then rewrite (6.26) as

7 =i +ieé( +7)* + e (n+7)(z+2)—uln—7)
=10 -_— S e——— z Z)— € —
U] Nty ) Gy 1+ win—1
i€2d(z + z)? ieta _
+2) (n+7) + - (6.35)

8w(w? — 22?2 2w

As in the preceding section, we introduce the near-identity transformation (6.28) to
eliminate the O(¢) terms in (6.35) and hence obtain

. i3 _ o _
5=lw§+m(§+§)(z+z)—€#(§—§)
ie28(z +2)2  ie26?

8w(a)2—92)2+ 33 (& +8) (& + & —088)

i

ta -3
Pl B (6.36)



6.4 Superharmonic Resonance of Order Two

Because there are no resonance terms at O(e3/2), we can introduce a near-identity
transformation

E=x+elhiy722) (6.37)

to eliminate these terms and rewrite (6.36) as

o ie?o? N (2 52 - 2 -
B=ioy+ == o +2) (0 + 7> —6xx) —€’uly—12)
icta )
- U+ + 555z +2)+ (6.38)

20 8w(w? — 22)

Because our aim is to obtain an expression that is valid to O(e2), we do not need
to determine h. Moreover, we also know that we can choose a near-identity trans-
formation

x=w+egww, z, 2) (6.39)

to eliminate the nonresonance terms from (6.38) and obtain

) 2 ;2
L 3 i€ 100 . €0 5

= - — (3a— - ... (6.40
W =iww—e yw—{—zw ( o 302 w w+8w(w2— 2)22 +--+ (6.40)

Again, for an expression that is valid to O(e?), we do not need to determine g.
Substituting (6.22), (6.25), (6.28), (6.37), and (6.39) into (6.3), we have
e (z+2) €6

2 =2 -
Aw2— 07 + ﬁ(w + W’ —6ww) + - (6.41)

u=w-+w -+

where use has been made of the assumption that F and hence z are O(e'/?).
Expressing w in the polar form

= %aei(wt+ﬁ) (6.42)
we rewrite (6.41) as

eda?
6w?

e'’F
u=acos(wt+f)+ ———5cosQt+
w2 —

o [cos Qwt +2B) — 3] + -~

(6.43)

Substituting (6.4) and (6.42) into (6.40) and separating real and imaginary parts, we
obtain

sin[f — (22 — ) t] (6.44)

. 3a 562 20 F?
_ 2 3
afl = € (Sw — 12w3) a’ + to(0? = 07 cos[f — (22 — w)t] (6.45)

Equations 6.43-6.45 are in full agreement with those obtained by using the method
of multiple scales (Nayfeh, 1986).
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6.5
Subharmonic Resonance of Order One-Third

In this case, 2 =~ 3w. Inspection of (6.26) shows that the resonance term produced
by the excitation is z72. Because this resonance term occurs at O(e?), F and hence
z are O(1). Because none of the O(¢) terms is resonance in this case, one can
introduce a near-identity transformation in the form

n==§+eg(£,8,22) (6.46)
and eliminate them. The form of the O(¢) terms suggests seeking g in the form
§=ME + MEE+ B2 + Maz’ + AszZ + AE + AzEz + Ak Z
+ Aokz + Aoz (6.47)
Substituting (6.46) into (6.26) shows that
E=iwE + O(e) (6.48)

Consequently, substituting (6.46) and (6.47) into (6.26) and replacing z and z with
—iQzand iQzand & and & with —iw& and iw& on the right-hand side of the
resulting equation, we obtain to O(e)

£=ink +ie [—w/ll + i} £+ ie |:a)/12 + é] EE
2w w

i 01z, . 0 _
+ 1€ _36()/13 —+ Z] & + 1€ |:Cl)/15 —+ m] zzZ
[ o
; Vo) )/ PR — P
+ i€ _(w ) 4+8w(w2—!22)2i|z
T 0 5
+ 1€ _(w+2!2)/16+m ya
—ie|:9/l7 i|§z
+ie| 245+ 5 —5 ]g
T [T Pp—_—
Le_ w — 9 o0l =09 z
T 0 = 5
+ 1€ _(2w+9)/110+mi| £z 4+ O(€) (6.49)




6.5 Subharmonic Resonance of Order One-Third

Choosing the A, to eliminate all of the O(e) terms in (6.49), we have

Al:z%’ Az=_%f A3=_667’

M= e 2w —29)
s 0

b= rrerm ey T TRewi— 0w r20)
5 0

Y= s0gw—0y T Teew ey

Ay = — o Ay = — °

20(w? - 22w — Q) 20(w? — Q22)(2w + Q)

(6.50)

It is clear from (6.50) that, in addition to the small-divisor term that occurs when
Q =~ w (primary resonance), there are small-divisor terms when  ~ 2w (subhar-
monic resonance of order one-half) and 2 a 1/2w (superharmonic resonance of
order two). Thus, the terms involving z& and z? are near-resonance terms. These
are the cases treated in the preceding two sections.

Substituting (6.46) into (6.26) and using (6.47) and (6.50) yields

: €252 . 5 _ _
e e [ PAE
z% + 72 zz
 Hw?— Q)02 —4Q7%) 202 (w2 — Q2)?
n Ez+Ez B Ez+Ez
Q2w+ Q2)(w?— 2% Q2w - Q2)(w?— 2?2

ie?

. = Q(z—-2)
= |2 _ e
+ 20 |: e (é: §F 20(w?* — !22))
= 3
- zZ+z
+ a(§+§+m) :|~|—
(6.51)
Next, we introduce the near-identity transformation
E=w+eh(w,w,z, 2) (6.52)

to eliminate the nonresonance terms from (6.51). The remainder depends on the
type of resonance being considered. Because we are stopping at this order, we do
not need to determine h. In the case of subharmonic resonance of order one-third,
the excitation produces the near-resonance term zw?2. Keeping this term as well as
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the resonance terms in the transformed equation (6.51), we obtain

. ) iez( 1062) 5 -
w=iow—€euw+ —|(3a— wew

2w 3w?

L e 3 (L, 1 i
———|-a-— —+———— || zzw
w(w?—Q2%)?% | 4 202 4o’ — Q7

ie? 3 1 1
—_— | = - p? 6.53
* w(w? — Q27?) [4a~|— (Ga)2 Q(Zw—!)))i| = (6:33)

In the case of superharmonic resonance of order three, the excitation produces
the near-resonance term z>. Then, keeping this term as well as the resonance terms
in the transformed equation (6.51), we obtain

L 5 iez( 1062) .
w=iow—€euw+ —\(3a— — | w'w
2w

3w?
ie? 3 (1 1 _
+m[z““5 (ﬁ*ﬁ)]w
ie? 262 3
T Tow(o? — Q7 (a T wls 492) § (6.>4)

Substituting the transformations (6.52), (6.46), and (6.22) into (6.3), using the ex-
pressions (6.25), (6.47), and (6.50), and recalling that z = O(1), we obtain

z 0
u:w—i—u’;—i—zZL—i—e[—(wz—i—u')z—qu'))

(w? — Q7?) 3w?
2% 4+ 22 zz
4w? — Qw2 —4Q2%) 20 (w?— 22)?
wz + wz wz+ wz
_ 6.55
+Q(2w+9)(w2—92) Q(Zw—Q)(a)Z—QZ)i|+ (6:39)

Substituting (6.4) and the polar form (6.42) into (6.55) yields

FZ

u=acos(wt+ )+ 202(0? — Q2)2

F
mCOSQt+E
F2cos2Qt +6a2[ ot + 26) - 3
- —— [cos 2w -
2(w? — 222 (w? —4022)  6w?
Facos|[(2 + w)t + ] Facos[(2 — w)t — f3]

QQw + 2)(w*— 2% Q2Q2w-— Q) (w?— 22

+.- (6.56)
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Substituting (6.4) and (6.42) into (6.53) and separating real and imaginary parts,
we have

. 5 % 3 (1 1
“:_G”HM[Z“” (m‘m)]
o Fa’sin[3f — (Q —3w) t] (6.57)
22
b= oo 1% (o ) |
_|_€2(3_0‘_ 562)a3+ e
8w 12w3 20(w? — 22)

3 1 1
. |:—(1 + (32 (m — m)} Faz Ccos [3,6 — (.Q — 3(1)) t]
(6.58)

for the subharmonic case. Equations 6.56-6.58 are in full agreement with those
obtained by using the method of multiple scales (Nayfeh, 1986).

In the case of superharmonic resonance of order three, substituting (6.4) and
(6.42) into (6.54) and separating real and imaginary parts, we obtain

273 2
. e“F 20 .
a=—¢ Kw+8w(w2—92)3 (a— w2_492)sm[ﬂ—(39—w)t]

(6.59)
: EF? 3 1 1
= | Zg=-06*— 4+ —
b= ooy [4“ (zwz +4w2—92)]“
3a 562
20 = 77 3
te (Sw 12w3) ¢

2 F3 262
T 8w — 02 (“‘ wz_492)C°S[ﬂ—(39 —o)t]  (6.60)

Equations 6.56, 6.59, and 6.60 are in full agreement with those obtained by using
the method of multiple scales (Nayfeh, 1986).






7
Parametrically Excited Systems

In the preceding two chapters, the excitation was taken to be external or some-
times called additive. In this chapter, we treat the case in which the excitation is
parametric or sometimes called multiplicative. We start with the Mathieu equation
and then progress to linear multiple-degree-of-freedom systems and finally include
the effect of nonlinearities.

7.1
The Mathieu Equation

In this section, we determine approximations to the solutions of the Mathieu equa-
tion
i+ w’u+ 2euis + 2eucos Qt =0 (7.1)

where € is a small nondimensional parameter and «, ®, and Q are constants.
As in the preceding chapters, we first cast (7.1) into a complex-valued form by
introducing the transformation

u=¢+¢ and B=iw(l-0) (7.2)
and

2c0sQt=z+2, z=¢* (7.3)
so that

2=iQz (7.4)

With this transformation, (7.1) becomes

i€ -

{=iol—eu(E-8)+—(E+)(z+2) (7.5)

We note that the transformation (7.2) is not valid when w = 0. This case is treated
in Section 2.8.

The Method of Normal Forms, Second Edition. Ali Hasan Nayfeh
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To determine a second-order uniform expansion of and hence determine a nor-
mal form of (7.5), we let

C =77+€h1 (77) 7_7)272)—1—62]1'2 (77;7_7;212)'1'"' (7.6)
where
i=ion+eg(n,7,2,2) + g (10,7,2,2) + - (7.7)

Substituting (7.6) and (7.7) into (7.5) and equating coefficients of like powers of ¢,
we obtain

_ i _ -
g1+ L) =—u(n—0)+ 5—(n+17)(z+2) (7:8)
COhy Ok i i )
g2+ L(hy) = T BT g (hl - h1)+ﬁ (h1 + hl) (z+2) (7.9)

where the operator £ is defined by

0 d 0 0
L=i — e —1)+iQ(z——z— 1
Lw(nan 1787_7 )-I—l (Zaz 282) (7.10)

Next, we consider two cases: fundamental parametric resonance (i.e., 2 ~ o)
and principal parametric resonance (i.e., 2 ~ 2w).

7.1.1
Fundamental Parametric Resonance

We start by choosing g; to eliminate the resonance and near-resonance terms in
(7.8). Because 2 ~ w, only the term —u# is a resonance term and there are no
near-resonance terms. Therefore, we choose g; to eliminate this resonance term;
that is,

g1 =—un (7.17)

Then, we choose h4 to eliminate all of the nonresonance terms in (7.8). The right-
hand side of (7.8) suggests seeking h; in the form

Substituting (7.12) into (7.8) and using (7.11) yields

. o 1 , 1
Rioh+u)yn+i(—-QL+—|nz+i|QQIL+— |7
2w 2w
1
2w

z
+i((2w+9)r3+ )7‘72+i((2w—9)1"5+%)f72 0
(7.13)



7.1 The Mathieu Equation

Equating each of the coefficients of 77, nz, 7z, z, and 7z to zero, we obtain

F1=i—ﬂ, Fz=;, F3=—;,
2w 2082 20(2 +2w)
1 1
li==20a 5= 20(2 — 20) (7.14)

Substituting (7.11) and (7.12) into (7.9) and using (7.14), we have

iu Qnz (Q —20)iz Qnz
Lihg) = —p | 2 — -
g+ £h) = [zw” 402Q 1 20) | 40'Q | 40X(Q - 20)
(2 +20)7z] | i [ nz+iz Nz + 1z 5
s 20 | 2@ 120 T Do 20 |G D 019

We note that the terms proportional to # and 7zZz are resonance terms and the
term proportional to 7z? is a near-resonance term because 2 ~ . Hence, choos-
ing g, to eliminate these resonance and near-resonance terms, we have

.y . - 9=
_ e i 2nzz z°n
&=, [92—4w2 Q(Q—Zw)}

_ .16

2w 2w (7.16)
Substituting for g; and g, from (7.11) and (7.16) into (7.7), we obtain the normal

form

ieu
2w g 20

2

(7.17)

o ie? 2nzz 2’7
0 =iwn —eun —

Q2 —40? (R -20)
Substituting (7.6) and (7.12) into (7.2) and using (7.14), we obtain

_ iu _ nz+nz nz+nz
= = cee (718
" ’7+’7+€[ 2w(’7 n)+9(9+2w)+9(9—2w)]+ (7.18)

Expressing # in the polar form
1 .
n= Ean(mw) (7.19)

and using (7.3), we rewrite (7.18) as

uasin(Qt+ )  acos(2Rt+ p)

u:acos(!)t—{—ﬁ)—i—e[

n a cos(f) i|+

5@ - 2a] (7.20)

Substituting (7.3) and (7.19) into (7.17) and separating real and imaginary parts, we
obtain

. e?asin(2f)

I 0@ - 20) (.21)
. 2,,2 2 2

p=—(Q—w)a- gy 0 _cacs@h (7.22)

2w 0(22—40?) 2002(2 -2w)
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7.1.2
Principal Parametric Resonance

Because 2 = 2w in this case, z7 is a near-resonance term. Consequently, choos-
ing gy to eliminate the resonance and near-resonance terms in (7.8), we obtain
i

‘ Nz (7.23)

81 =~ + o

Then, we seek the solution of (7.8) in the form
h=nIn+Lnz+nz+ Iinz (7.24)

Following steps similar to those used in the preceding section, we find that the I;
fori =1,2,3,4are given by (7.14).

Substituting (7.23) and (7.24) into (7.9), using (7.14), and choosing g, to elimi-
nate the resonance and near-resonance terms, we obtain

. 2 .
iu i _ w8 +2w)
" - .25
&2 20 40%(R2 + 2w) =z 402 Q (7.23)
Substituting (7.23) and (7.25) into (7.7) yields the normal form
.. izn , [iuy izzn u(R+2w)zy
=iwn—e¢ ——|—e€
g 7 1 %0 20 402 +2w) 40?2 Q
(7.26)
Substituting (7.6) into (7.12) and using (7.24) and (7.14), we have
_ iu _ nz+nz nz+nz
= e —_ — coe .2
" ’7+’7+€[ 20Nt 9@ t0) T 200 ]+ (7:27)

Because z = ¢'®!, the form of the near-resonance term in (7.26) suggests the
following polar form for #:

n= %aei(%9t+ﬁ) (7.28)

We note that this choice produces a set of autonomous equations for a and f as
shown below. Substituting (7.3) and (7.28) into (7.27) yields

1 cos(3Qt+ ) usin(iQt+p)
= —Qt 2 2
u acos(2 +,B)+ea|: (9 1 20) + o

(7.29)

cos (32t — )
B 2082 i|+



7.2 Multiple-Degree-of-Freedom Systems

Substituting (7.3) and (7.28) into (7.26) and separating real and imaginary parts,
we obtain
Eu(Q +2m)

1002 a cos(2p) (7.30)

. I 2
a=—cua+ —asin2pf —
H 2w
. 1 €
f==-QR2w—-2)+ —cos2p
2 2w

e 1 U(R +2m)

" 20 [”2 T e@120) 200 Sm(zﬁ)] 7:3)

7.2
Multiple-Degree-of-Freedom Systems

In this section, we consider parametrically excited, nongyroscopic, multiple-degree-
of-freedom systems governed by

X+ Ax + Dx + (2ecos 2t) Fx =0 (7.32)

where A, D, and F are n x n constant matrices and x is a column vector of length
n. We assume that none of the eigenvalues of A is zero; this case is considered in
Chapter 2. Then, we introduce the nonsingular linear transformation x = Pu into
(7.32) and obtain

Pit+ APu+ DPu+ (2¢cos Qt) FPu=0 (7.33)
Multiplication of (7.33) from the left by P!, the inverse of P, yields

i+ Ju+ Dit+ (2ecos Q1) Fu =0 (7.34)
where

J=P'AP, D=P7'DP, and F=P7'Fp (7.35)

One can always choose P so that | is a Jordan canonical form. In this section, we
treat the case in which the eigenvalues of A are distinct and positive so that J is
a diagonal matrix. We assume that D is a diagonal matrix (the so-called modal-
damping assumption). Moreover, we limit our discussion to first-order expansions
of the solutions of three-degree-of-freedom systems modeled by

3

it +wfu1+2€/41u1 +(26coth)Z Sfinvn =0 (7.36)
n=1
3
iy + w%uz + 2euytiy + (2€ cos 21t) Z fonthn =0 (7.37)
n=1
3
il;+w§u3+26u3u3+(26c059t)2 frnun =0 (7.38)
n=1

where the w,, have been arranged so that w3 > @, > w;.
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192 | 7 Parametrically Excited Systems

As a first step in determining uniform expansions of the solutions of (7.36)-
(7.38), we recast them into a system of three first-order complex-valued equations.
To accomplish this, we note that when € = 0 the solutions of (7.36)—(7.38) can be
expressed as

n= Al 4 Ay el (7.39a)
where the A, are complex. Hence,
by =i, (A,e'r — A, e on) (7.39b)

When € # 0, we continue to represent u, and i, as in (7.39a) and (7.39b) but
with time-varying rather than constant A ,. Then, we identify A, et with £, and
rewrite (7.39a) and (7.39b) as

Um = Cm + ém B am = iwm (Cm - Em) (739C)
Moreover, we let
iQt

z=c¢ and z=1iQz (7.40)

With this transformation, (7.36)—(7.38) become

él = iw1§1 — €U (él Cl) Z + Z Z fln Cn + Cn) (741)
n=1

62 = iw2§2 — €U (Cz Cz) Z + Z Z on Cn + C ) (742)

G=imsb—eus(G-0)+—(z+z Z Fin (& +C2) (7:43)

To simplify (7.41)—(7.43), we introduce the near-identity transformation

Em = Nm+ €hm (N4, 70,2, 2) (7.44)
and obtain
. . . ahm;
Nm = 10Ny + €0y — €l (Nm — m) — 6;(377" 8' )
oh,, oh,, - i€ _ _ _
—652—68—_24— (Z+Z)[fm1(771+771)+fmz(772+772)
+ fons 003+ 773)] + -+ (7.45)

for m = 1,2, and 3. The form of the O(¢) terms suggests the following form for
the h,,:
hm == Amlnm + Amzﬁm + leznl + szzﬁl + Fm3Z772
+ Lmazily + Dnszny + Diwezis + Dnzzin + Dins 21
+ Inoznz + LimoZ2 + I 203 + Diniaz s (7.46)
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It follows from (7.45) that
Nm = 10w+ O(€) (7.47)

Hence, substituting (7.40), (7.46), and (7.47) into the right-hand side of (7.45), we
obtain

N menm—eﬂmnere(th Ao+ Um) N

—ie| (2 + w1 —ww) [ — fm zZn1
L 20, |
—ie|[(Q —w1—ww) L — S zZ1
L 20y |
—ie|[(Q +wy—wp) Lz — Sz zZn,
L 20y, |
—ie (2 —wy— W) Hna — mez k7P
L Om |

. [ fmS_
—ie|(Q + w3 —wp) Lys — zn3
L 20y, |
—i€|(Q — w3 — wp) Lne — S Z1]3
L 20y, |
+ie| (2 — w1+ wy) 7——:|
+ie (Q+w1+wm)Fms+ ]
+ie| (2 —wy + wy) T ]

. i fmZ .
+ie| (2 4+ wy + ww) Lo + Z1,
L 20y, |
. i fmS —
+ie| (2 — w3+ wp) L + zn;
L 20,

. I fmS_ .
+ie| (2 + w3+ ww) Lz + Z13
L 20

+ - (7.48)

for m = 1,2, and 3. Substituting (7.44) into (7.39¢), we obtain to the first approxi-
mation

Um = Nm + Nm + O€) (7.49)

We note that (7.48) does not depend on the 4 ,,;, and hence they are arbitrary.
Choosing the Iy, to eliminate the terms involving 29, 27, 29, and 27, we
find that some of the I',,, have small-divisor terms when

Q~wy,+w, for mn=12 and3

Q~wy,—w, for mmn=12 and3 but m#n
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The case 2 ~ 2w,,, m = 1,2, or 3, is called principal parametric resonance of the
mth mode, which is treated in the preceding section. The case 2 ~ w,, + w,, for
m # n, is called combination parametric resonance of the additive type and the
case 2 ~ w, — w,, for m # n, is called combination parametric resonance of
the difference type. The cases (a) 2 ~ 2w and 2 ~ w, + 0w, and (b) 2 ~ w;
and Q ~ w, + w,, are called simultaneous parametric resonances. Next, we treat
some of these cases.

7.2.1
The Case of 2 Near w; + o

When Q ~ w; + w; and there are no other resonances, the term involving z77,
is near-resonance when m = 1, while the term involving z#, is near-resonance
when m = 2, and there are no near-resonance terms when m = 3. Consequently,
choosing the 4,,; and I, to eliminate all nonresonance terms in (7.48), we obtain

. , i€ _
= iwin —eurn + 26{122772 +0(e?) (7.50)
1
. , i€fy - 2
N2 =1iwyNy —€Urns + zn1+ O (e ) (7.51)
26()2
3 =iwsns —eusns + O (ez) (7.52)

We note that I'4 and I, are arbitrary. Moreover, (7.50)—(7.52) show that, although
the first and second modes are coupled, the third mode is uncoupled from the first
two modes. The polar form of (7.50)—(7.52) is in full agreement with that obtained
by using the method of multiple scales (Nayfeh and Mook, 1979).

7.2.2
The Case of £2 Near w7 — 0

In this case, 17,z and 771z are near-resonance terms when m = 1 and 2, respec-
tively, and there are no resonance terms when m = 3. Consequently, to O(e), the
normal form of (7.48) is

i€ f

1 = iw1n1 —€u1n1 + 122772 (7.53)
26()1

. . i€

12 = 1wyNy — €Uy + fnzm (7.54)
26()2

i3 = iw3n3 — €U37]3 (7.55)

7.2.3
The Case of 2 Near w; + ®7 and w3 — w7

In this case, z#, is a near-resonance term when m = 1,z#; and 73z are near-
resonance terms when m = 2, and z7, is a near-resonance term when m = 3.
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Consequently, to O(e), the normal form of (7.48) is

. . i€ _

M1 =1iw1n —€e€urn1 + flzznz (7.56)
26()1

. , i€f21 _ i€f23_

_ _ —=J2t 7.57
N2 = 1wy — €U + 20, zZn + 20, z1n3 (7.57)
. . i€f32
73 = 1W303 — €U3N3 + z1n; (7.58)

2w3

7.2.4
The Case of £2 Near 2m3; and w2 + o

In this case, the near-resonance terms are z#, when m = 1, z#; when m = 2, and
zij3 when m = 3. Consequently, the normal form of (7.48) is

. . i€ B
M1 =ilwin —eu1ny + ! k47D (7.59)
2601
. , i€ _
N2 = 1wy — €Uy + fn zn (7.60)
sz
. , i€ _
73 = 1ws3N3 —€usns; + 2f z13 (7.61)
w3

We note that #; is uncoupled from #; and 7,.
7.3
Linear Systems Having Repeated Frequencies

In contrast with the preceding section, here we consider a three-degree-of-freedom
system having two repeated frequencies and the Jordan form

w; 0 0
J=|1 o? 02 (7.62)
0 0 wj

Thus, we consider

3

it +wfu1+2€/41u1 +(26coth)Z Sfinvn =0 (7.63)
n=1 ,
i,lz—i—w%uz—i— U1 +2€/42u2+(26c059t)z fonthn =0 (7.64)
X n=1
il;+w§u3+26u3u3+(26c059t)2 frnun =0 (7.65)
n=1

We assume that w3 > w;.
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In the absence of damping and the parametric excitation, the system is unsta-
ble (the system is said to be in flutter). To show this, we note that when u, = 0
and fun =0,

up = aqcos (w1t + B1)

u3 = azcos (w3t + f33)

where a1, a3, f1 and 33 are constants. Then (7.64) becomes
iy + w%uz = —uy = —aqcos (w1t + f1)

Hence,

Uy = aycos(wyt + fB) — itsin(a)lt + B1)
2w 1
which contains a secular term or resonance term. Consequently, one refers to this
one-to-one resonance as a nonsemisimple one-to-one resonance and the linear opera-
tor | is said to have a generic nonsemisimple structure.

We wish to determine the normal forms of (7.63)—(7.65) in the presence of damp-
ing and the parametric excitation so that one can use these forms to ascertain if the
damping and parametric excitation can stabilize the system. In the stable case, one
assumes that all of the three variables u1, u,, and u3; are bounded and, if possible,
determine the values of the parameters which are consistent with this assumption.

Although the damping and parametric excitation might stabilize the system, we
still expect the amplitude of u, to be much larger than those of u; and u;. We use
this observation to simplify the obtained normal forms.

As a first step in the application of the method of normal forms, we recast (7.63)—
(7.65) in complex-valued form by using the transformation (7.39¢) and (7.40). The

result is
Gi=iol—eun (G- &) + % (z+2) nz; fin (Gn + &) (7.66)
b =it 5 (64 &) e (6 - &)
+ % (z +2) X; fon (&n + &) (7.67)
G =iw38 —eus (G — G3) + % (z + 2) 23: Fan (6n + Cn) (7.68)

n=1

First, we introduce a transformation to simplify the first-order problem. We note
that (i{1)/(2w1) is a resonance term in (7.67) and hence it cannot be eliminated by
any transformation. This leaves the term (i ;)/(2w1), which can be eliminated by
the transformation

G=nm, G=m+din, G=i; (7.69)
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Substituting (7.69) into the O(1) terms in (7.66) and (7.67) yields

1 = 1iw1n1 + Ofe) (7.70)

. ) . _ - i _
M) = iwins + iw1A171 — A1 + 5(771+771)+ Ofe) (7.71)
1

Using (7.70) in (7.71), we have
. . i
2 = 101y + oo+ (216014‘1 + —) 71+ Ofe) (7.72)
1

Then, choosing 4 to eliminate 777 from (7.72) yields

1
PR 7.73
1 4(0% ( )

Substituting for &, from (7.69) into (7.39¢) and using (7.73), we have
_ 1 _
Uy =12+ N2 — — (11 + 71) + Ofe) (7.74)
4w

Substituting (7.69) into (7.66)—(7.68) yields

, _ ie
twyn —€ep (i — 1) + 5— (2 + 2) Zfln (1w =+ 174)

N = Yo
n=1
- —fu z+Z) (1 + M) (7.75)
8a)1
. . i _
’72=’w1’72+m’71—eﬂz(772—772)+ z+z)nzlf2n (7 + 71n)
6 — —
_ S_w%fu(z + Z)(n1 + 1) (7.76)
3
’73_lw3773—6#3(773—773)+— z+z)2f3n Nn + 1)
n=1
i€ _ _
-5 folz+2)m+n) (7.77)
8wiws

To simplify (7.75)—(7.77), we introduce the near-identity transformation
N = Em + €hm (En, En, 2, 2) (7.78)

and choose the h,, to eliminate the nonresonance terms. The result depends on
the resonance conditions. Three of these conditions, namely Q ~ 2w, 2 ~ w3+
w1, and Q ~ w3 — wq, are discussed next. In Section 7.3.4, we carry out the
transformation to second order for the case 2 ~ w;.
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7.3.1
The Case of 2 Near 2m,

When Q =~ 2w, and there are no other resonances, the terms z#; and z#, are
near-resonance terms in both (7.75) and (7.76). Hence, the normal form of (7.75)-
(7.77) is

él =iw1& —eur & + i (fnzél + f12252) - Sl_;%flzzél (7.79)
& =iw&+ ﬁ&l —€ur&y + % (fleél + fZZZéZ)
- % fnz (7.80)
1

& =im3& —euss (7.81)

As noted earlier, (7.79) and (7.80) can be further simplified because u, is much
larger than u; and hence &, is much larger than & . To accomplish this simplifi-
cation, we scale the damping coefficients u; and u; and the variables & and &
as

—d1n

E=y, G=c y, u,=cha,

where y; and y; are O(1) and 4, and 4, are positive constants to be determined
from the analysis. Because (7.79) and (7.80) are linear and homogeneous, we or-
dered &; at O(e) without loss of generality. Using these scalings, we rewrite (7.79)
and (7.80) as

. . e i _ - _
g1 =ion —e Ty + P (€f112X1 + €' “leZXz)
1
i
— ——€fzy 7.82
80? fuzia (7.82)
. . i PN i _ _
g2 = iwiys + z—wle“xl — "My + o (elﬂzlele + efzzzxz)
i 141, =
— —— € z
8w) fazia (7.83)

As € — 0, we note that € fi;z); is small compared with el_izflzz)'gz because
A, > 0. Then, requiring the damping term in (7.82) be the same order as the
resonance term i(2w;) "'e!™*2 f1,2%,, we have

1-— 11 =1- lz or 11 = 12 (784)

Similarly, as ¢ — 0, the resonance terms (the terms inside the parenthesis) in
(7.83) are small compared with the damping term €' ~*1,y, because 1; and 1,
are positive. Then, requiring i(2w1)~'€*? )1 to be the same order as €' ~*1i,y,, we
have

Ay=1-1 (7.85)
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Hence, 1; = 4; = 1/2. Consequently, keeping terms up to O(¢'/?) in (7.82) and
(7.83), we obtain the simplified normal form

: 1)2

. . . i€ )

7= o — P + -~ frazia + - (7.86)
1

. ‘ A (el

%2 = iways —€Piiyyy + 20, 1 t (7.87)

Equations 7.86 and 7.87 are also called the distinguished limit or least degenerate
form of (7.82) and (7.83). We note that (7.86) and (7.87) agree with those obtained
by Nayfeh and Mook (1979) by using the method of multiple scales.

7.3.2
The Case of 22 Near w3 +

In this case, the term z1#; is near-resonance in (7.75) and (7.76), while the terms
zi)1 and 217, are near-resonance in (7.77). Hence, the normal form of (7.75)—(7.77)
is

& =io& —eurl + zl—eflszés (7.88)
w1

. , i i€ -

SH=iwi&+ mgl —€ur&y + Z—wlfzszfs (7.89)

: , i€ - - i€ -

& =iw3& —euzss + 20, (f512& + fnz&) - mﬁzz& (7.90)

Again, using the fact that &, is much larger than & and &;, we further simplify
(7.88)—(7.90). To accomplish this, we scale the &, and u, as

Si=xp, &= G_hm , &= 6_13953 , MUn = e_i‘[tn (7.91)

where the y, and jt, are O(1) and the 4, are positive constants. Substituting (7.91)
into (7.88)—(7.90), we obtain

. , PN i _
71 = twi1)1 —¢! /1]#1%1 + 2—61 " f13223 (7.92)
w1
. . i, PR i . _
J2=ioi + e — e My, + —e TR £, (7.93)
26()1 26()1
— _ 1=y L 1413 = l' 1+13—4; -
23 = 1wsys—€ Tllzys+ _2w3€ fazin+ _2w36 f2z)2
_ ; 1413 by’
Sw%wge fezin (7.94)

As € — 0, the distinguished limit of (7.92)—(7.94) corresponds to
1-— 2,1 =1- 13
1-41=4
1-Ai=1+23—4;
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or

2,2=§ and 112/13:%

Thus, to the first approximation, (7.92)—(7.94) simplify to the normal form

. . . i€/ i}

g1 =iwiy — Py + 7 fuiszxs+ -+ (7.95)
w1

. ) ~ i62/3

2= 01— g + 2y (7.96)
w1

. ) . i _

i3 =iwsxs —ePhsys + ﬁezﬂfazzm +-- (7.97)

3

Equations 7.95-7.97 agree with those obtained by Nayfeh and Mook (1979) by using
the method of multiple scales.

7.3.3
The Case of 2 Near w3 — 0

In this case, the term z&; is near-resonance in (7.75) and (7.76), while the terms
z & and z &, are near-resonance in (7.77). Hence, the normal form of (7.75)—(7.77)
is

: ) i€ -

S =iwi& —euéy + — f3z& (7.98)
26()1

: , i i€ _

SH=iwb + méﬁ —€urby + z—wlfzszfs (7.99)

: ) i€ i€

& =iw38 —eusé + Ton (fnzé&1 + f3228) — —5— fnz&  (7.100)

w3 8wiws

As in Section 7.3.2, (7.98)—(7.100) can be further simplified by using the scaling
G=n, =P, =Py, wa="li,

Substituting these scaled expressions into (7.98)—(7.100) and keeping the leading

terms in € (i.e., up to O(e?/?)), we obtain the simplified normal form

L. . e
71 = ion —52/3,“19{1 + - fiszys + - (7.101)
1
‘ ' . (23
g2 = iwiys — Py, + Er x4+ (7.102)
w1
. ‘ . (e
A3 = 1wsxs —€ ﬂ;)ﬂ-ﬁ-gfg.zl%z*l—'“ (7.103)
3

7.3.4
The Case of 2 Near o,

In this case, instead of first determining the normal form of (7.66)—(7.68) and then
scaling the dependent variables to simplify the obtained normal forms, we first
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scale the dependent variables and then obtain the simplified normal form, thereby
reducing the algebra involved. Because w3 is away from w; and hence Q ~ w1 is
away from w3, we assume that {3 is O(1), which is the same order as &;. However,
because {, is large compared with §;, we assume that §; = O(G_AZ), where 4, is

positive. Therefore, we let
Li=m, G=¢"n, and =1n;

and rewrite (7.66)—(7.68) as

. ) _ i _
N1 =iwin1 —euq (M1 — 1) + — (2 + 2)
2601

(7.104)

X [Gfu (1 + 1) + €77 fi (2 + 712) + € fi3 (73 + 7_73)] (7.105)

) . i _ _
2= iwins + ——€* (n1 + i) — €y (2 — 712) + — (2 + 2)

26()1

i

26()1

o [Gl'Hzfu (71 + 1) + €foa (2 + 72) + €42 fo3 (5 + 7_73)]

. . _ i
N3 =iw3ns —euz (3 —13) + — (z + 2)
2w3

(7.106)

X [€f31 (1 + 1) + €77 o (2 + 712) + € f33 (73 + 7_73)] (7.107)

Because 2 & w; and is away from w3, the term (z + 2z)(n7, + 72) is a non-
resonance term and hence we choose 1, = 1, making the terms i(2w;)"}(z +
2) fi2(n2 + 172) and i2ws3) Yz + Z) f32(72 + 772) in (7.105) and (7.107), respective-

ly, of O(1). Hence, to simplify (7.105)—(7.107), we let

m=6&+ho(z2 &, éz) + ¢€hyi (2,2, &, En)+ o

N2 = 52 + ehll (212) ‘En:én) + -

N3 = 53 + h’30 (Z, 21 '52) 52) + 6h’?yl (Z, 21 'Sn; én) + -

where
.";.:1 =iw& + €81 (Z, z, ‘Snrén) + e
&= iw1&; +€gy (212; n én) +ee

& =iw3& +egs (22,6, &)+

(7.108)
(7.109)

(7.110)

(7.111)
(7.112)

(7.113)

We have included the terms hqy and hj at O(1) to eliminate the terms of O(1) in
(7.105) and (7.107). Substituting (7.108)(7.113) into (7.105)—(7.107) using (7.40),
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and equating the coefficients of €” and € on both sides, we obtain

oh oh [oh oh
i!)( 0 _ 102) tio 0, Mog _ h10i|

0z 0z L 95, P
i ) _
=—fulz+2)(&+&) (7.114)
26()1
. oh ohsg _ ) [oh oh
19 (3_2302_8__302) +iwq @3052 ag?&}—tw;hm
i ) _
= 3o felz+2)(&+5) (7.115)
w3
dhny_ 3h11 A O Dbz,
g1+19( 92 ) X:: (8§n @gn)_lwlhll
dhig dhg _ - _
LY —E+ho—h
8.{{ g2 — 25, 82— U1 (51 & 10 10)

+ mfll (Z +2) (El + él + h10+ ”_110)
+ ﬁflz (z+2) (h21 + P_m)

+ Z_ci)lfn (z+2) (53 + &+ hyo+ flso) (7.116)

(Bhy Ohy \ . (k. Ohy
.Q - n — n e n - h
g+ (822 3 z)-l—;m) (agng 3§n§) iwih

=— (51 + &+ hio + hw) w (5 &)+ szzz z+2)(&+&)
w1

2w
(7.117)
dhs1 ah31 AU st Dbz ),
g3+19( 0 ) ; (3&, _3§n Sn)—lwshsl
oh dohsg _ - -
= —%gz - a_sogz us3 (53 — &+ h3o— hso)
i B _ _
+ mfn (z +2) (51 + & 4 ho + hlo)
i B _
+ mfsz (z+2) (h21 + h21)
i B _ _
+ mfss (z +2) (53 + & + h3o + hso) (7.118)

where w, = w;.
The form of the right-hand sides of (7.114) and (7.115) suggests the following
forms for hiy and h3y:

hno = Tmz& + Taz€ + Ti32& + Tz (7.119)
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for n = 1 and 3. Substituting (7.119) into (7.114) and (7.115) and equating each of
the coefficients of z&;, z&,, z&,, and z&, on both sides, we obtain

le f12

Iy = , Mp=——-12

" 20,9 2T 201(Q = 201)

Ji2 fi2

N =— , My=—— 32 7.120

BT 20,0 T T 201(Q F 200) (7.120)
Iy = fn Iy = fn )

203(2 + w1 — w3) 2w3(82 — w1 — ws3)

Iy = — fn Iy =— f (7.121)

203(2 — w1 + w3)’ 203(2 + w1 + w3)

Substituting (7.119) into (7.117) yields

oh ah 3 oh oh
g +i2 ( 8221 - ') Z (8521 8_21 fn)—ianhzl

—(514‘51) 1 (& - &)+ f (z+2)(&+&)

+ 7 [(F1 + Ta) (26 + 552) + (M + I3) (25 + 25) | (7.122)

Equating g, to the resonance terms on the right-hand side of (7.122), we have

i
g = m& — 126 (7.123)

Then, the form of the remaining terms in (7.122) suggests the following form for
I’L21I

hor = Dnz& + Inpzés + T3zE + Tuzés + Dos& + e (7.124)

Substituting (7.124) into (7.122), using (7.123), and equating each of the coeffi-
dents of z&,,z5,z&,, zEz, &, and & on both sides, we obtain

i+ s+ f2 I'p+ s+ f

F21= B FZZZ

2w19 2(1)1(9 —2(1)1) ’
r _ To+Is+
23 T 0.0
I I 1 1
Doy = _11+—14+f22 , Iy = W_Z, e=-—— (7.125)
2w1(2 + 2w1) 2w, 4w7

We note that we needed to explicitly determine h,; because it is needed to deter-
mine g; from (7.116).
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Substituting (7.119) and (7.124) into (7.116) and (7.118) yields

ah h ’ ah h
g1+19 ( BZHZ 821'12) +len (glnlg ag: fn)—ia)lhu
=—pu1[& — & + (D1 — T) (286 — 28) + (T — T3) (25 — 28) ]

_ - 2 _
—(Imz+ 132) g — (T2 + T142) g2 + an (z +2z) Ay
1

n=1

i i
— z) A — z) A .
+ 2w1f12(2+z) 2t o fi3(z +2) 43 (7.126)
3

dh3 dhsy _ . dh3 dh3 )
g3+19( 72 Z_EZ)"‘V;HUVL (ES 9, fn)—lwshsl

=—u3[& — & + (D1 — ) (286 — 25) + (T — Tx) (25 - 28)]

_ o i _
—(F312+F332)g2—(F322+r34z)g2+Efsl(z‘Fz)/h
3
i i
— z) A — z) A .
+2w3f32(z+2) 2+2w3f33(2+2) 3 (7.127)

where

A1 =&+ &+ (N1 + Na) (26 + 28) + (N2 + T3) (28 + 25)
Ay = (I + T (26 + 552) + (T + I) (25 + 2&)

WZ (éz &) - (51 + &)
Ay =&+ 53 (31 + I34) (Zfz +2&) + (I + I3) (28 + 25)

If we do not want to continue the expansion beyond the terms in (7.108)—(7.110), we
do not need to explicitly calculate hq; and hs;, and all what we need is to determine
g1 and g3 by equating them to the resonance and near-resonance terms on the
right-hand sides of (7.126) and (7.127). The result is

i _ i )z
— _ — 7.128
g1 =—mi& + 201 a1zz& + 201 az"&, ( )

g3 =38 (7.129)
where

= fuln+Ta+ Do+ D)+ fu (D + D+ Do+ 1)
+ fi3 (Fs1 4 D3a + I3 + I33) (7.130)

ay = fu1 (Il + T3) + fi2 (Do + I3) + f13 (2 + I33) (7.131)



7.4 Gyroscopic Systems

Substituting for the I, from (7.120), (7.121), and (7.125) into (7.130) and
(7.131), we obtain

a_MJrf_fz[ 1 1 ]

or 40} 0@+ 20 (220
1 1
+f13f32[(9+w1)2—w§+(Q—w1)2—w§} (7.132)
o = Sfu(fu + f2) " fih + fus fn . (7.133)

(2 -2w1) Q%2 -2w1)? (2 —w1)?— w3

Substituting for g1, g2, and g3 from (7.128), (7.123), and (7.129) into (7.111)—(7.113),
we obtain

: , i€ _ -
E1=1w1& —eur & + Yo (alzz{:‘z + azzzfz) + - (7.134)
1
: . i€
S =iw&H —eurby + 2—51 +oe (7.135)
w1
& =im& —euss (7.1306)

Equations 7.132-7.136 agree with those obtained by Nayfeh and Mook (1979) by
using the method of multiple scales.

7.4
Gyroscopic Systems

For simplicity, we consider a two-degree-of-freedom system to illustrate the method
of solution. Specifically, we consider

i;tl + lluz + a1u = EFl = 2¢ (f11u1 + flzuz) cos 2t (7137)

ﬁz — lzitl + au) = EFZ = 2¢ (f21u1 + fzzuz) cos 2t (7138)

where €, 2,1, &, and f,, are constants.
As a first step, we cast (7.137) and (7.138) in complex-valued form. To accomplish
this, we first write down the solution of the unperturbed problem; that is,

up = Aeft 4 AjeTiort 4 Ayet02t 4 A, e 02t (7.139)
i = iwq (A" — Ae ™) + iw, (Age’? — Aye ') (7.140)
i(a1 _ a)%) it A ,—iont i(a1 — a)%) iwat N ,—iwat

Uy = ——= (A1e""" — Aje™ ')+ —— (Ae' — Aye "2
2 Ao ( 1 1 ) 100, ( 2 2 )
(7.141)

. a; — w% iwqt A —iwoqt a; — (U% iwot A —iwat
MZZ—T (Ale +A16 )—T(Aze —I—Aze )
1 1

(7.142)
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where w? and w? are solutions of
o* — (a1 + ay + 2id) @ + a1a; =0 (7.143)

Here, we assume that w? and w3 are positive and that w; > w;.
We associate A1e'“1! with & and A,e'?! with &, in (7.139)—(7.142) to define the
transformation

m=b+0+56+0 (7.144)
i =iw1 (& — &) + i (& - &) (7.145)
Uy = i(a/{lwl L (Gi—&)+ (ajl 2 (& - &) (7.146)
i = (6 + &) - 1;1“’5 (2 + &) (7.147)

It follows from (7.144)—(7.147) that

(03— @) (&1 + &) = (03 — a1) ur — Ay (7.148)
(0% = 03) (& + &) = (a1 — ©3) wy + Aying (7.149)
ar (03 = 7) (&= &) = i1 [(01 = 03) i = hoju,] (7.150)
a1 (@) = 03) (&= &) = —iwy[(a1 — 0F) i1 — Liotu] (7.151)

Solving (7.148) and (7.150) for & yields

2a1 (w% — Cl)%) él = ia)1 (0(1 — w%) l:tl — al/ll l;tz

— a1 (a1 — w3) ug — il wi03u, (7.152)
Solving (7.149) and (7.151) for &, yields

2(11 ((U% — w%) Cz = —in (a1 — (U%) l;lfl + al/ll l;tz

+ a1 (a1 — w}) ur + ihiwiwu, (7.153)

Differentiating (7.152) with respect to t and using (7.137) and (7.138) to eliminate
it1 and ii,, we obtain

204 (w% - w%) 61 = —iwia; [/11 Uy + (a1 - w%) ul]
— aq [((11 + 2,1/12 — w%) l;tl — llazuz]
+ iea)l (0(1 - Cl)%) F1 - eal/lle (7154)

It follows from (7.143) that

a1+ Ay — 03 =w?—a; and a1a; = wiw} (7.155)
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Using (7.155), we rewrite (7.154) as

204 (w% - w%) él = —iwia; [/llitz + (a1 — w%) ul]
+ [(0iw] — a10}) iy + A oTwiu,]
+ iGCl)l (0(1 - Cl)%) F1 - eal/lle (7156)

Using (7.144)—(7.147) to eliminate the u,, and i, from (7.156) and rearranging,
we obtain

iew (o — w?) €dq
2(03 —wf) 2w}~ o))

él = iCU1C1 =+ Fz (7157)

Differentiating (7.153) and using a procedure similar to that used to determine &,
we obtain

iewy(ag — w?) €Ay
Fi + F 7.158
T R v R G

Finally, we substitute for F; and F, from (7.137) and (7.138) into (7.157) and (7.158),
use (7.3), (7.144), and (7.146), and obtain

. , iew (o — w?) _ €A _

= _ AN —— A 159
& =iw& + 201 (02 — ?) (z+2) Ay 20l — o)) (z+2) Ay (7.159)
: , iews (o — w?) _ €l _

= - A P m— A .160
b= o= 5 T e 2 Mt g 242 s (160

where

/11=f11(C1+§1+C2+52)

wZ
s U (G- B+ U (6 )|
Ay = fn (& + §1+Cz+éz)

2
+ifxn I:;L—wl (C Cl) /'L (Cz 52)i|
10 10
To simplify (7.159) and (7.160), we introduce the near-identity transformation
(7.44) and choose the h,, to eliminate the nonresonance terms, thereby leaving the
resonance and near-resonance terms. To O(e), there are several resonance combi-
nations of 2, w;, and w,. These include:

Q = 2ws: Principal parametric resonance of the first mode,

Q = 2w;: Principal parametric resonance of the second mode,

Q ~ w; + w: Combination parametric resonance of the additive type,
Q =~ w, — wq: Combination parametric resonance of the difference type.

Next, we discuss the cases 2 ~ 2w; and Q &~ w; — w; treated by Nayfeh and
Mook (1979) using the method of multiple scales.
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7.4.1
The Case of 2 Near 2m,

When Q ~ 2w; and there are no other resonances, there are no resonance terms
in (7.160) and z; is a near-resonance term in (7.159). Therefore, substituting
(7.44) into (7.159) and (7.160) and choosing the h,, to eliminate the nonresonance
terms, we obtain the normal form

) €
m=1iwn — ———- {llfm + 42 f12
2(w; — f)
) )
_ |:w1(a1 w3) fu " a1 — W] f22i|} Mz (7.161)
a1 w1
B = i (7.162)

Putting 7, = A,e®"! in (7.161) and (7.162) yields the same equations obtained by
using the method of multiple scales (Nayfeh and Mook, 1979).

7.4.2
The Case of £2 Near w7 — v

In this case, the resonance terms are z{, and z{; in (7.159) and (7.160), respec-
tively. Therefore, substituting (7.44) into (7.159) and (7.160) and choosing the h,,
to eliminate the nonresonance terms, we obtain the normal forms

) ) € w1(a; — w3)?
= —_— — 2’ —
N1 = 1w Z(w% — w%) % 1fa+ 11010, f12
. 2 fzz w1f11 _
_ g2 RS0 7.163
—|—l(a1 wz) (wz P )}7722 ( )
) ) € (o — w?)?
= _— l _—
2 = iwan; + 2ol — ) { 1+ T f2
—i (a1 - w%) (w_Zf11 - _fzz)} n1z (7.164)
aq w1

Putting 77,, = A,,e'“"! in (7.163) and (7.164) yields the same equations obtained
by Nayfeh and Mook (1979) by using the method of multiple scales.

7.5
A Nonlinear Single-Degree-of-Freedom System

Finally, we illustrate the method of normal forms using a parametrically excited
single-degree-of-freedom system with quadratic and cubic nonlinearities. Specifi-
cally, we conside

il + w*u + 2euti + 2€Fucos Qt + edu’ + 2au® =0 (7.165)
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Using the transformation (7.2) and (7.3), we rewrite (7.165) as
ieF

{=iol—eu(E-0)+—((+0)(z+2)
i€d -2 i€ta 213
+ o (E+8) + o (E+ ) (7.166)

We seek a second-order uniform expansion of the solution of (7.166) in the form
(7.6) and (7.7), equate coefficients of like powers of €, and obtain

. iF _ Qo o
g1+ L) = —p(n =) + o= (1 +7) (2 + 2) + 5 (n +17]) (7.167)
LT L _ iF . B}
gz-i—[l(hz)——g1W—glﬁ—ﬂ(h1—h1)+£(h1+h1)(z+z)
.5 ) ,
+L—(77+f7)(h1+h1)+£(n+1‘7)3 (7.168)
w 2w

where the operator £ is defined in (7.10). There are two cases, depending on
whether 2 ~ 2o (i.e., principal parametric resonance) or 2 is away from 2. We
first consider the latter case.

7.5.1
The Case of 22 Away from 20

In this case, to first order, —un is a resonance term and there are no near-resonance
terms. Thus, we choose g; to eliminate the resonance term in (7.167); that is,

g1 =—un (7.169)

Then, the form of the remaining terms on the right-hand side of (7.167) suggests
choosing h; in the form

hi = Nij + Lz + iz + Tunz + Tsijz + Ten? + Diyip + i (7.170)
Substituting (7.170) into (7.167) and using (7.169) and (7.10) yields

. - F . F\__
Rioh+u)yn—i| QL —— |nz+i| Qo+ Q2) 3+ — | 7z
2w 2w

F F
+i(QF4+—)172+i((2w—9)1"5+—)772
2w 2w

, 0 ) ) . 0\ -,
—Lw(l“ﬁ—ﬁ)n +Lw(F7+E)nn+Lw(3fg+m)n
=0 (7.171)
Choosing the I, to eliminate the nonresonance terms, we have
iu F F F

F = —, = —, =, F = ——,

"7 20 *T 200 T 0@ +20) T 200

F ) ) )

i=———— L=, =——, L =——

’ 20(82 - 2w) 7 202 ¢ w? s 62 (7.172)
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Substituting (7.172) into (7.170) yields

b — un Fzn Fnz Fz7q Fzn
'T 20 200 2092 20Q20w-2) 2020+ Q)
ont  onn  Op?
oo o (7.173)

Substituting (7.173) and (7.6) into (7.2), we have

_ leu _ €, _ ., €F(zn+72)
= _ — _ _3 P N L A
w=n+n—5 0=+ 3501 ""+")+su9+2m
eFnz+1nz)
Q(Q —2w) (7.174)

Substituting (7.169) and (7.173) into (7.168) yields

iu? i ( 2F*nzz F?5z?
g + L(hy) = — =7 { u 7

20 20 |Q2—40? ' Q(Q - 20)
4 2 i} 106%Y .
+[M‘ﬂ Fa’?’?“(“‘ 3wz)’7 7

1 2 23 =2
+|:m+mi|1:(§(n z+7n Z)}+NRT.
(7.175)

There are two possible resonances at this order: those corresponding to 2 ~ w
(fundamental parametric resonance) and £ = 3w (subharmonic resonance of

order one-third).
When Q is away from w and 3w, choosing g, to eliminate the resonance terms

in (7.175), we obtain

2 ; 2,5 2
iu'n i 2F*nzz 100 .
=— — 30 — 176
&2 20 +2w{92—4w2+(a 302 )17 (7.176)

Substituting (7.169) and (7.176) into (7.7), we obtain the normal form

L ie’u? ie2F2nzz ., (3a 50°
) =ion—cun— 7 -—

— 2 (71
20 1 (2 4w 20 3w3)’7 7 7177)

When 2 ~ w, choosing g, to eliminate the resonance and near-resonance terms
from (7.175) and approximating 2 with @, we obtain

B 10F6 _  SFO ,_
8= 2w 2w 3w?

niz+ 'z
106%Y .
i Gl KA (7.178)

) : 2 2
ucn i (2F _ . F°_
{3(02 nzz+ w?* + 3w
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Substituting (7.169) and (7.178) into (7.7), we obtain the normal form

o ie’u? i€ (2F2 N F?_ N 10F0 _
=iwn —eun — - ——=nzz+ —nz z
n e = T 1302 w2 302 11
5F ,_ 1002\ ,_
t3,z 2 \3e— 5,7 )17 (7.179)
Putting
n=Ae”" and z = (7.180)

in (7.179), we obtain the equation found by using the method of multiple scales
(Exercise 7.6.2).

When  ~ 3w, choosing g, to eliminate resonance and near-resonance terms
in (7.175) and approximating £ with 3w, we obtain

iun N i (2F% (3 1002 . N Fo _, 7181
= _ — ! _pzz o — — itz .
&2 2w 20 |Sw? g 3w? " w? g ( )

Substituting (7.169) and (7.181) into (7.7), we obtain the normal form

2,2

L eﬂn+i62 2F? s+ (3 1062 2_+F(§ 5
=iwn — ———nzz o — —nz
g n 2w 2w Scu277 3w? o a)277

(7.182)

Substituting (7.180) into (7.182), we obtain the equation found by using the method
of multiple scales (Exercise 7.6.2).

7.5.2
The Case of 2 Near 2w

In this case, it follows from (7.172) that [5 has a small-divisor term and hence
z17] is near-resonance in (7.167). Choosing g; to eliminate the resonance and near-
resonance terms in (7.167), we obtain

iF _
g1 = —un + 57z (7.183)
Then, we can choose all of the I',,, m = 1,2,...,8, except [, as in (7.172) to elim-
inate the nonresonance terms. Consequently,

h_iuiy Fzy  Fpnz Fzy ont onn  on?
T 20 200 200 20Q0+ Q) 202 o 6w
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Substituting (7.184) into (7.2) yields

€F(zn + 112)

iep _-_’_i 2_3p5 4+ 72) +
(m—n) (n nip+n°) 2@ + 20)

20 3w?
eF(nz+ 7
_eFwEeaa)
208
Substituting (7.183) and (7.184) into (7.168) and choosing g, to eliminate the
resonance and near-resonance terms, we obtain

u=mn+n-

(7.185)

iu? (2 +2w)uF iF? _
=——n-— zn — zz
&2 20! 4w’ Q g 40?(2 + 2w) g
i 1002
—(3a - 27 7.186
+ 2w ( “ 3w? ) n ( )
Substituting (7.183) and (7.186) into (7.7), we obtain the normal form
. N ieF _ ie?u? (2 +2w)e*uF
= e el 2w = 2w g 402 Q
ie?F? ie? 1002
———nzz+ — [ 3a — i 7.187
207 @ +20) 77 20 ( * 3w2)’7" (7.187)
7.6
Exercises

7.6.1 Use the method of multiple scales to determine the normal form of (7.1)
when 2 ~ w and Q ~ 2w.

Use the complex-valued form (7.5) and seek a second-order approximate solution
in the form

& =Ci(To, Tr, To) + €6a(To, T1, To) + +€°&a(To, Ty, To) + -+
and obtain the system of equations
Do&1 —iw&; =0
Do&y —iw&y = —D1&i —u(6 — &) + i (9 + e 2) (& + &)
Do&s —iw&s = —D1&; — Dyl — (6 — &)
+ i (eiTO.Q + e—iTgQ) (& + &)
Express the solution of the first-order problem as
& = A(Ty, Ty)e'e™
Then, show that the second-order problem becomes

Dol —iwl = —DiAe®T0 — yAe'®To 4 y Ae @ To

+ ZL (eiTo.Q + e—iTOQ) (Aeino + A_e_i“’TO)
w



7.6 Exercises

TheCase 2 ~ @ Let Q = w + €20 and show that the solvability condition of
the second-order problem is

DlA = —[MA

Then, show that

ey i(Q40)T 1 i(0—Q)T
= 2 pemioTo 4 = Al )To _ Aeil )To
6= 2w eyl 2082 ¢ 2082 ¢
1 Geeten 1 pie-om
20(2 +2w) 20(2 —2w)

Substitute for &; and §, into the third-order equation, eliminate the terms that
produce secular terms, and obtain

. 2 . .
u 4 4 7,200
D)A=—-——A A A 2
g 2w * 0 (22 —4w0?) * 202(2 - 2w) ¢

Finally, use the method of reconstitution to obtain the normal form

. iu i i 7,2i0T,
A=—eunr—et | A A AgtioTs
cun—e [2 0(Q?— 402" 2002 —20) ¢ }

Compare these results with those obtained in Section 7.1.1 by using the method of
normal forms.

The Case 2 ~ 20 Let 2 = 2w + €0 and show that the solvability condition of
the second-order problem is

DlA—_[L{A‘i‘Z AlGTl

Then, show that

W o 1 io+om 1
= 7 Ae i Ty ( ) To
%= 20 w0t 200

1
C 20(2 + 20)

i(w—Q)To
e—i(.Q +w)Ty

Substitute for §; and &, into the third-order equation, eliminate the terms that
produce secular terms, and obtain

i”ZA i (2 +2w)
2w 40?2 Q2 (2 + 2w) 4?2 Q

D,A=— H RgioT

Finally, use the method of reconstitution to obtain the normal form

; 2
. 1 — llM 1
A= —e|lua— L Adon| 2| a1 4
6[“ 20°¢ } ¢ [Zw 0@ + 20)
(Q +2w)luA 10T1
402Q
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Compare these results with those obtained in Section 7.1.2 by using the method of
normal forms.

7.6.2 Use the method of multiple scales to determine the normal form of (7.165)
when (a) 2 is away from w, 2w, and 3w; (b) 2 ~ w; (¢) 2 ~ 3w;and (d) 2 ~ 2w.
Seek an approximate solution of (7.166) in the form

§=Ci(To, 1, To) + €6a(To, Th, To) + +€28(To, Th, To) + -+
and obtain the system of equations

Dol1 —iw&; =0

i} 05 i}

Dol —iw& = —D1& —u(& — &) + ZL_w(Cl + &1)?
E
2w

. = 10 = =
Dols —iwl3 = —D1& — Dy &y — u(6 — &) + %(Cl + &) (& + &)

+ (ei.QTo + e—iQTo) (Cl + 51)

+ ;—Z(Cl +&) + % (€T +e7'2T) (5 + &)
Express the solution of the first-order problem as
&1 = A(Ty, Tp)e'™
Then, show that the second-order problem becomes
Do& — iwly = —D1Ae’™ — uAe'™ + % (Ae'™ 4 Ae=ioTo)
+ pAemioT 4 % (eiQTo +eiem) (Aei‘”TO 4 Ae—ino)

The Case £ Away from 20 When @ is away from 2w, there are no near-
resonances at second order. Eliminate the secular term and obtain

DiA=—uA
Then, show that

T 8 om0 - 0 5
CZZ%Ae le0+ZwZAZBleTo_EAA_GwZAZB 2iw Ty

; F ; F o
A Q4w To _ A=) To _ A —i(2+w)Ty
T 200 °° 20(2 +20) ¢
+ ;Aei(g—w)]ﬂo
20 (82 —2w)

Substitute &; and &, into the third-order equation, use the expression for D;A,
eliminate the terms that lead to secular and small-divisor terms, and obtain

DA i/tzA_’_ iF? Adi 3a 502 A
= —-— —_— 1 —_—— —
: 200 (22— 40?) 20 303
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when Q is away from o and 3w,

i1 | F2 3 562 _
DA =44 l—A-ﬁ-i( ¢ ——)AZA

20 0 (2?—40?) 20 30}
SiFaAZe—iUTz _ iFéAA_eiUTz
6w3 3w3
when Q ~ w, and
2 2 2 ;
iu iF (3a 50 , = 1F0 o o1
D)A=——A+ —A — — —— | ACA+ — A%'"
: 2w * S5w3 o (Zw 303 * 2030 ¢

when Q ~ 3w.
Compare the results obtained with the method of multiple scales with those ob-
tained in Section 7.5.1 with the method of normal forms.

The Case 2 ~ 2 Eliminate the terms that produce secular and small-divisor
terms from the second-order equation and obtain

DiA = —uA+ ~— AT
2w

Then, show that

Wz o 0 2 zieT o O o aiem
& 20°¢ + 2020 ¢ w? 62" ¢
F - F - F -
A (R+w)To _ A (w—Q)To __ A —i(R+w)Ty
Y 200 ¢ 202 +20) ¢

Substitute &; and &, into the third-order equation, use the expression for D;A,
eliminate the terms that lead to secular and small-divisor terms, and obtain

u? | F? 3 582 -
DA=-— a1 Ay i(22 22 )24
20 40?(Q42w) 20 303
Fu( +2w) - .t
_ —A 1011
402Q ¢

Compare the results obtained with the method of multiple scales with those ob-
tained in Section 7.5.2 with the method of normal forms.

7.6.3 Consider the equation
i+ wju+2eulcos2t =0 e<1

Use the methods of multiple scales and normal forms to determine the equations
describing the amplitude and the phase to first order when

215
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a) wgis away from 1 and 1/2,
b) w1,
) wo~1/2.

7.6.4 The parametric excitation of a two-degree-of-freedom system is governed

ﬁl =+ w%ul + ecoth(f11u1 + flzuz) =0
ﬁz =+ w%uz + 6COSQt(f21M2 + fzzuz) =0

Use the methods of multiple scales and normal forms to determine the equations
describing the amplitudes and the phases when 2 ~ w; F w;.



8
MDOF Systems with Quadratic Nonlinearities

In this chapter, we treat multiple-degree-of-freedom nongyroscopic and gyroscopic
systems with quadratic nonlinearities subject to harmonic excitations.

8.1
Nongyroscopic Systems

A general nonlinear multiple-degree-of-freedom nongyroscopic system can be
modeled by

X+ Ax+ Dx + N(x,%,) =0 (8.1)

where A and D are n X n matrices, x is a column vector of length n, and N is a
nonlinear vector function of x, %, and t having n components.

In this section, we treat systems whose linear parts are expressed in normal-
mode form, and in Section 8.3 we treat two linearly coupled oscillators. The linear
part of (8.1) can be put in the following normal-mode form by using the linear
transformation x = Pu:

it4+ Ju+ Di+ N(u,it,8) =0 (8.2)
where
J=P'AP, D=P7'DP, N=P 'N(Pu, Pi,t)

We choose P so that J has a Jordan canonical form and assume that its diagonal
elements are positive. We also assume modal damping so that D is a diagonal ma-
trix. We limit our discussion to systems for which the frequencies (i.e., eigenvalues
of A) are distinct and hence | is diagonal.

We can explore the principal features of the analysis and limit the algebra to
a minimum by considering a system having three degrees of freedom. Thus, we
consider

A%
Wy + wfnum + 2€U iy = EW (1, Uz, u3) + 2 frncos (2t + 7,,) (8.3)
m

The Method of Normal Forms, Second Edition. Ali Hasan Nayfeh
© 2011 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2011 by WILEY-VCH Verlag GmbH & Co. KGaA
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where

3 2 2 2 2 3
V= a1u] + Uiy + az3uiu; + aaujus + Asuiuz + del)

2 2 3
+ ayujus + aguui + aguy + AU U U3 (8.4)

andthe w,, an, fu, T, Un, and 2 are constants independent of €. Here, € is a small
nondimensional parameter used for bookkeeping purposes.

Again, as a first step, we cast (8.3) and (8.4) in complex-valued form using the
transformation

Up = Cm"i_érny am: lwm(ém_ém) (85)

i = 1Q2mZm s Zm = fme @ (8.6)
The result is

. ) - ie dV

Cn = i10nCn—€eum (ém_gm)_ o

i

(G+8,6+86.6+8)

20, 0U,

ey (zm + Zm) (8.7)
To simplify the O(1) terms in (8.7), we introduce the transformation

Em =Nm+AmzZm + An2Zm (8.8)

use (8.6), and obtain

. . . 1
Nm = lwm”]m"‘l[(wm_g)Aml_z_] Zm
Wm

+i[(wm+Q)Am2— :|2m+ Ofe) (8.9)

20,
There are two possibilities: (a) 2 ~ w,, for m = 1 or 2 or 3; and (b) L2 is away
from all of the w,. The first possibility corresponds to primary resonance of the
mth mode. It is treated in Section 8.1.4.
When £ is away from all of the w,, we choose the 4 ,,,, to eliminate z,, and z,,
from (8.9); that is,
1 1

A= — and Ay ——— 8.10
YT om(on—2) 27 Jom(@m + Q) (8.10)
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We note that there are no small divisors in (8.10) because we assumed that Q is
away from every w . Substituting (8.8) into (8.7) and using (8.10), we obtain

. . _ i€ _ Z1 +21 2
mo=ioim —eur (i —m)—s— |3a(m+in+-—5—73
w1 w7 -0

_ zZ1+ 23 _ Z+ 2y
+ 20 (1 + 7+ L =T
2(771 h w%—QZ) (772+772+w%_92)
_ zZ1+ 2z
2ay (4 i+
4(771 n w%—!)z)(

4+ 2 2 z3 4+ 23 2
+a3(772+7_72+w2—) ~|—(X5(773~|—7_73~|——)
2

— 02 a)%—.QZ
_ 2+ 2 _ z3+ 23
+a + + —— _— 8.11
10(772 M2 w%—QZ)(n3+n3+w§—Qz):| (8.11)
2 = iwyn2 — €Uz (1 — ) — o a(n +n+zl+zl)
2 212 2 (72 )= 50, |2\ 1 100
_ z1 + 21 _ Z+ 2
+2a;3 (n1+n1+—w%_92) (nz+nz+ 3 92)
_ z;+ 2 _ z3+ 23
+20l7(772+772+w2_92)(773+773+ 2_92)
_ 2 N
_ Z+ 2 _ z3 + 23
+3ag (m+ M+ s | +as(ns+ 03+ s
6(772 2 w%—.QZ) 8(773 3 w%—QZ)
_ zZ1+ 21 _ 23+ 23
+O€10(771+771+ 3 QZ)(’?3+ 3+ — Qz):| (8.12)
. N
/ =iws’?a—€/l3(773—7_73)—i a4(ﬂ1+’_71+ﬂ)
13 2603 w%—.QZ
_ zZ1+ 2z _ z3+ 23
2 ot BNt BT
+ 05(7714-7714-w%_gz)(ﬂa+ﬂ3+w%_gz)
_ Z+ 2 _ z3 + 23
+2a + i+ S =
8(772 U w%—QZ) (773+773+w§_92)
_ 2 = 2
_ Z+ 2 _ z3 + 23
a R 3 _—
+ 7(772+772+w%_92) + a9(’73+’73+w%_92)
_ z1+ 2z _ Z+ 23
+a + it +i+
10(771 m w%_gz)(ﬂz 2 w%—QZ):| (8.13)

Because z, = i z,,, resonance occurs when

e w; ~ 2w, Two-to-one autoparametric resonance,
e w;~ w, + w,: Combination autoparametric resonance,
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2w ,,: Subharmonic resonance of order one-half,

1/2w ,: Superharmonic resonance of order two,

Q
Q
Q ~ w, + w,: Combination resonance.

R R R

The first two resonances are called internal or autoparametric resonances, whereas
the last three are called external resonances because they are produced by the exci-
tation. We note that some of these resonances might occur simultaneously. Next,
we treat the three autoparametric resonances w, ~ 2wi, W3 X W; + w1, and
w, ~ 2w and w3 &~ 2w; in conjunction with a few of the external resonances.

8.1.1
Two-to-One Autoparametric Resonance

We consider the case w, &~ 2w and no other autoparametric resonances. To sim-
plify (8.11)—(8.13), we introduce the near-identity transformation

N = Em + €l (En, Enr 20, 22) (8.14)

and choose the h,, to eliminate the nonresonance terms. The autoparametric res-
onance produces the near-resonance terms & & and & in (8.11) and (8.12), re-
spectively. The near-resonance terms produced by the excitation depend on the res-
onances being considered. Next, normal forms corresponding to several of these
resonances are presented.

No External Resonance

. . iea -
& =iwi & —eur s — o 25§ (8.15)
1
: , ica
£y = iw& —eurly — —— & (8.16)
sz
& = i3 — eus s (8.17)
When expressed in the polar coordinates &, = 1/2r,¢'’r, (8.15)—(8.17) become
. €a .
= —eurr + —Zrlrz sin (82 — 2031) (8.18)
2(01
. ea .
Py = —ear, — ——r2sin (B, — 281) (8.19)
4(1)2
T.’3 = —€U3r3 (820)
. ea
1p1 = wir — —Zrlrz cos (B2 — 2[31) (8.21)
2601
L ea
B2 = wary — 4—2rf cos (2 —2f3,) (8.22)
w1
Yaﬁa = w3r3 (8.23)
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2 ~ 1201
i o E £ ieazg B i€ 3,22 a3z2
=iwi& —¢€ - - —
1 161 His1 o 261 20, (w%—QZ)Z (a)%—,QZ)Z
055232 200,212y n 20042123
(@~ 27 " (@] - 270} - 27 " (0] - 27w} - @)
+ 102223
(@3 — Q%)(w} - 27) (8.24)
. ) iea
& = iwy& —eurss — ﬁj&f (8-25)
& = iw3& —eusts (8.26)
Q ~ 207
. . iea -
& =iwi & —euré — o 25§ (8.27)
1
s _ _ieaz Z_i_e as3zy 3aezy a723 -
fz—la)2§2 6#252 26()2 gl , [w%_gz w%_gz (U%—.QZ] 2
(8.28)
& = iw3& —eusts (8.29)
Q~ 03+ 07
: , i€ay | =
bi=iob —emb - —2 5k (8.30)
1
: , i€eay ., 13 1021 20072, 20823 | =
=iw,5 —€ i
& 25 U128 20, 51 20, |:w%—92 w%—QZ w§_92i| &
(8.31)
: , i€ 1021 2072, 208z | =
sEies A w-or e et T a0 | B
Qr w3 — M
‘51 =iw& —eur§
iea, . - 13 20421 1022 20523
— — 8.33
w1y 521 20 [w%—!)z wi— Q2 w%—QZ]& (8:33)
. ) iea
& = iwy& —euré — 2a)22 & (8-34)
. ) ie 20424 a1022 2asz;
& = iw3&s —eusds — 30, [a)% —or T oo o + . 92i| &1 (8.35)
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2 ~ 2w and 2 ~ 03 + o

ica

él =iw& —eurs — 25251
w1
13 20421 1022 20523 -
- — 8.36
2w, |:a)%—92 wi-02  @i-Q2 3 (8.36)
: , iea, ., 1€ a3zy 3062, a7z3 -
=iwy5—€ ——&——
& 2528 20, & W) |:a)%—92 w3 — Q2 w§—92i| z
(8.37)
é s £ i€ 20421 a102; 20523 é (8.38)
=iw3& —e€ - .
’ BTS00, 0 —Q? 2-Q2  wi-0Q2|"

8.1.2
Combination Autoparametric Resonance

We consider the autoparametric-resonance condition w3 ~ ®, + w1, which pro-
duces the near-resonance terms & &, & &, and §; &, in (8.11)—(8.13), respectively,
In the absence of external resonances, the normal form of (8.11)—(8.13) is

: , ica -

Sr=1w1& —eurér — 5 10 && (8.39)
w1

. . iea -

& = iwy& —eurs — 5 ek (8.40)
w3

: , ica

& =iw3& —euzss — 5 ) (8.41)
w3

When expressed in the polar coordinates &, = 1/2r,¢'#", (8.39)~(8.41) become

. ea .

P = —err + —2ryrssin (B3 — B2 — B1) (8.42)
4(01

. €d10 .

Py = —€uyry + rir3sin (B3 — B2 — B1) (8.43)
46()2

. €ea .

F3 = —€usr; — 10 rirysin (B3 — B2 — f1) (8.44)
4w3

L. ea

if1 = wir — 7 2 1,13 cos (B3 — B2 — Bi) (8.45)

w1

L ea

Yzﬁz = Wyl — 10 r113 COS (ﬁ3 —ﬁz—ﬁl) (846)
46()2

L ea

B3 = wsrs — —=rirycos (B3 — B2 — B1) (8.47)
4w3

The normal forms in cases of external resonances can be obtained by adding
appropriate terms to (8.39)—(8.41), as in Section 8.1.1.
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8.13
Simultaneous Two-to-One Autoparametric Resonances

We consider the autoparametric resonances w; ~ 2w, and w, ~ 2w, which
produce the near-resonance terms & &, £2 and &§&,, and &7 in (8.11)—(8.13), re-
spectively. Consequently, in the absence of external resonances, the normal form
of (8.11)—(8.13) is

E = iwi& —eur & — lzz&& (8.48)

b= img —ang — 5— (& +20,55) (8.49)
()

& = iw3& — eusls — l;a(j: & (8.50)

When expressed in the polar coordinates &, = 1/2r,¢'’», (8.48)~(8.50) become

. €a .

= —eurr + —Zrlrz sin (8, — 21) (8.51)
2601

Py = —€pars — %@ sin (8, — 2B1) + %ms sin (B3 —28,) (8:52)

. €a .

F3 = —€usr; — —7r% sin (83 — 2[32) (8.53)
46()3

L ea

rlﬂl = wir — —2T1T2 Cos (ﬂz — Zﬂl) (854)
2601

.o e€ea €ea

12 = wary — —Zr% cos (B, —2B1) — —7r2r3 cos (B3 —2f,) (8.55)
46()2 26()2

. €Ay

1’3ﬁ3 = W3r3 — 4—?’2 Cos (53 — Zﬁz) (856)

w3

This form is in full agreement with that obtained by Nayfeh, Asrar, and Nayfeh
(1992) by using the method of multiple scales.

Again, the normal forms in the presence of external resonances can be obtained
by adding appropriate terms to (8.48)—(8.50), as in Section 8.1.1.

8.1.4
Primary Resonances

To treat this case, we scale the excitation amplitudes f, and hence the z, at O(e)
so that the resonance terms produced by the excitation appear at the same order as
those produced by the nonlinearity. Thus, we modify (8.7) into

Gr=iwi6 —eur (6 — &) — % (z1+ 2z1) = % {3(11 (& + 51)2
+2a; (& + 51) (& + éz) + a3 (& + 52)2 +2a4 (& + 51) (& + 53)
+as (&3 + 53)2 +ai (& + &) (6 + 53)} (8.57)
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E = iwy6 —eus (56— &) — 0, (Zz+ )—2%2{0(2 (C1+E1)2

+ 2a3 (61 + 51) (& + Cz) +3a6 (G + 52)2

+2a7 (& + 52) (& + 53) + as (& + 53)2 + ao (&1 + 51) (& + 53)}
(8.58)

& = i3t —eus (6 — &) — P (Zs+23)—2i7€3{0¢4 (&1 + 51)
+2as (& + &) (& + c;) +ar (G2 + &) + 208 (G2 + &) (& + &)
+3a (53 + 53)2 +a (& + &) (6 + Ez)} (8.59)

To simplify (8.57)—(8.59), we introduce the near-identity transformation

Cim = &m + €hm (Enr Enr Zn, Zn) (8.60)

and choose the h,, to eliminate the nonresonance terms. The resulting normal
forms depend on the resonance conditions being considered. As discussed in the
preceding section, internal or autoparametric resonances occur when w, ~ 2w,
and/or w; ~ w, £ . Primary resonances occur when  ~ w,,. Consequently,
the normal forms of (8.57)—(8.59) for a few of these resonances are:

w72 ~2mw7and 2 ~ o,

. . ay . = i€
51 = Lwlgl - 6#151 - 25251 - —61n21 (8-61)
. ) ica
E = iwy& —eurly — —— 51 52n22 (8.62)
o)
& = iw3& — eusls — 2—53n23 (8.63)
w3

where 0 ,,, is the Kronecker delta.

w3~ 02+ mand 2 ~ o

‘i:l =iw& —euré — 5352 (31n21 (8.64)
£ =05 — ey — 5351 252n22 (8.65)
E = iw3& —eusds — Galo 5152 - —53n23 (8.66)
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w3 ~ 202,02 ~ 2m1,and 2 ~ 0,

. ) €dy . = i€
& =iwi& —euré — 25251—2—51n21
1 w1
. . i€ z i€
5 =iw& — by — — (& +20758) — — 02022
2w, 2w,
. ieay i€
G =iwd —eus— ——& — — 03,23
26()3 26()3

w3 X W + 01,2 ~ 2m1,and 2 ~

. ) i€ = = i€

& =iw1& —eul — — (20258 + a10585) — — 0z
2(01 2wl

& =iw& —e f—i—e(a§2+a 55)—i_€6 z

2 252 U252 20, 251 1053651 2w22n2

. ) iea

E = w38 —eusly — —— 5152 - —53n23

8.2
Gyroscopic Systems

(8.67)
(8.68)

(8.69)

(8.70)
(8.71)

(8.72)

As in Section 7.4, for simplicity, we consider a two-degree-of-freedom system to

illustrate the method of solution. Specifically, we consider

u1 +/11u2 + a1u = 6(3(51141 +2(§2M1M2+ (§3M )+2F1COS(Qt+ Tl)

(8.73)

ﬁz — lzul + aru); =€ (6214% + 263”1”2 + 3(3414%) + 2F2 Cos (.Qt + Tz)

(8.74)

Using the transformation (7.144)—(7.147) and following steps similar to those used

in Section 7.4, we cast (8.73) and (8.74) in the complex-valued form

. ) iwi(a; — w3) - A1 =
=i+ —————2 (214 2) - ————— (2 + Z
& 181 (@ = o)) (z1 + z1) 2wl — o)) (z2 + 22)

+exin (&1 + G+ &+ 52)2 +exn (& + G+ 6+ 52)

[l g gy A g, gy |

Aiwq
2

+%[%(§1 £) + %(@z 52)]

(8.75)
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iwz(al — (U%) 2,1

& =iwy& — (z1 4 21) + (2, + 23)

2a1(0) — ) 2w} — o)

+exn (6 + G+6+ 52)2 +exn (& + G+G+ 52)

Loy . 2 .
o |:—1(a1 1) (GL—&)+ Hoa = @3) (& - Cz)}

Aiwq Ao,

B _ 2 _ ; — 2 = 2
i(a; — wf) (Cl _ Cl) + M (CZ — CZ)] (8.76)

texn [ 1o,

2,1(01

on account of (8.6), where

31:(31(1)1(6(1—6()%)—(326(111 iézwl(al—w%)—(§3a1/11
X1 = 2 2 o X122 = 3 3
204 (w5 — w7) a(w; — w7)
ié;wl(al—wg)—364a1/11 (32(112,1—31:61(02((11—(0%)
X13 = X221 =
2a:(02 - o) 20: (02— )
63(11/11 — iézﬂ)z(al — (U%) 364(112,1 — ié3&)2(a1 — w%)
X2 = o X33 =

ai(w; — o) 2a1(w3 — 0f)

As discussed in Section 8.1, the excitation may produce one of two possible types
of resonances: primary and secondary resonances. Primary resonances are treated
in the next section, and secondary resonances are treated in Section 8.2.2.

8.2.1
Primary Resonances

As discussed in Section 8.1.4, we scale the f, and hence the z, at O(e) so that
the resonance terms produced by the excitation appear at the same order as those
produced by the nonlinearity.

To simplify (8.75) and (8.76), we introduce the near-identity transformation (8.60)
and choose the h,, to eliminate the nonresonance terms. Resonance terms occur
when w, ~ 2w, (i.e., when there is a two-to-one autoparametric resonance) and
Q ~ w, (ie., when there is a primary resonance of the nth mode). When w, ~
2w; and  ~ w,, the normal form of (8.75) and (8.76) is

wl(al — w%)zl — 2,1(1122

201 (w2 — w?)

‘i:l =iw& + 6/115251 + € ! O1p (8.77)

. 2
. iwy(a; — wi)z1 — Aaqz
&= iw2§2+€/12§12—€ 2% )21 =2

O2n (8.78)

20 (0} — 0F)

where
Ay = 2y, — 22022 _lwl)(al s 2y (8.79)
10102 Awiw,
. _ 2 22
Ay = 301 + ix(e — @1)  ya(a — i) (8.80)

11(1)1 /lfw%
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822
Secondary Resonances

To treat this case, we first introduce the linear transformation (8.8) and choose 4 ;4
and A4,,, to eliminate z, and z,, from (8.75) and (8.76); that is,

aeme 26211(((:01%_—6;%%)) (wlz—1 o’ wli 9)
] _
B Z(wg —1 ?) (wlz—z Q + wlz—i Q) (8.81)
7 ((al E ‘”i)) (wzz—1 - wzii 9)
“rotea (st orra) ss2

Hence, (8.75) and (8.76) become

=i +eqnm + i+ n2+ iz + b (21 + 21) + by (22 — 22)
+exialm + 714+ 2+ 24 by (21 + 21) + by (22 — 22)]

'[ﬁ( ’71)+%(ﬂz—ﬁz)+b3(21—21)
L)
+by(z2 + 22)] +€x13 [% (m1—11)
i(o1 — w)) . 5 T
= i)+ b3 (z1 — z1) + b4 (22 + 22)} (8.83)
102

2 = iwamas + € [ + i1+ 12+ 712 + by (21 + 21) + by (22 — 22)
+exnln + 11+ 12+ 2+ bi(z1 4+ 21) + by (22 — 22)]

i(ag — w? _ i(ag — w? _ _
o u(’?l—ﬂl)'i‘u(’?z—ﬂz)+b3(21—zl)
/lla)l lla)z
S
+b4(z2 + 22):| + €x23 [M (m1—11)
101
i(a; — w?) 2
+% (m2—12) + b3 (z1 — 21) + ba(z2 + 22)] (8.84)
102

where

(az—QZ,—i/'LlQ,i/'LzQ,al—Qz)
b1, by, b3, by) = 8.85
( 1, U2, U3 4) (w%_gz)(w%_gz) ( )

It follows from (8.83) and (8.84) that, to this order, only a two-to-one autopara-
metric resonance is possible and that the excitation can produce resonances corre-

sponding to
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Q ~ 2w ,,: Subharmonic resonance of order one-half of the mth mode,
Q =~ 1/2w,,: Superharmonic resonance of order two of the mth mode,
Q =~ w, + w;: Combination resonance of the additive or difference types.

Next, we present the normal forms for several of the external resonances for the
case of two-to-one autoparametric resonance. Because (8.83) and (8.84) were de-
rived under the assumption that £ is away from w; and w,, the resonance condi-
tions  ~ 2w, 2 ~ 1/2w,, and 2 ~ w, — w; must be excluded when consider-

ing the two-to-one autoparametric resonance.

2~ 20
‘i:l =iwé& + 6/115251

£ =im& +eME + eI
where A; and A, are defined in (8.79) and (8.80) and

(a

2
— 03)

I' = 2x51 (b1z1 + byz)) — 2iy3 (b3z1 4 bsz,)

1
Aiw;

(b1z1 + bzzz)i|

. 2
(g —w

+ X2 [b321 + bz — %
102

Q2 ~1[20n
E =im& +eMEE +el
& = iwr& + eMyEl
where /7 and /1, are defined in (8.79) and (8.80) and
T = g1 (b1z1 + by23)” + x12 (121 + by23) (b3z1 + bazy)
+ 213 (b321 + baza)’
2~ v+ o

é1 iw& + 6/115251 + Grléz

éz =iwy& + 6/12512 + Grzél

where /7 and A, are defined in (8.79) and (8.80) and

i (a1 — w3)
lle
i (a1 — w3)

102

I = 211 (b1z1 + bazo) — 2x13 (b3z1 + bszy)

+ x12 |:b321 + bz, — (b1z1 + bzzz):|

(8.86)

(8.87)

(8.88)

(8.89)

(8.90)

(8.91)

(8.92)

(8.93)

(8.94)



8.3 Two Linearly Coupled Oscillators
i(a; — w?)
[ = 2x21 (b1z1 + bazy) — 2x23 7 (b3z1 + bazy)
1W1
(a1 - o)
+ x22 | b3z1 + bazy — T o (b1z1 + byz3) (8.95)
101

83
Two Linearly Coupled Oscillators

In this section, we consider the two linearly coupled oscillators
i+ ki + kipuy = —2ediiig + € (allu% + alzu% + aizuq uz) (8.96)
i;tz + k21 ur + k22 Uu; = —ZEdZuz + € (anu% + Otzzu% + a3 uluz) (897)

To determine the normal form of (8.96) and (8.97), we use two approaches. First,
we use these equations as they are. Second, we first transform them so that their
linear parts are in normal-mode form, as in Section 8.1.

The solution of the linearly undamped equations (8.96) and (8.97) can be ex-
pressed as

up = A€’ + A,el®? 4 cc (8-98)
uy = NA1e " + [ Aye'® 4 cc (8.99)
when w # w;, where
w* — (ki1 + k2) @® + ki1kyy — kizkyr = 0
_ ki — wf ka1

F-: = —
' klz kzz—w,Z

fori=1and?2 (8.100)

Using (8.98) and (8.99), we express (8.96) and (8.97) as a system of two first-order
complex-valued equations by using the transformation

m=6+&+6+& (8.101)
uy =11 (Cl + 51) +1; (Cz + éz) (8.102)
i =io1 (& — &) +io (G- &) (8.103)

iy =iwly (& — 51) +iwy 5 (&6 — éz) (8.104)

229



230 | 8 MDOF Systems with Quadratic Nonlinearities

Solving (8.101)—(8.104), we have

1 i .
& = m |:I“2u1 — U+ 6()_1 (01 — qul)i| (8105)
1 i
—— uy— My 4+ (Miy — 1
& AL =T |:u2 1U1 + 0, (I uz):| (8.106)

Differentiating (8.105) and (8.106) with respect to ¢, we obtain

. 1 . . i ..

STy P [rzul Tty e qul)] 17

. 1 i

_ I e — 1

& —Z(FZ ) |:u2 1U1 + o, (17114 uz)i| (8.108)
Eliminating ii; and ii; from (8.107) and (8.108) by using (8.96) and (8.97), we ob-
tain

. G(dzrl—dlrz) = ewze(dz—dl) =

GLi=iw + -1 (Cl - Cl) + ol —1Y) (Cz - Cz)

L te
2w1 ([ — 1)
+ (a — L) [I1 (& + 51) + 0 (5 + éz)]z
+lan—Doap) |G+ + oL+ o][M (G + &)+ L(6+ 52)]}
(8.109)

(62— &)

{(0621 —Loan)[G+ o+ &+ 52]2

ewlfl(dl—dz) = G(dlrl—dzrz)
- @ — + —-—
wz(Fz—Fl) (Cl Cl) FZ_FI

{(F1a11 —an) [C1 +&+ 6+ 52]2

& =iwyby +
L e
2wy (1 — 1)
+ (lMayn — an) [I1 (6 + 51) + 0L (6 + éz)]z
+ (l1a1s — as) [C1 +&+6+ 52] [F1 (Cl + 51) +1; (Cz + 52)]}
(8.110)

To simplify (8.109) and (8.110), we introduce the near-identity transformation

En = &m + €hm (1. &1, 62, &) (8.111)

and choose the h,, to eliminate the nonresonance terms. There are two cases: two-
to-one autoparametric resonance (i.e., w, &~ 2w;) and no autoparametric reso-
nance. Next, we present the normal forms for these cases starting with the second.

No Autoparametric Resonance
fi=im& —eub (8.112)

& =iwy& —eurdy (8.113)
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where

dlrz—dzrl dz(kll_w%)_dl(kll_w%)

= = 8.114
a L—-I 0l —w? ( )
s = dzrz — d1F1 _ dz(kll — w%z) — dlz(kll - w%) (8115)

L,—-I W] — W)

Two-to-One Autoparametric Resonance

E = io& — e +ied16& (8.116)
(‘;.:2 = iw2§2 —6/42.{:‘2 + lEAzglz (8117)
where
1

Ay = Yo (5= 1) 2 (a2 — Ian) + 2111 (02 — To1)

+ (I + 1) (a3 — Thass)] (8.118)
Ay = _ [Man — ay + IY (Napn — a)

20,(0 — T) !

+1 (Mg — ax) | (8.119)

Next, we first transform the linear parts of (8.96) and (8.97) into a normal-mode
form. To accomplish this, we note from (8.98)—(8.100) that the eigenvectors corre-
sponding to the eigenvalues w; and w; are [1 I7]" and [1 I3]T. Hence, we introduce
the transformation

1 1
u=Pv= |: rnon :| v (8.120)

into (8.96) and (8.97) and obtain
noalle) Lo el rll)
I L kau  kn| | ] v
— ¢ di 0 1 1 121
N 0 dz Fl F2 1')2

c [all(Vl + Vz)2 + apnp(livi + Fsz)Z + aiz(vi + vo) (L1 + Fsz)i|

ar (v + Vz)2 + an(livi + Fsz)Z + ax(v + vo)(L1v1 + 17v)
(8.121)

Multiplying (8.121) from the left with

1 L -1
-1 _ 2
P = —rz T [ no1 i| (8.122)
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and after some algebraic manipulations, we obtain

sl sl =l ]
V) 0 w3][»m Ua Uz | | V2
(Do — az) (v + 1) + (Da — ap) (v + D)
€ + (Hags — az) (vi + vy) (v + Iv,)

_I_
L —T | (an — Dian) (v + v2)* + (a2 — Dan) (D + L)’
+ (a3 — Tas) (v + vy) (I1v1 + 1vy)

(8.123)

where uq and p; are defined in (8.114) and (8.115) and
I(di — da) I1(dy — di)

== = d = — 8.124

TR M T Lo (8.124)

Next, we transform (8.123) into two first-order complex-valued equations by let-

ting
vi=C+ 81, b= io (& — 51) (8.125)
n=0+0 h=iw(&H-5) (8.126)

Using (8.125) and (8.126), we transform (8.123) into (8.109) and (8.110). Then,
we obtain the normal forms (8.112) and (8.113) in the absence of autoparametric
resonance and (8.116) and (8.117) in the presence of autoparametric resonance.

8.4
Exercises

8.4.1 Use the methods of multiple scales and normal forms to determine a first-
order uniform expansion for

I‘z.tl + w%ul = a1U1U

ﬁz + w%uz = azu%

for small but finite amplitudes when w, ~ 2w;.

8.4.2 Use the methods of multiple scales and normal forms to determine first-order
uniform expansions for

i + w%ul =€auiuy + €kicos Q;t
iy + w%uz = eazuﬁ + €k, cos 2t
when

a) w; ~2w;and 2; ~ 0,
b) w; ~ 2wy and 2, ~ w, .



8.4 Exercises

8.4.3 Determine the normal form of
. 1 . _
iy + 502+ 0u = euruy
- 1 1 2
Uy — 35U + Uy = €U
when 0 ~ 1/2.
8.4.4 Determine the normal form of
. 2 o
U+ wjug = a1Uu3
. 2
Uy + WUy = 0rU1U3
e 2
Uz + w3U3 = a3l
when w3 ~ w, + w;.
8.4.5 Determine the normal form of

b1 + 20, + 3ug + 2e cos 2t ( friur + fraul)

=0
ﬁz =+ itl + 12“2 =+ 2€ cos Qt(fzﬂztl =+ fzzuz) =0
when Q ~ 5and Q ~ 1.

8.4.6 Determine the normal form of

iiq 4+ 405 + 3ug +2cos Qt (fiiug + fiauz) =0
fiy— 01+ 3uy +2cos Qt (friur + frul) =0

when Q ~ 4and Q ~ 2.
8.4.7 Determine the normal form of
i1+ 50y + 6uq + 2cos Qt (fiiur + fiauz) =0
ily + G1q 4+ 24uy +2cos Qt (fruur + fruy) =0
when Q ~ 7and Q ~ 1.

8.4.8 Use the methods of multiple scales and normal forms to determine an ap-
proximation to the solution of

. 2 ..
U+ wjug = a1l

aziﬁ

. 2
Uy + wyu;

wy ~ 2w

8.4.9 Use the methods of multiple scales and normal forms to determine a first-
order approximation to the solution of

.. 2 2 2
i 4+ wjug = € (a1u] + ayuiuy + azul)
. 2 2 3
iy 4+ wiuy = € (asuf + asuiuy + agu;)

wy) ~ 2w,

233



234

8 MDOF Systems with Quadratic Nonlinearities

8.4.10 Use the methods of multiple scales and normal forms to determine a first-
order approximation to

i1+ ojur + € (01u] +20,uruy + 03u3) = Ficos Qt
ﬁz + w%uz +E(62u% +263u1u2 + 54“%) =0

where

wy ~2w; and Q ~ 2w,

8.4.11 Use the methods of multiple scales and normal forms to determine a first-
order approximation to

i1+ wiug + € (O1u] + 20,u1uy + O3u3) = 2F; cos Q¢
iy + w%uz + € (621421 + 203uquy + 6414%) =0

where

wy~2w; and Q ~ w;
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TDOF Systems with Cubic Nonlinearities

In this chapter, we consider two-degree-of-freedom nongyroscopic and gyroscopic
systems with cubic nonlinearities. Nongyroscopic systems are treated in the follow-
ing section, and gyroscopic systems are treated in Section 9.2.

9.1
Nongyroscopic Systems

We assume that the system can be modeled by (8.1), where A and D are 2 x 2
matrices and x and N are column vectors of length 2. Moreover, we assume that
a linear transformation x = Pu has been introduced so that (8.1) becomes (8.2)
and that J and D are diagonal. The case in which | has a generic nonsemisimple
structure is treated in Sections 9.1.5 and 9.1.6. Thus, we rewrite (8.2) as

A%
Wy + wfnum + 2€U by = ea— (w1, u2) + 2 fmcos (2t + 74) (9.1)
Um
where
V:61u‘{+62u31u2+53u§u§+64u1u3+65u‘§ (9.2)
Again, as a first step, we cast (9.1) in complex-valued form using the transforma-
tion
umzém"‘ém, um:iwm(gm_ém)
= iR2Zy, Zm = fne @t
and obtain
Em = 10mEm — €thm (Em — Em) — . (Zm + Zm)
ie JdV - =
_ e 9V , 9.3
20n i, (&1 +81.8+ %) (9.3)

Before proceeding further, we must distinguish between two cases: 2 ~ w,, (cor-
responding to the primary resonance of the mth mode) and  is away from both

The Method of Normal Forms, Second Edition. Ali Hasan Nayfeh
© 2011 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2011 by WILEY-VCH Verlag GmbH & Co. KGaA

235



236
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w1 and w,. We start with the latter case and consider the primary-resonance case
in Section 9.1.4.

When £ is away from w; and w,, we use the transformation (8.8) and (8.10)
and rewrite (9.3) as

. 5 0\ 3
. . _ 1€ _ z1+ 2z
= iwin —euy (N1 — 1) — P |:4(31 (771 + 71+ %)

1 w;— Q2
o ) o033
R
o (’“ et %ﬂ (90.4)

2 = iwanz — €Uz (N2 — 12) — % |:(3z (771 +71+ —Z; i 212)3

2 w;— 2
o ) o033
409 (’72 Tt wz—g jézz)s} (9.5)

In addition to the resonance terms 71, 7471, and 17,7,71 in (9.4) and the resonance
terms 772, 7272, and 571717, in (9.5), near-resonance terms occur when

w, ~ 3wi: Three-to-one internal resonance,

w, ~ w1: One-to-one internal resonance,

Q =~ 3w,,: Subharmonic resonance of order one-third,
Q =~ 1/3w,,: Superharmonic resonance of order three,
Q ~ w,, + w,: Combination resonance.

Next, we present the normal forms of (9.4) and (9.5) for several combinations of
the internal and external resonances.

9.1.1
The Case of No Internal Resonances

Substituting the near-identity transformation (8.14) into (9.4) and (9.5) and choos-
ing the h,, to eliminate the nonresonance terms, we obtain the following normal
forms:
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No External Resonance

1601

fi=iwi&— orb e -5 [126151 & +403558] (9:6)
. . o
b = gl — 02 b et 7 [403618 & + 1205875, (9.7)
where
2401211 662(2122 + 2,24) 4032,2,
= 9.8
T wim 2 el Q)i- Q) ' (@3- 27 )
24052,2 6(34(2122 + 2,24) 403211
= 9.9
T w- 9y T (@l - Q) wi- Q) | (@ - Q) )
Q~ 3(02
E =iwi& — Leal 51 —eurér — [125151 & +40355& | (9-10)
. o ie - - R
b= imb — 28—ty — S [40,6E 5 + 1205825 — e[ &2
2(,02 2602
(9.11)
where 01 and o, are defined in (9.8) and (9.9) and
1 36421 126522
= — 9.12
h 203 |: -2 w%—92i| (6-12)
2 ~ 13w
& = iw1§1— o 51—6#151—% [125151251 + 453525251]—ifrz (9.13)
. . o
b = il — 52 bk — 5o (10366 G +12055E] 014
where 07 and o, are deﬁned in (9.8) and (9.9) and
I = 1 4(31213 3622%22
P20 (01— Q) T (01— @) (0] - 27)
2032125 0423 ]
9.15
Telm 2w - ey " wl- e OB
Q~ 0w+ 2m
‘i:l =iwié — o &1 —eur &y — < [126151251 + 453525251] - iéraézél
26()1 26()1
(9.16)
b = 1008 — S22 — eyl — —— [40351 56 + 1205515] — i€, E]
26()2 26()2

(9.17)
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where o and o, are defined in (9.8) and (9.9) and

1 36221 26322
;=— 9.18
37T o |:a)%—!22 wi— Q2 (0-18)
1 30,21 2032,
I,=— 9.19
Y7 20, |:w%—92 0l — Q2 ©-19)

9.1.2
Three-to-One Autoparametric Resonance

The three-to-one internal resonance w, ~ 3w; produces the near-resonance term
172777 in (9.4) and the near-resonance term 73 in (9.5). Hence, substituting the near-
identity transformation (8.14) into (9.4) and (9.5) and choosing the h,, to eliminate
the nonresonance terms, we obtain the following normal forms:

No External Resonance

: , €0 i€ - - _
b= & — ——& —epr & — — [120180 & + 403558 + 30,5 8]
26()1 26()1
(9.20)
: , i€o i€ - _
& =iws — 5 28 — el — — [403&18:6 + 120557 & + 0,&]]
[0F) 26()2
(9.21)
where o and o, are defined in (9.8) and (9.9).
Q ~2m7 — o
. , i€o
S =iwi& — 151—€H1§1
26()1
i€ = = = .
ey [126151251 + 4035586 + 35252512] — 16F5§22 (9.22)
1
. . i€o
& =im& — szz & —€urs
i€ - _ ) _
BEY [403818:8 + 1205878 + 0,8 | — iel 614, (9.23)
2
where
1 20324 3042
- = — 9.24
57T 20, |:a)%—92 w%—92i| ©-24)

1 26321 36422
Is = — 9.25
6 w2|:w%—92+w%—92 (9:25)

The normal forms corresponding to the other external resonances can be ob-
tained by simply adding the appropriate [, terms to the right-hand sides of (9.20)
and (9.21), as in Section 9.1.1.
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9.1.3
One-to-One Internal Resonance

The one-to-one internal resonance corresponding to w, ~ w; produces the near-
resonance terms 7272, 9372, 7171172, and 527, in (9.4) and the near-resonance
terms 9271, 727201, 12771, and 727, in (9.5). Consequently, substituting the near-
identity transformation (8.14) into (9.4) and (9.5) and choosing the h,, to eliminate
the nonresonance terms, we obtain the following normal form in the absence of
external resonances:

él = iw1§1 1601 ?;:1 1603 §2—€/41§1——[352 (2§1§1§2+§1 52)
+120, &} 51 + 203 (2525251 + & &) +30.85] (9.26)
b= s - 526 - 08—k — 5 [0 26 h s + EB)
+30,62E + 304 (2525251 + & 51) + 12057 52] (9:27)
where
oy — 60,2121 403(z122 + Z122) 604222, (9.28)

(@ =99 " (0] - @Y}~ 07 " (0]~ Q)

The normal forms of (9.4) and (9.5) in the presence of external resonances can
be obtained by simply adding the appropriate I, terms to the right-hand sides of
(9.26) and (9.27), as in Sections 9.1.1 and 9.1.2. However, because the analysis in
this section is valid only when Q is away from w; and w,, one needs to make sure
that the external resonance does not produce a primary resonance.

9.1.4
Primary Resonances

Primary resonances can easily be treated by scaling the excitation at O(e) so that
its effect balances the effects of the damping and the nonlinearity. Consequently,
substituting (8.60) into (9.3), using (9.2), and choosing the h,, to eliminate the

nonresonance terms, we obtain the following normal forms:

No Internal Resonances, 2 ~ o,

&

iw1§1 —€ﬂ1§1 - % [126151251 + 463525251] - %Zléln (9~29)

iwy&y —€urby — — [4535151 &+ 1205&; 52] ie ——2202, (9:30)

& 20,

239
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Three-to-One Internal Resonance, 2 ~ w,

E = o1 Ei—eur &1~ [1261 528 + 403558 + 30,58 |- —— 2101,
2w 2w
1 1
(9.31)
: ) i€ = )z 3 i€
& = iwy8 — ey — =——[4035165 + 1205575 + 0267 — =—22024
2602 2602
(9.32)
One-to-One Internal Resonance, 2 ~ o,
. . i€ = = =
&S =iw& —eur — 0. [1201£2& 430, (26165 + £7&)
1
_ - - i€
+203 (2555 + 52251) + 35452252] — Z—wlzléln (9-33)
& = iwy& — ey — % [35251251 + 205 (2& £1& + 51252)
2
+304 (2525251 + 52251) + 125552252] - 21—;2225” (9.34)

9.1.5
A Nonsemisimple One-to-One Internal Resonance

In this section, we treat a two-degree-of-freedom system whose linear undamped
operator has a generic nonsemisimple structure; that is, we treat the system

.. 2. . 3 2 2 3
U+ ouy = =217 — AUy — AU Uy — Q13U U5 — A4l (9.35)
s 2 ) . 3 2 2 3 9.36
y + @ Uy = =2ty — Uy — Q1 Uy — QU7 Uy — Uo3U1U; — Aoslhy (9.36)

Again, as a first step in the application of the method of normal forms, we use the

transformation
m=6+&, h=io (C1 - 51) (9:37)
w=0L+6, h=io (Cz - 52) (9-38)

to recast (9.35) and (9.36) in the complex-valued form
Gi=iwb —u (6 — &)
i - - _
+ Y [au (& + 51)3 + an (& + 51)2 (&2+ &)

+ars (G 4+ 8) (G + 8)' + an (b +5)] (9.39)
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b=iwt, —uz (& — éz) + i (& + 51) + ﬁ [0621 (& + 51)3
+ an (& + 51)2 (& + 52) + ax (& + 51) (& + 52)2
+a (& + 52)3] (9.40)

In determining the normal form of (9.39) and (9.40), one can follow one of two
approaches. In the first approach, which we followed in Sections 7.3.1-7.3.3, we
determine the normal form assuming that §; and ¢, are the same order and then
we use the fact that ¢, is much larger than §; to simplify the resulting forms. In
the second approach, we use the fact that ¢, is much larger than ¢, to first simplify
(9.39) and (9.40) and then determine the normal form of the simplified equations.

Following the first approach, we note that 3, &, Clzél; Clzizf &6k, széz,
& 8,8y, and &2 &, are resonance terms. Hence, introducing the near-identity trans-
formation

Em = Nm + b (M1, M2, 771, 172) (9.41)

into (9.39) and (9.40) and choosing h; and h, to eliminate the nonresonance terms,
we obtain the normal form

. . i _ _ _
N =iwn — U1+ o [3a1niin + 2auniiin, + annii

+a13nin1 + 20130117272 + 3aan3i;) (9.42)
. . i i _ _
Ny =1wn,— UMy + —n1+ — [3052177%771 + 202117172
2w 2w
+anniity + 2023020201 + anii + 3052477%7_72] (9.43)

Next, we use the fact that 7, is much larger than #, and introduce new variables

defined by
nm=c& and =€ (9-44)

where & and &, are O(1) and 1, > 0. Moreover, we assume that the damping is
weak and hence scale the u, as

U = €Mt (9.45)
where the jt,, are O(1). Substituting (9.44) and (9.45) into (9.42) and (9.43), we have
. A i _ » _
G=iwE —MnE + % [362(11151251 + 2" ap g5

_I_ez—izalzglzéz + 62—2/12(113522,;’:1 + 262_212(11351 & éz

13e2 g, 2 éz] (9.46)
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: . . i i _ _
L=iwg -6+ 561251 + 0 [3624—1202151251 + 2’0866 &

+anblE + 268 an b 68 + T apnElE + 3€2_2120624§22§2]
(9.47)

Balancing the damping term and the dominant nonlinear term in (9.46), namely,
the term proportional to a4, we have

A =2-32 (9.48)

Balancing the damping term and the term that causes the instability in (9.47),
namely, the term i(2w)~'e*?&;, we have

A=Ay (9.49)

We note that due to (9.48), the dominant nonlinear term in (9.47), namely, the term
proportional to ays, is small compared with the damping term. Solving (9.48) and
(9.49), we obtain

M=l=1 (9.50)

and hence (9.46) and (9.47) simplify to

: 1)2

. ) . 3ie -

Gi=iwg& — g + 2% 01452252 + - (9.51)
; . 12 4 iell?

SH=iw&—e 6 + o S+ (9.52)

Equations 9.51 and 9.52 agree with those obtained by Tezak, Nayfeh, and Mook
(1982) by using the method of multiple scales.

In the second approach, we use the fact that the damping and nonlinearity are
weak and that &, is much larger than &; to first simplify (9.39) and (9.40) and
then determine the normal form of the simplified equations. If we assume that
&1 = O(e€), where € is a small nondimensional parameter, then &, = O(e' %),
where 1, > 0. Moreover, for the case of weak damping, u,, = O(e’ll), where
A1 is positive. Using these scalings, we introduce new scaled variables defined by
Um = €My, & = eny, and & = €'7*23,, where the 5, and /i, are O(1), in (9.39)
and (9.40) and obtain

. . 7 M i 7
= ion — e (11— ) + 20 [¢? i (1 + 1)’
+e 20y, (i, + ,‘72)3] + 2 aq,y (11 + 71)? (72 + 72)
+ € ans (i + 1) (72 + 7o)’ ©-23)
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. . . _ i _
2 = iwn, — e iy (0 — i) + EGM (m1 + 71)

i _ _ _
+ o [éz—Hzau (m1 + 771)3 + €eay, (m1 + 771)2 (72 + 172)

+€¥ M2 ay; (1 + i) (2 + 72 + €2 an (7, + 7_72)3] (9.54)

Balancing the damping term and the dominant nonlinear term in (9.53), namely,
the term proportional to a4, we have

A =2-34 (9.55)

Balancing the damping term and the source of the instability in (9.54), namely, the
term i(2w) " 'e*? (171 + 71), we have

=y (9.56)
Solving (9.55) and (9.56) yields

M=l=1 (9.57)
Hence, (9.53) and (9.54) become

i61/2

i = iwn — ey (91— i) + % arg (a4 72 + -+ (9.58)
.12
2 = iwny — €' (72— 72) + o (71 +71) + -+ (9:59)

To simplify (9.58) and (9.59), we introduce the near-identity transformation

N = Em + € Phy (&, 5, &, &)+ (9.60)

and choose h; and h, to eliminate the resonance terms. We note that the terms pro-
portional to 77 and %37}, are resonance terms in (9.58), and hence, we can choose
h1 to eliminate all of the other terms, resulting in the normal form

kY 1/2

‘i:l =iwé — 61/2ﬁ1§1 + 0!1452252 4+ (9.61)

w
Similarly, we note that 77, and 7, are resonance terms in (9.59), and hence, we can
choose h; to eliminate all of the other terms, resulting in the normal form
: . 124 ie'?
L=ing—¢ #252_’__260 E 4 (9.62)
Equations 9.61 and 9.62 agree with (9.51) and (9.52) and with those obtained by
Tezak, Nayfeh, and Mook (1982) by using the method of multiple scales.
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9.1.6
A Parametrically Excited System with a Nonsemisimple Linear Structure

We consider the parametrically excited two-degree-of-freedom system

i+ wluy 4+ 2uiig + 05111431 + alzu%uz + (113”114% + (11414;
+ 2 (F11u1 + Flzuz) cos 2t =0 (963)

ﬁz + w2u2 + Zluzl:tz + u + a21u31 + azzuzluz + a23u1u§ + C(24.M,;
+ 2 (F21u1 + Fzzuz) cos 2t =0 (964)

when the damping and nonlinearities are weak. Again, as a first step, we transform
(9.63) and (9.64) into two first-order complex-valued equations. Using (9.37) and
(9.38) and the transformation

z=¢? (9.65)

we rewrite (9.63) and (9.64) as

L=iwt—w (& — 51) + i [au (&1 + 51)3 + aw (& + 52)3

+ai (Cl + 51)2 (Cz + Ez) + a3 (Cl + 51) (Cz + 52)2]
i

+2w

[Fi1 (61 + 51) + Fia (G + Ez)] (z + 2) (9.66)

L=iwk—u (& - 52) + i [Cl + &+ an (& + 51)2 (& + éz)
+an (& + 51)3 + ax (& + 51) (& + 52)2 + ax (& + 52)3]

+ i [For (&1 + 1) + Foa (& + &) ] (2 + 2) (9.67)

Next, we determine the normal forms of (9.66) and (9.67) for weak damping and
nonlinearities and two cases of parametric resonance: principal parametric reso-
nance (i.e., 2 &~ 2w) and fundamental parametric resonance (i.e., 2 ~ o).

The Case of Principal Parametric Resonance

As a first step, we scale the variables. If we assume that §; = O(e), where € is a
small nondimensional parameter, then, due to the nonsemisimple structure of the
linear operator, {; = O(e'*?), where A, > 0. Moreover, because the damping is
weak, i, = O(e*1), where 1; > 0. Balancing the damping terms and the dominant
nonlinear terms in (9.66) and (9.67), as done in the preceding section, we find that
A1 = A, = 1/2. For the case of principal parametric resonance, 2 ~ 2w and
the terms z&; and z &, are near-resonance terms. In order that the damping and
nonlinearity balance the dominant parametric resonance terms, F,,, = O(e). Thus,
we introduce new variables defined by

gl = €N, gZ 261/2772, Un :Gl/ZAnr anZGfmn
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into (9.66) and (9.67) and obtain

il

i = ion —eiy (n—71) + Sa [a14 (72 + )’

+ fr2 (24 72) (2 + 2)] + - (9.68)
. . R _ iell? _
i2 = iwny — €'y (72— 72) + S (47 + (9.69)

To simplify (9.68) and (9.69), we use the near-identity transformation (9.60),
choose the h,, to eliminate the nonresonance terms, and obtain

. ) R 3iel/? - iell? =
El=iwg& —61/2#151 + > a14§22§2 + 2o f12z& + - (9.70)
R

) = iwE — V6 + o E 4 (9.71)

Equations 9.70 and 9.71 agree with those obtained by Tezak, Nayfeh, and Mook
(1982) by using the method of multiple scales. Moreover, when ji, = 0, (9.70) and
(9.71) agree with those obtained by Namachchivaya and Malhotra (1992). In the
absence of the parametric resonance, (9.70) and (9.71) reduce to (9.61) and (9.62).
Furthermore, in the absence of the nonlinearity, (9.70) and (9.71) reduce to (7.86)
and (7.87).

Fundamental Parametric Resonance

In this case, 2 ~ w and zz§&; and zZ§, are resonance terms and z2&; and z2&,
are near-resonance terms. Hence, we scale F,,, to be O(e!/?) so that the damp-
ing and nonlinear terms balance the parametric resonance terms. Therefore, we
introduce new scaled variables defined by

Gi=em, G=ePn, uy=eli,, and Fpp=el fon

into (9.66) and (9.67) and obtain

) . i _ _ . _
71 =iwn + Eflz (m2 + 72) (z + 2) — €y (91 — 771)

12
+ ’;_w [o1a (2 + 72)° + fu(n+ 1) (z+2)] +-- (9.72)

iy = iwny — €'y (12— 7))
i€1/2

t5e [71+ 01+ fa(n2+72) (24 2)] + - (9.73)

245
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To simplify (9.72) and (9.73), we introduce the transformation
n =& + hi (&0, & 2, 2) + € Phiy (60, &y 2, 2) + - (9.74)
=&+ ePhy (6,82, 2) + - (9.75)
and choose the h,,, so that
Ei=iwk +e g (6,802, 2) + (9.76)
E=io&h+elg (6,8 2,2) + (9.77)

have the simplest possible form. Substituting (9.74)—(9.77) into (9.72) and (9.73),
using (9.65), and equating coefficients of like powers of €, we obtain

31111 81’111 31111 81’111 i| B (ahll ahll -)
+ — hi |+ 18 z——2
[8& s 9E, 35 & 35, 2~ 9E, 55 2| i, 9z
- £ > 9.78
o f12 (&2+ &) (z+2) (9-78)
dh, dhy - dha, dhy ¢ :|
+ — &+ — h
g zw[ag & — " & 3525 35, —&—hy
+i 0 (8h12 _ 8]1122) _ 8h11 - % _ % _ 8h11
dz 0z ) T B T # d& £7%¢, 852

+ iﬂz (hZZ + F‘ZZ) (z+2)—in (51 +hn—& - P_m)

b [ (Gt 8+ fu (84 B+ h+hn) 4] 079
2w 14152 2 1\ &1 1 11 11

dh dh oh dh
- 2 - —2E - hzz)

agé o =&+ 3525 o

oh ohyy _ . - i -
+i 9( 32222_8_2222) Z—#2(§2—§2)+Z[§1+§1

+hyy + by + fo(&+ éz) (z + 2)] (9-80)

g2+iw(

The right-hand side of (9.78) suggests seeking hi; in the form

hll :F1§22+F2§22+F3522+F4522 (981)
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Substituting (9.81) into (9.78) and equating each of the coefficients of &z, 52,
&z, and &% on both sides, we obtain

— le I =— f12
'T 200 2 209
F;:L, I}:—L (9.82)
20(82 —2w) w(2 + 2w)

Substituting (9.81) into (9.80) and using (9.82) yields

0ha, Ohy = Ohy dhy, = )
+ S2E 2 h
& +iw ( T & - 9F, & 95 & - 05, —& —hp

L0 (‘”‘“ - ‘”‘“z) (6B

0z 0z
i z Jia
+£|:§1+§1+ (2 + 20 )(-f;zz—l—gzz)
+ﬁ (&2+&2)+ o (6+ &)z + 2)] (9.83)

Equating g, to the resonance and near-resonance terms on the right-hand side of
(9.83), we have

i
— —0 _ 9.84
25} 28 + 3o &1 (9.84)
Then, we seek h,, in the form
hy = & + Ty + D6z + 36z + Dbz + Mok 2 (9.85)

Substituting (9.85) into (9.83), using (9.84), and equating each of the coefficients of
&,8,52,5%, &2, and &2 on both sides, we obtain

ity 1
=22 r=——)
T 20 6 4w?
Ja fi2
I; = ,
7T 200 + 20242 + 2w)
rno_In fio
8= - ,
202 200222 —-2w)
= f2 n fi2 ,
20(2 —20) 202(2 —2w)?
I o fi2 (9.86)

0(Q +20) 202(2 +2w)
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Substituting (9.81), (9.82), (9.85), and (9.86) into (9.79) and using (9.84), we ob-
tain
hiy dhiy z | 0hpy dh1z ¢

g1+1w[a§15 B hlz]

, dhi;  Ohia _
fo ) itz aidr
+ ( 0z 0z Z)

= (Iz + [;2) (ﬂzgz - i&) + (I3z + I,2) (ﬁzéz + iél)

— i1 (& — &) - % (&2 —52)

. Q- o
+ %(&Z—&Z)

U2 = fzz le
+—f12 Z+Z)|:2w (&L-&)+ (Q(Q +2w) * Q2Q +2w)2)

S 1 _
c(Gz+az) - gn (G a)+ (Q(sz_2 20) Qz(gfl_2 2w)2)

o (Hz+ ézz)i| + %[fn (& + él)(z+ zZ)

+ 000 +20) (gl_{lzzw) (522 + 522) e (z+2)

+ % (&z+&2)(z+2) +au(H+ 52)3]
(9.87)

Because we are stopping at this order, we do not need to explicitly calculate hq;.
Then, equating g; to the resonance and near-resonance terms in (9.87), we obtain

n 3i -
g1 =—ii& + —01452252

fZ 1 1 2 fia(fn + fzz -
[ z ((9 20 (9—2w>2)+ Q- ]”52

Sfua(fu+ f) fi ] 22§, (9.88)

+ E[ Q2 —20) T 2% Q= 20)

Finally, substituting (9.81) and (9.82) into (9.74) yields

mo=&+ f“[%—%Jr Gz _ &2 :|+ (9.89)

Q Q Q—-20 92+2w
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Then, substituting (9.88) and (9.84) into (9.76) and (9.77), we obtain the normal
form

E e 1ps ie'’? {[flz(fn + /») fh ] 27
fi=tob —e b + —— (2~ 20) +92(Q—2w)2 z°&5
+[2f12(f11+f22) . fh fh ]5
Q2 — 40 Q2Q +20) | Q%Q —2w): |
+3a14.§§éz} 4o (9.90)
. : 12
b= i0h =ik + &+ (0.91)

because zz = 1.

In the absence of the parametric excitation (i.e., fi,, = 0), (9.90) and (9.91)
reduce to (9.61) and (9.62). In the absence of the nonlinearity (i.e., a4 = 0), (9.90)
and (9.91) reduce to (7.134) and (7.135) when fi3 = 0and f3, = 0.

9.2
Gyroscopic Systems

Again, for simplicity, we consider a two-degree-of-freedom system to illustrate the
method. Specifically, we consider
l./'tl + /llitz + aiu; =€ (4(31”% + 3(3214%”2 + 263”1”3 + (341432)
+2f1cos (2t + 19) (9.92)
By — Ayl + ayuy = € (62u31 + 263u21u2 + 364u1u§ + 46514%)
+2f,cos (Rt + 13) (9.93)

Using the transformation (7.144)—(7.147) and following steps similar to those used
in Section 7.4, we cast (9.92) and (9.93) in the complex-valued forms

. , iwq (o — w?) - A1 5
— 4+ — +z) - —m—m4mMm(zn + Z
G =tk 2a1(w% — w%) (z1 ) Z(w% — w%) (z2 )

+ ey (Cl + 51 + &+ Ez)3 + €xn (Cl + 51 + &+ éz)z
. |:—i(a1 — i) (G —-&)+ o — @) (G- éz)}

Aiwq A

i(ar — o) zy ., Ha— o) T
+ €x14 [W (Cl - 51) + W (Cz - Cz)i|
i(a1 — o))

+ €13 (Cl+é1+éz+§2)|: (61—51)

Aiwq

L o2
+1(a1 3) (& - Cz)i| (9.94)

Ao,
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iwz(al — (1)%) 11

& =iwy& — (z1 4 21) + (2, + 23)

2w} — o)

tem(G+ra+a+o) +em(@+a+6+8)
. [‘(“1_—“’?) (6 — gz)}

/11601

2a1(w; — w?)

(Cl - 51) + —i(a1 — )

Ao,

i(o1 — w}) 2y, a1 — o)) T
+ €)X [W (Cl - Cl) + W (Cz - Cz):|
: 2
= = o —w =
vem(a+ b+ b+ 8)|[ 15 (@ - 1)
101
. 2
i@ —wd)
EEEra— - 9.95
P (&— &) (9.95)
where
41:(316()1((11—(1)%)—(1162/11 31:(32601((11—(05)—2(11(3311
X1 = 7 5 » X112 = 2 2 ’
2a; (0 — w7) 2a;(w; — w7)
. 21'636()1((11—(1)%)—3(116411 . i64w1(a1—w%)—4a16511
T amei-eh T T amei—ed)
. 061(5212 — 4i616{)2(0€1 — (1)%) . 2&16311 — 3i626()2(0(1 — Cl)%)
T T el - o) e 201(03 - ) ’
3(1164/11 — 21:(33602((11 — w%) 4(1165/11 — i64w2(a1 — w%)
x23 = 2 2 y X4 = 5 5
201 () — w7) 204 (w3 — w7)
(9.96)

There are two cases to consider: 2 ~ w,, (corresponding to the primary resonance
of the mth mode) and £ is away from w; and w,. The case of primary resonance

is discussed next and the other case (secondary resonances) is discussed in Sec-

tion 9.2.2.

9.2.1
Primary Resonances

As in Section 8.2.1, we treat this case by scaling z; and z; at O(¢). Then, substitut-
ing the near-identity transformation (8.60) into (9.94) and (9.95) and choosing the
hm to eliminate the nonresonance terms, we obtain the following normal forms:

No Internal Resonance, 2 ~ o,
E =iwik +e (51151251 + 512525251) +el161,

& =106 + € (Sn&i&i& + SnELE) + €Nos,

(9.97)

(9.98)
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where

ixn(e —o]) | (e —o})? | iyl - o))’

Si1 =3 9.99
11 X1+ Ao /l%a)% /l%w% ( )
_ 2ign(a — o) | (e — w3)* | 6ixis(ar — wf)(a1 — 03)?
S12 = 6)11+ ) 7 3 3 3
101 A3 Awiw;
(9.100)

2igp(ar — @3) | 2x3(01 — @])* | 6ixa(a — wi)’ (a1 — w))

Sy = 6)21+

Aw; Arw? Bwlw,
(9.101)
gl —w3) | xa(on—w3)* | 3igu(er — 03)’

S»n =3 9.102
N ol Pl (-102)
iwl(az—w%)zl—llalzz iwz(al—w%)zl—llalzz

I = 2 2 » =- 2 2
2aq (w3 — w7) 2aq (w3 — w7)
(9.103)
Three-to-One Internal Resonance, 2 ~ o,
E=iwi& +e (51151251 + S1&EEE + Si3EER) + el01, (9.104)
& = iwy +e (521515152 + Sp&e + 523513) +el302, (9.105)

where Si1, S12, Sa1, S22, [1, and I, are defined in (9.99)—(9.103) and

Siy = 3y + 2iy1 |:a1 —0] a1 — w%]  3igu(ar — 0])’ (a1 — 03
1 T 20, w1 Moiw,
i —of) [a—0) a1 — o] 0.106
12601 w?y 26()1 ( ’ )
ixn(er— ) ga(e— o) ixu(e — o)’
Sz =¥ + — — 9.107
2 Awq Aw? B ( )

We note that the transformation (7.144)—(7.147) is not valid when w, ~ w; and
hence (9.94) and (9.95) do not apply in this case. Consequently, the case of a one-
to-one internal resonance needs special treatment.

9.2.2
Secondary Resonances in the Absence of Internal Resonances

In this case, we scale z; and z; at O(1). Then, we introduce the transformation
(8.81) and (8.82) into (9.94) and (9.95) to eliminate the terms involving z, and z,
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at O(1) and obtain

=i+ eqn[m + i+ 12+ 2+ by (21 + 21) + by (20 — 2)
+exnalm + i+ 12+ 72+ bi (21 + 21) + by (22 — 2))
Loy
. |:L(a1 )

Aiwq

. 2
_ il — o _
(m1—11) + Hou = @3) /11 2) (n2 —12)
102

+b3 (21 — 21) + by (22 + 52)]

+exuilm+ i+ 2+ 72+ bi(zi + z1) + by (22 — 23)]

i(a1 — w?) i(a1 — w3)
| —m _ - ar
/11(1)1

(m1—11) + 7 (n2 —12)
102
T2

+b3(z1 — z1) + bs (22 + 22)

i(ag — w? _ i(a; — w? _
+ €x4 a1 — 1) (1 —711) + a1 — wj) (72— 712)
/llwl lle
-3
+b3 (21— 21) + ba (22 + 22) (9.108)

2 = iwama + € [ + i1+ 12 + 712 + by (21 + 21) + by (220 — 2)]
+exnm + i+ 12+ 72+ bi (21 + 21) + by (22 — 2))

Loy

. |:L(a1 )

Aiwq

i(a; — w3)

(m1—11) + (n2 —12)

Aiw;
+b3 (21 — 21) + by (22 + 52)]

+exnlm + i+ 2+ 72+ bi(z + 21) + by (22 — 2)]

i(a — @} _ i(a — w9
o | ML %)
Aiwq

(n1—11) + o (n2 —12)
102

12

+b3(z1 — 21) + bs (22 + 22)

(o — w? _ (o] — o _
+ €)X M(’?l—ﬂl)‘F (o 2) (m2—12)
/llwl lle
-3
+b3(z1 — 21) + ba (22 + 25) (9.109)

where the b; are defined in (8.85).

It follows from (9.108) and (9.109) that, to O(e), only a three-to-one internal reso-
nance is possible because (8.81) and (8.82) are not valid when w; ~ w1 (i.e., when
there is a one-to-one internal resonance). Moreover, the excitation can produce res-
onances corresponding to
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e Q =~ 3w,,: Subharmonic resonance of order one-third,
o Q ~ 1/3w,: Superharmonic resonance of order three,
o Q ~ 2w, + w,: Combination resonance.

We present the normal forms of (9.108) and (9.109) for several of these external
resonances in the absence of internal resonances in this section and in the presence
of a three-to-one internal resonance in Section 9.2.3.

Substituting the near-identity transformation (8.14) into (9.108) and (9.109) and
choosing the h,, to eliminate the nonresonance terms, we obtain the following
normal forms:

No External Resonance

E = iw1& + €016 + € (SnElE + Sn&&E) (9.110)

& =i + €06 + € (SnE1E1E + SnEFE) (9.111)

where Si1, S12, S21, and Sy, are defined in (9.99)—(9.102), and

01 = 6)11[biz121 — bj2225 + b1by (2221 — 212,) |
i(a1 — 0}

/llwl

+ 2x12 |: (b?z121 — b3222; + b1y (2221 — 2122))

+ (b1bs — bybs) (z12, + 2122)]

+ 2x13 [bizzzz —b3z121 + b3bs (212, — 212)

(o — w%)

+ (bibs — byb3) (212, + 5122)]

/11(1)1
6i o] — w>
% [bizziz — b%zlil + b3by (212, — 2122)] (9.112)
02 = 6 [b%zlél - b%Zziz + b1by (2221 — 2122)]
i(a; — w?)

A4

+ 2x32 |: (b1z121 — b3222; + b1by (2221 — 21 2,))

+ (b1bsy — byb3) (212, + 2122)]

+ 2x23 [bizzzz — b32121 + bsby (212, — 2122)

, 2
M=) 1y — byby) (2125 + flzﬂ]
lla)z

" [biz22, — b3z1Z1 + bsbs (212, — Z125)]  (9.113)
1Ww2
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Q2 ~3m;

£ =iwi& +eoib +e (51151251 + 512525251) (9.114)

& = i0:6 + €026 + € (SnE1&i& + $nEFE) + &) (9.115)
where 0, and 0, are defined in (9.112) and (9.113), the S,,, are defined in (9.99)—
(9.102), and

In = (b1z1 + byz)) |:3X21 - ZiXZZ/{f:)Z_ ®)) XZS(Z%;;‘)%)Z]

+ (bsz1 + bazs) [xzz - 21‘%231(?:)2_ @) _ 3“4(;160_% w%)z} (9.116)

Q ~1[30n

E =i & + €018 + e (SuElé + Su&&E) +eh (9.117)

& = iw:6 + €026 + € (SnE1E1& + SnELE) (9.118)

where 07 and 0, are defined in (9.112) and (9.113), the S,,, are defined in (9.99)—
(9.102), and

I =y (blzl + b222)3 + X12 (b121 + szz)Z (b321 + b4zz)
+ X13 (b121 + b222) (b321 + b422)2 + X14 (b321 + b422)3 (9119)

2~ 0 +2m

i =im& +eoid e (51151251 + 512525251) + €36 E (9.120)
& = iwy& + €05 4 € (Sn&1&1& + $ELE) + eILE! (9.121)
where 07 and 0, are defined in (9.112) and (9.113), the S,,, are defined in (9.99)-
(9.102), and
6ail
I3 = 6x11 (b1z1 + baz2) + 172 (b3z1 + bsz;)
10103
— w? 2
4212 | byzy + bazy — i (bizy + byzy) [ L2014 S
Aoy Awy

a; — w? al—wg)

=213 [i (b3z1 + bsz)) ( o 110,
1W1 1

aih,

T oo, (b1z1 + szz)} (9.122)
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(a1 — w})’
2,2
Aoy

2i(a; — w?)

Iy = 3y21 (b1z1 + byzz) — 324 (b3z1 + bszy)

+ X2 |:b321 + bz, — (b1z1 + bzzz):|

11 w1
(a1 — i)

(a1 — w?)? 2i
- ——— (b b
X23 |: /l%a)% (b1z1 + bazy) + F

(b3z1 + bﬂz)}
(9.123)

9.2.3
Three-to-One Internal Resonance

Substituting the near-identity transformation (8.14) into (9.108) and (9.109) and
choosing the h,, to eliminate the nonresonance terms, we obtain the following
normal form in the absence of external resonances:

E = iwi & €0+ e (51151251 + Sp&&E + 51352512) (9.124)

£ =iw6 +eoky+e (521515152 + $nEE + SiE) (9-125)

where 07 and 0, are defined in (9.112) and (9.113) and the S,,, are defined in
(9.99)—(9.102), (9.106), and (9.107).

The normal forms of (9.108) and (9.109) in the presence of external resonances
can be obtained by simply adding the appropriate I, terms to (9.124) and (9.125),
as in Section 9.2.2.
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10
Systems with Quadratic and Cubic Nonlinearities

We consider the response of two-degree-of-freedom damped systems with quadrat-
ic and cubic nonlinearities to simultaneous principal and combination parametric
resonances in the presence and absence of internal resonances. The case of no
internal resonance is treated in Section 10.2, the case of three-to-one internal res-
onance is treated in Section 10.3, and the case of one-to-one internal resonance
is treated in Section 10.4. The case of two-to-one internal resonance is treated in
Section 10.5 using the method of normal forms, in Section 10.6 using the method
of multiple scales, and in Section 10.7 using the generalized method of averaging.
Finally, the case of a nonsemisimple one-to-one internal resonance is treated in
Section 10.8.

10.1
Introduction

In this chapter, we consider the response of two-degree-of-freedom damped sys-
tems with quadratic and cubic nonlinearities to multifrequency parametric excita-
tions. Specifically, we consider systems modeled by

M

A
i1+ oiur + 2u1in + — (u1, ug) + 2ug Z Sfimcos (2t + T1)
aul m=1
+2u; Z frmcos (2t + Tam) =0 (10.1)
m=1
v M
iy + wius + 2uzity + — (U1, ug) + 2ug Z 81m €08 (2t + Vip)
8u2 m—1
+2u; Z 82m oS (2t + v2) =0 (10.2)
m=1

1 3 2 2 1 3 1 4 3
V= §61u1 + 62“1142 + 63141142 + §64u2 + Zalul + ArUuiU)

1., 2.2 3.1, .4
+ Ja3uu; + aguiu; + 7asu; (10.3)

The Method of Normal Forms, Second Edition. Ali Hasan Nayfeh
© 2011 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2011 by WILEY-VCH Verlag GmbH & Co. KGaA
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Clearly, the undamped and unforced system is derivable from the Lagrangian

L=21(4] + i+ oju] + wju) — V(u, u)
Thus the undamped unforced normal form should be derivable from a Lagrangian,
which can be used to check the accuracy of the calculated normal forms.
Again, as a first step, it is convenient to cast (10.1) and (10.2) in complex-valued
form using the transformation

um = Cm + ém; um = iwm (Cm - ém) (104)
Zm =€t 2, =iQu2, (10.5)

To keep track of the different orders of magnitude, we introduce a small nondi-
mensional parameter €. Then, if u,, = O(e), u, = O(e?) and u3, = O(e?), and we
order the damping and excitation terms such that their effects balance each other
as well as the effect of the nonlinearity. To reduce the amount of algebra, we assume
that the i, finn, and gy, are O(€?). Using this ordering and the transformation
(10.4) and (10.5), we rewrite (10.1)—(10.3) as

Gi=iwi6 — i (& — Cl) 0, [ 161+ &1)?
— — — 2 —
+202(81 + &1)(&2 + &) + 03(8 + &) + m [a1(1+ &)?

+3az(§1 + él)z(Cz +8)+ 3G+ E)(G+ &) + asla + 52)3]

Cl +&) Z fim (zme ™" + Zpe ')

m=1
M

Cz + &) Z (zme'™m + Zpe " Tm) (10.6)

& = iwy65 —uy (& — Cz) 20, [52(51 + &)?
. 2

+203(&1 + &)(& + &) + 0a(Ca + E)Z] + ;72 [aa(Cr + &)

+0€3(§1 + 826 + &) + 3au(Cr + )& + ) + as(E + 52)3]

(Cl + &) Z Gim (Zme™ " + 267 1m)

m=1

M
+— (& + &) Z_: 2m (Zme" " + Zpe”Vm) (10.7)



10.1 Introduction | 259

Next, we introduce the near-identity transformation

Cm =Nm+ Ghml(nnr ﬁn) + GthZ(nnr ﬁnv Zy, 2n) + .- (108)

into (10.6) and (10.7) and choose the h,,, to eliminate the nonresonance terms so
that the resulting equations have the simplest possible form

7:]m = iwmnm + ele(nnr Fln) + GZFmZ(nnr ﬁnv Zy, 2n) + .- (109)

where the F,,, are chosen to eliminate the resonance and near-resonance terms.
Substituting (10.8) and (10.9) into (10.6) and (10.7), using (10.5), and equating co-
efficients of like powers of €, we obtain the following:

Order (€)

Fiy 4 L(h11) — iwihyy = Ei_[6MW14—ﬁﬂ2*-25ﬂﬂl*-ﬁlﬂﬂz+-ﬁﬂ
1

032 + 7)) (10.10)

Fo1 4 L(h21) — iwyhoy = 2172 [02(m1 + 71)* + 20301 + 71) (12 + 772)

+84(n2 + 172)°] (10.11)
Order (¢2)
. ah ohi1 = dh ohi1 =
Fi, + ﬁ(hlz) - lwl”llz = - = Fi1 — #Fu - —HF21 - _11 Fn
a1 11 9172 9172

+ i [261(771 + 1) (h11 + I’_'fll) +202(n1 + 1) (ha1 + ”_121)
1
+202(h11 + hu) (2 + 712) + 203(n2 + 72) (har + fm)]

l el - -
t 50— [+ 1)’ + 3 + 710) 012 + 772)
1

+asz(n1 + 1) (2 + 72)” + as(m2 + 72)*] — pa(n1 — i)
. M
1

+ z—wl(m + 771) m;l Fim (Zme' ™" + Z, 67 )

. M
! = iTom = —iTom
+ m(nz +712) ) fom (2me" ™ + 2 ") (10.12)

m=1
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. dhy dho - dhy dho
Fp + L(hy) — iwahyy = — 2 Fyy — 2, — 22
22+ L(hy) —iwyhy o 11 3, o, 3,

i B _ ) _
+ [P [252(771 + 71)(h11 + ha1) + 20301 + 71)(ha1 + ha)
2

+283(12 + 772)(h11 + ﬁn) +204(n2 + 712)(ha1 + Fm)]

i et - -
+ 5= el + 1)’ + asn1 + 71)* 002 + 12)
2

+3as(n1 + 71) (2 + 72)* + as(n2 + 72)°]
M

—ua(n2—12) + i(nl + 771) Z Sim (zme””” + zme_“’]m)

m=1

. M
i . .
+ - + bl m m 1V2m + —m —1iV2m

20,22 ,,; Bom (2™ 4 Zue ™) (10.13)
where

. oh oh _ . oh oh _
Lh)y=iw1| w—m— =) +iws| —1N2— =172
am 971 n 972

M
oh dh
i -Qm a. m_?_m
~|—Lm;1 (Bzmz 8zmz )

Next, we choose hq; and h,; to eliminate the nonresonance terms and F;; and
Fy; to eliminate the resonance and near-resonance terms. We start by assuming
that there are no resonance and near-resonance terms and hence set Fy; and Fy;
equal to zero. Then, we determine the conditions under which this assumption is
violated. The forms of the terms in (10.10) and (10.11) suggest seeking hq; and hy;
in the forms

hi = Lvpd + Dogyijy + it + Tuns + Tsnaipy + Teiis + Do
+ Igniny + Lo, + Tonii (10.14)

hyr = Aimi + Aymiipn + Asiit + Aans + Asnaips + Agiis + A7m1n;
+ Agnina + Agijina + Aw17:2 (10.15)

Substituting (10.14) and (10.5) into (10.10) and (10.11), putting Fy; and F;; equal
to zero, and choosing the I, and A1, to eliminate all of the terms, we obtain

o o o 0
h=—%, hi=——, h=—0y, L=,
2w W 6w 2012w, — w1)
0 ) o 0
=-2, =———>—, [=——, G=——,
o 2012wy 4+ w1) wim; [ZRO)
0 0
r9=—2, I =— :

w1(wz —2w1) w1(w; + 2w1) (10.16)
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o) o o
M=t Ay=—2, M=t
26()2(26()1 —Cl)z) w3 26()2(6()2 +26()1)
o) o 0 o
A=, As=——, Ag=——rp, Ay=——,
2w w5 6w w107
o o 0
/182—3, Ag = — 2 ) /1102——3
wy (w1 — 2w;) w1my 2wy + 1)

It follows from (10.16) and (10.17) that the transformation (10.8) breaks down when
w; ~ 2w or w1 &~ 2w; and hence (10.10) and (10.11) contain near-resonance
terms in these cases. These cases correspond to two-to-one internal resonances,
which need to be treated separately. This is done in Section 10.5.

It follows from (10.14)—(10.17) that

hi1 + hyy = 36_0)1% (1 +77) — zw—é%l’?lﬁl + ﬁ (77% + 7_7%)
203 _ 20, _
- w—%ﬂzﬂz + m (m1m2 + 17172)
20,

_ J 7] 10.18
(@7 — 200) (271 + 11772) ( )

20, ds

2 =2 = 2 =2

+73) = i+ —s (nh +

o7 — o7 (1 + 1) 07 1t 3 (3 +73)
20, 205

- iy —— + i17]
(U%nznz a“(wl_%ZQM)(nznl 7172)

203

_— J 7] 10.19
+ or(01 = 200) (271 + 11772) (10.19)

. )
hyt + hy = 2

Next, we substitute (10.18) and (10.19) into (10.12) and (10.13) and choose hi, and
hy; to eliminate all of the nonresonance terms, thereby leaving Fy, and F,, with
all of the resonance and near-resonance terms. If we stop at O(e?), then we do not
need to determine hq; and h,,, and hence all that we need to do is to determine
Fi; and Fy;. Inspecting the right-hand sides of (10.12) and (10.13), we find that the
following resonances are possible:

w, ~ w: One-to-one internal resonance,

w, ~ 3wi: Three-to-one internal resonance,

Q, ~ 2w,: Principal parametric resonance,

Q. ~ w; + w;: Combination parametric resonance.

In what follows, we consider the different internal resonance cases in conjunction
with the parametric resonances:

Qur~wy—w, Qu~w+w, £2,~2w;, and L, ~2w,
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10.2
The Case of No Internal Resonance

Choosing F;; and Fy; to eliminate all of the resonance and near-resonance terms
in (10.12) and (10.13), we obtain
4 5- _
Fip = —uim + P (511771771 + 512’72772771)
1
i

+o- (fipi12p €™ + fomMaZme ™" + frui122,e'™")  (10.20)
1

41 _ _
Fp = —uams + s (512771771772 + 52277%772)
2

L iVim N ivin = inq
+ 7o (GimMizme™"™ + gini1zne’"" + gagiiazqe’"?) (10.21)
2
where
1002 402 202
8Sn=301——F - —F+—5"— (10.22)
3wy w;  4o]— )
40105 40,0 803 802
8Sp =23 — —po — 2 T3 (10.23)
w7 w5 w; —4w; w7 —4w;
g5 _ 3. _ 1007 403 202 1024
=3as — -+ —— .
2 T30 0 40— ?

Substituting (10.8), (10.18), and (10.19) into (10.4) yields

_ 01 _ 201 _ 03 _
U1 2771+771+€[—2(772+77%)——2771771+ﬁ(’?%‘i"?%)

3wy ! W] 4wy — 0]
203 _ 20, _
- w—%ﬂzﬂz + m (m1m2 + 171772)
20, _ _
(@2 — 20y TP T ’71’72)] o (10.25)
Uy =nz+ﬁz+e[%;—jw%(f7%+ﬁi)—2w—6§mm+ 36—6:%(77%4-7_7%)
204 203 _
- w—%ﬂzﬂz + m (m2m1 + 172771)
203 _ _
or (@1 —2ay) 2T ’71’72)] o (10.26)

Substituting for the F,,, into (10.9), we obtain the normal form

) , 4ie? _ _
= ioim —un + o (51177%771 + 512’72772771)
1
i€2 b ir1 3 —il’z by iTz
+ﬁ(f1pnlzpe P+ foml2Zme” "+ foullazae' ™) oo
1

(10.27)



10.3 The Case of Three-to-One Internal Resonance

P2

2 = iwyny — Xy, + (S2miimz + Sunii)

W)
iéz iv — iv - iv
+ o (glmﬂlzme "+ ginf1zne’" + gag7224¢ 2’1) + .-+ (10.28)
2

Replacing the 7, in (10.25)—(10.28) with A,e'®"!, we obtain the same results
found by using the method of multiple scales (Nayfeh and Jebril, 1987). Moreover,
in the absence of damping and forcing, (10.27) and (10.28) are derivable from the
Lagrangian

L=iwi (11 — i171) + iwy (92072 — 72712) — 2039171 — 203927,
— 4¢? (51117%1_7% + 282, + 52277%7_7%)

10.3
The Case of Three-to-One Internal Resonance

The three-to-one internal resonance produces the additional near-resonance terms

41 _ 41
— S13m277; and  — Sy}
w1 w3

in (10.12) and (10.13), respectively, and hence F; and F, are chosen to contain
these additional terms, respectively, where

2010, 4010, 40,03 20,03

8513 = 3a 10.29

v 2+ 3w wy(wy, —2w1)  wi(w1—2w3) 4wl - w3 ( )
2010 20,0

85 = ay + — 22 (10.30)

2
3w] 4w] — w;

Consequently, to the second approximation, u; and u, are given by (10.25) and
(10.26), where 7, and #; are given by the normal form

. . 4ie? _ _ _
= iwin —uin + P (51177%771 + Sumenan + 513’72’7%)
1
i€2 = iT = —iT = iT
* ﬁ(flpnlzpe Yt HrmlaZme "+ fonlnzae' ™) + -
1
(10.31)
. : 2 4ie? = 2= 3
1, = 1wyNy — € U, + p (512771771772 + Spnyna + 523’71)
2
i€2 iv = = v = iv
e (gumM1zZme™ ™ + g1al1Z0€""" + G2g7224€""%) + -+ (10.32)
2

As w; — 3w, (10.29) and (10.30) reduce to

2010, 60,03

8513 =3 _— =
1 %2+ w? Sw?
2010, 20,03

8Sy;; = a; +
2 z 3w? Sw?
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and thus S35 = 3S,3. Therefore, in the absence of damping and forcing, (10.31)
and (10.32) are derivable from the Lagrangian

L= iwi(n1ij1 — i) + io2(n202 — 72772) — 2017171 — 2035727,
—4€” [ Suntnt + 2Suniginala + Suniis + S (n273 + 72m3) ]

10.4
The Case of One-to-One Internal Resonance

Choosing Fj; and F;; to eliminate the resonance near-resonance terms in (10.12)
and (10.13) and then substituting the results into (10.9), we obtain the following
normal form:

. . 2 4ie? 2= - 2=
N =iw1n — € U1 + o (Sumiin + Swn2ian + S11i72
1
+S1un371 + Sismifiinz + Si67572)
: 2
ie

3 (FirMzp €™ + fonaZne™ ™ 4+ fuaz,e™)  (10.33)
1

. , 4ie? _ _ _
2 = iwan; — € uam; + o (Swnamiin + Sunsia + Suniin
2

+S24m3711 + Sas01712 + S267271271)
. )

i€ ; _ ; ) ,
e (gimiizme™ " + guainzne'™" + gagi2zqe’"™) (10.34)
2
where
2010 40,0 40,0 20,0
Si3 = 3ap+ ——2 — — 2 (10.35)
3wy wi(w1 —2w;)  wi(wy —2w1) 4o — o)
20,0 20,0 4062 462
S = a3+ e 22 2 3 (10.36)
4wy — wy 3w; wy(wy —2w1)  wi(w1 —2wy)
8010 80,0 4010 40,0
Sis = 6ay+ ———s 4 —— > L2 T2 (10.37)
w; —4w; w7 —4w; W] w5
100304 40,0 20,0
Sip = 3ay — ——grt — —23 2 (10.38)
3w; W] 4wy — w]
10010, 40,0 20,0
Sy =30y — ot — 22 1 (10.39)

2 2
3w] w3 4] — w5
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p 3o+ 20,03 N 20304 40,03 40304 (10.40)
= a R

24 ¢ 40t —w? 302 wi(wr—2w01) oi(w;—2m,)
2010 20,0 463 463

Sis = a3+ 5 s z : (10.41)
3wy 4o]—w;  wi(wr—2w1)  wi(w;—2w,)
40105 40,0 803 802

Spp =6y — —> — 2 2 3 (10.42)

oh w5 w; —4w] w]—4w;

Therefore, to the second approximation, u; and u; are given by (10.25) and (10.26),
where 77 and 7, are given by (10.33) and (10.34).

As w; — w1, (10.35)—(10.42) reduce to

100190 100,06
851323(12—#— 223
3w] 3w]
402 26,63 462
8514=053——22 123——3
w7 3w] w7y
20010 200,60
851 = 6y — 122_ 223
3wy 3wy
100,60 10030
851 = 3as — 223_ 324
3wy 3wy
100190 100,06
85y, = 3ay — 122_ 223
3wy 3wy
100,03 100304
85y, =304 — —
AR 3w? 3w?
402 26,63 462
85y = a3 — —= -3
» P w2 3w? w?
200,03 200304
85,6 = 6014 — —
% a4 3w? 3w?

Thus,

1
S13 = S33 = 3515,

1
S16 = S = 352,

20704

2
3w]

20704

2
3wy

and 514 = 525

Therefore, in the absence of damping and forcing, (10.33) and (10.34) are derivable

from the Lagrangian

L= iwi(ni1 — i) + ioa(n2012 — 72772) — 20371771 — 2031727,
—4¢> [Suntiii + Sun3i; + 2Summna,

+2S13 (niiiaiz + #inin2)

+S14 (1577 + 1i713) + 216 (1572711 + 30211 ]
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10.5
The Case of Two-to-One Internal Resonance

We consider the case of w; ~ 2w;. Specifically, we let w, = 2w, + €0, where o
is a detuning parameter. The case of w; & 2w, can be treated in a similar fashion.
It follows from (10.16) and (10.17) that Iy and A; have small divisors and hence
the term 7,7 in (10.10) and the term #? in (10.11) are near-resonance terms. For
a uniform expansion, we choose Fj; and Fj; to eliminate these terms; that is,

F11 = &7’]27_71 and F21 = ﬁ?’]% (1043)

w1 2w,
Then, substituting (10.14) and (10.15) into (10.10) and (10.11) and eliminating the
nonresonance terms, we find that the I',, and A, except Iy and A, are given by
(10.16) and (10.17).
Substituting (10.14)—(10.17) into (10.4), we obtain

_ 01 _ 201 _ 03 _
U1 2771+771+€[—2(772+77%)——2771771+ﬁ(’?%‘i"?%)

3w] ! on 4ws — w]
263 _ + 262 ( + _ )
w% n212 @5 (@7 + 207) N2 + N2
0 o
—— (1772 + 771772)] + - (10.44)
w1wW3
_ 62 2 -2 262 —
Up =12+ n2—¢ [sz(wz +207) (7 +77) + 2 171
04 , 5 > 204 _ 203 _
30?2 (n3 +13) + e 7272 o1 (01 + 207) (m2m1 — M2771)

203
a)z(a)l — 26()2)

Substituting (10.14)—(10.17) into (10.12) and (10.13) and choosing F;, and F;; to
eliminate the resonance and near-resonance terms, we obtain

(m2111 + 7711'72)] + - (10.45)

41 _ _
Fip = —uim + o (Suntin + Sunaiiani)
1
i

+ o [ fipi112p €™ + fommaZme ™" + fruijpzae’™]  (10.46)
1

4i ] .
Fp = —uzmz + - (Saamiima + Sunsna)
2

i i - - iy - iv
+ o [glmnlzme”"m + g1nf2Zne” " 4 gagi1224¢ 2’1] (10.47)
2
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where
1062 462 02
3w] w;  wz(wy + 2w4)
40103 40,0 862 262
851, = 85y = 203 — 0 — b g D3 2 (10.49)
w7y w3 wi —4w; wi(wy + 2m)

1062 462 202

85, = 3as — ; Lo 2 (10.50)

2 2
w5 w7y 4w — w]

Therefore, to the second approximation, u; and u, are given by (10.44) and (10.45)
where 777 and 7, are given by the normal form

. , i€ed, _ 4ie? _ _
1 =1iwin1 + 2772771 - €2H1’71 + (51177%771 + 512’72772771)
w1 w1
)
i€ _ . o _ .
+ bV [flpnlzpe”“’ + fomNazme T + fzy,nzzne”“] (10.51)
1

. , i€d 4ie? _ _
72 = 1wy, + 2—2’7% — ey + — (Sumina + Snuniia)
) w3
ie?

* 2, [gimM1Zme™ ™ + ginliazne™ " + gagilazqe’" | (10.52)
2

In the absence of damping and forcing, (10.51) and (10.52) are derivable from
the Lagrangian
L= i (1)1 — f1i11) + iwy (92072 — 72712) — 20310171 — 203927,
— €0y (n277 + 2m7) — 4€” (Sunting + 2Suniqinls + Sunsi;)

10.6
Method of Multiple Scales

To describe the method without algebraic complication, we consider the following
special case of (10.1) and (10.2):

i;tl + w%ul = —2662“1%2 (1053)
i)+ wiuy, = —€d,u] (10.54)

where w, &~ 2w;. We describe three implementations of the method of multiple
scales: (a) treatment of the governing equations in second-order form, (b) treatment
of the governing equations in state-space form, and (a) treatment of the governing
equations in complex-valued form.
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10.6.1
Second-Order Form

We seek a second-order approximation of the solution of (10.53) and (10.54) in the
form

2
n(ti€) = Y €™t (To, Ty, To) + -+ (10.55)

m=0

Substituting (10.55) into (10.53) and (10.54) and equating coefficients of like pow-
ers of €, we obtain:

Order (€9)
Dguio 4+ wiuig =0 (10.56)
Déuzo + w%uzo =0 (10.57)
Order (€)
Déun + w%un = —2DyDiu19 — 20, U120 (10.58)
D2ujy 4 wiuy = —2DgDyuyg — O,ud, (10.59)
Order (¢2)
Déulz + w%ulz = —2DoDquq — Dfulo —20,u11U30

— 2D0 D2 U9 — 2(32 UioU1 (1060)

Dguzz + (U%uzz = —2D0 Dl Uy — D%uzo — 2D0 Dz Uy — 2(32 UioU11 (1061)
The general solutions of (10.56) and (10.57) can be expressed as
Umo = Ay (T, Ty) €' ™0 4 cc (10.62)

Then, (10.58) and (10.59) become

Déull + w%un = —21(01 DlAleia”To — ZézAzAlei(wH‘wl)T"
—20,A,A€' @0 4 ¢ (10.63)
DSUZl + w%un = —21(02 DlAzeiszo — (32A2162iw1T0
— 0,A1A1 4 cc (10.64)

Any particular solution of (10.63) and (10.64) contains secular and small-divisor
terms when w; & 2w;. To quantify the nearness of w, to 2w;, we introduce the
detuning parameter ¢ defined by

Wy =2w1 + €0 (10.65)



10.6 Method of Multiple Scales
Using (10.65) in eliminating the terms that lead to secular terms from (10.63) and
(10.64), we have
iw1D1A; = —0,A,A€T (10.66)
2iw; DAy = —0,A%e T (10.67)
Then, the general solutions of (10.63) and (10.64) can be expressed as

20,

"7 A A eiertenD 10.68
a)z(a)z +26()1) 241¢ T ( )

un = By (Ty, To) €' ™ +
iwy Ty 62 A
Uy = Bz (Tl, Tz) € - ?AlAl + cc (1069)
2

Substituting (10.62) and (10.66)—(10.69) into (10.60) and (10.61) and eliminating
the terms that lead to secular terms, we obtain

— 21(,01 DzAl — 2iw1D1 Bl — D%Al
= 2(32 (Azél + BzAl) ZiOT]

402 40?2 -
— —22A21A1 + ——2——A1AA) (10.70)
w3 w(wz + 2w1)
—zinDzAz — 21&)2 Dl BZ — D%AZ = 2(32A1 Ble_iUTl
463

— 2 AAA 10.71
W (wz + 2w1) AL )

Using (10.66) and (10.67) to eliminate D?A; and D?A, from (10.70) and (10.71)
and using the method of reconstitution, we obtain the modulation equations
2ia)1A1 = —2652A2A18i€0t + 62 { — 2i(1)1D1 B1 — 2(52 (Azél + BzAl) ei“”

o _ 402 -
+ 2A2A16“‘” + _22 (1 + ﬂ) A2A,
w1 w3 8w

03 4? _
- [1+w(—1] A1A2Az} 4. (10.72)
2
2iwyA; = —€9,A%e 0! + €2 |:— 2iw, D1 By —20,A Be~ €0

0(32 2 —i (32 46()1 -
2 A ieot 2 1— A AA .
26()2 ¢ + w17 a)2+2a)1 2A141 | +

(10.73)

When B; = 0 and B, = 0, (10.72) and (10.73) are not derivable from a La-
grangian because the coefficient of A; A LA, in (10.72) is different from the coef-
ficient of AyA;A; in (10.73). The first is —(303)/(2w?), whereas the second is 0
when w, = 2. Moreover, the coefficient of A,A; in (10.72) is not equal to twice
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the coefficient of A2 in (10.73). To make these coefficients the same, we choose B;
and B, in (10.70) and (10.71) such that

2iw1D1B; + D?A; =0 and 2iw,;D;B,+ DA, =0 (10.74)
or
) . ) .
B =——>5AA1e’T and B, =-——5Ake T (10.75)
2w1 4wy

Substituting (10.75) into (10.70) and (10.71), letting @, = 2w;, and using the
method of reconstitution yields

: - 993 , - 02 -
2im A = —2€0,A,A167 " 42 [g—wzzAzlA1 + ﬁAlAZAZ]+--- (10.76)
1 1
. , o2 _
2iwy Ay = —€0,A%e ¢ ﬁezAzAlA1 (10.77)
1

which are derivable from the Lagrangian

- . - _o. 962 _
L=iw; (AlAl - AlAl) +im, (AZAZ - AZAZ) e AA]
w75

. . 62 o
— €0y (A AT + ATAe ) + ﬁezAlAlAzAz
1

(10.78)
Letting
Nm(t) = Am(t)e

in (10.51) and (10.52) and setting f1,, = 0, g1, =0, 61 = 0, 05 = 0, and 64 = 0,
we obtain (10.76) and (10.77).

To compare the results obtained in this section with those obtained in Sec-
tion 10.7, we express them in real-variable form by introducing the polar transfor-
mation

An = %an e iBn
into (10.76) and (10.77) and separating real and imaginary parts. The result is

€0

a, = ——2a1a2 sin (8, — 201 + €ot) (10.79)
2601
. 662 2 .
Gy = ——ajsin(f; — 2p1 + €ot) (10.80)
4(1)2

. o 9¢252 252
a1,31=Zalazcos(ﬂz—zm_i_eot)_ €03 3 €09 2

2w4 64a)% ! 16w%
. €dy €262
a = ——a7 cos —2B1 + €ot) — aja 10.82
282 10, (B2—2p1 ) 203 1% ( )
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Substituting (10.62), (10.68), and (10.69) into (10.55) and using (10.75) yields

662 - : 26(52 .
up = (A1 — —=2A AT el "2 A A ei@rTeonTo ¢
' ( w2 ) w0y +207) 2!
(10.83)
0 ; ; o) _
Uy = (AZ - E—ZZAzle_’“Tl) e _ 22 AL &) 4 cc (10.84)
4w3 w3
Then, using the polar transformation, we rewrite (10.83) and (10.84) as
6(32
up = arcos(wit + 1) + ——————a1a; {cos[(w2 + w1) t + B2 + Bl
W (wz + 2w1)
w(wz + 2w
_Z(Z—ZHCOS[(WZ_wl)t"'ﬁZ_ﬁl]} + e (10.85)
4w
eéza%
Uy = a;cos (wat + ) — 02 {cos 2wt 4+ 2P1) + 4} + -+ (10.86)
2
10.6.2
State-Space Form
We start with writing (10.53) and (10.54) in the state-space form
l;tl — V= 0 (1087)
b1+ wiug = —2€d,uqu, (10.88)
l;tz — V) = 0 (1089)
Uy + wiuy = —€d,uf (10.90)

Then, we seek a second-order approximate solution of (10.87)—(10.90) in the form

2

Up =Y €ty (To, Ty, To) + - (10.91)
m=0
2
Vo= Y € v (To, Tr, To) + -+ (10.92)
m=0

Substituting (10.91) into (10.87)—(10.90) and equating coefficients of like powers of
€ yields.
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Order (€9)
Dou1op—v10=10
Dyvig + w%ulo =0
Douizo — 120 =0

2
DOVZO + w2u20 =0

Order (€)
Dou11 —vi1 = —D1ugp
2
Dovi1 + @iu1n = —Dqvig — 20u10U20
Douz1 —v21 = —Diuy
D 21Uy = —Dyvy — Oou?
oV21 + WU = 1120 2U7g
2
Order (¢7)
Dou1p —vig = —Diu11 — Daugg
2
Doviz + @iu1y = —Dqvi1 — Dyvig — 20, U101 — 20,11 U
Douzy — v = —Diuz — Dauyg
2
Dovyy + w5ugy = —D1vy1 — Davyg — 202u10Un1

The solutions of (10.93)-(10.96) can be expressed as
u = A1 (Ty, Ty) 1T 4 occ, v = iw A (T, T2) el1To 4 cc
Uz = Ay (Ty, Ty) €920 4 cc, vy = iwy Ay (Th, Ty) €/2T0 4 ¢
Substituting (10.105) and (10.106) into (10.97)—(10.100) yields
Douqy — vip = —D1 A1 4 cc

DOV11 + w%un = —iwlDlAlei‘”lTO — 262A2A18i(w2+w1)ro

—20A,A i@ o10To 4 (¢

Dotz — vy1 = —DyAze' 2T 4 cc

(10.93)
(10.94)
(10.95)

(10.96)

(10.97)
(10.98)
(10.99)

(10.100)

(10.101)
(10.102)
(10.103)

(10.104)

(10.105)

(10.106)

(10.107)

(10.108)

(10.109)

DOV21 + w%un = —iszlAzeiwzro — (32A2182iw1T0 — 62A1A1 +cc (10110)
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Because the homogeneous equations (10.107)—(10.110) have nontrivial solutions,
the nonhomogeneous equations have solutions only if the nonhomogeneous terms
are orthogonal to every solution of the corresponding adjoint equations. In this
case, the solution of the adjoint of (10.107) and (10.108) is

[iwy 1T et
Therefore, using (10.65) and imposing the solvability condition on (10.107) and
(10.108), one obtains

2iw1 DA = —20,A,A €T (10.111)

Then, although (10.107) and (10.108) are solvable, their solution is not unique.
A unique solution can be obtained by requiring it to be orthogonal to the above
adjoint solution. Hence, the unique solution of (10.107) and (10.108) is

26, . P
Uy = ——————— A AqeiortenTo 2 a, A giler—enTo g e (10.112
" Wy (W, + 2w1) 201 2w? 2 ( )
2i0 . 10 _
vy = MAzAle’(wﬁ'w])T"—l-uAZAle‘(“’Z_“”)TO +cc (10.113)
a)z(a)z =+ 26()1) w1

Following steps similar to those used above, one finds that the solvability condi-
tion of (10.109) and (10.110) is

2iw, DAy = —0,A%e T (10.114)

and their unique solution is

0 — o .
Uy = __22A1A1 - _Zz AT 4 cc (10.115)
w5 4wy
vy = ﬁAﬁez"‘mTo +cc (10.116)
4(02

Substituting (10.112), (10.113), (10.115), and (10.116) into (10.101)~(10.104) and
imposing the solvability conditions yields

02%(8 5 - 202 _
2ioy DA, = 2B g 205 4 a8, (10117)
w5 (wy + 2w4) wi(wz + 2w1)
, 203 -
Zla)zDzAz = A2A1A1 (10118)

(Ul(a)z =+ 2(01)
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Using the method of reconstitution, we combine (10.111), (10.114), (10.117), and
(10.118) into

2
2iw1A1 = —2652A2A18i60t + 62 [M A

0wy +2w1) ! !
2—6%14 AyAy |4 10.119
w1y +2w7) 2:| (10-119)
. \ 2 ,—ieat 2626% A
216{)2A2 = —E(SzAle + —A2A1A1 + .- (10120)

(1)1((1)2 =+ 26()1)
Equations 10.119 and 10.120 are derivable from the Lagrangian
L= ia)1 (AIIALI — AlAl) + ia)2 (Azgz — AzAz)

2028wy + 5w32) , -

—€¢d, (A Azeieot_’_AZA e—ieat +
2 (4247 152 ) 202wy + 207) 1!

202

— "2 AAAA 10.121
(@ + 201) 1A1AA, ( )

Equations 10.119-10.121 reduce to (10.76)—(10.78) when w, is replaced with 2w;.

10.6.3
Complex-Valued Form

Using the transformation (10.4) and (10.5), we rewrite (10.53) and (10.54) in the
complex-valued form

é1 (C1 + Cl) (Cz + 52) (10.122)

&= (Cl +&)° (10.123)

We seek a second-order uniform expansion of (10.122) and (10.123) in the form

Caltie) = Ze Oum (To, Ty, To) + - (10.124)

m=0

Substituting (10.124) into (10.122) and (10.123) and equating coefficients of like
powers of €, we obtain

Order (¢°)

DoCi1 —iw1811 =0 (10.125)

Do&o1 —iw381 =0 (10.1206)
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Order (€)
. %o) - _
Do812 —iw1812 = —D1&n1 + lw—z (Cll + Cll) (Czl + Cu) (10.127)
1
. 10, - 2
DoGar —iw28n = —D1&un + [P (Z1 + &n) (10.128)
2
Order (€2)

Do&13 —iw1813 = =Dy 811 — D18ia + % (G + 511) (G2 + 522)
+ % (612 + &12) (&1 + 1) (10.129)

. i - -
Dol —iw383 = —D3801 — D1 + w_z (G11 + C11) (812 + G12) (10.130)
2
The solutions of (10.125) and (10.126) can be expressed as
& = A, (Ty, T) eon ™ (10.131)

Substituting (10.131) into (10.127) and (10.128) yields

Doliz — iw18ip = —DyAre’1 T 4 —2 [AzAlel(wz_wl)TO
w1

+A2Alei(wz+w1)To + AIAZei(m—wz)To
+A2A1e—"<w2+w1”°] (10.132)
, ) , _
Doy — iwy8 = —D1A2e"? ™ + 21_2 [Afe T +2A,A;
()]
+ A% 21 o] (10.133)

Using (10.65) in (10.132) and (10.133) and eliminating the terms that produce sec-
ular terms, we obtain

5

DiA; = 2 A A eloT (10.134)
w1
10, 2 ,—ioT

DiA; = st ALe T (10.135)
(25

Then, the solutions of (10.132) and (10.133) can be expressed as

0 ; 0 o
1 = 2 AZAlel(wz-i-an)To _ 2 AlAzez(wl—wz)TO
w103 w10
0 -
(s + 2wy AT (10.136)
62 A 62 A2 ,—i(wr+w1) T
b = ——5A1A] — ——————Aj Mt (10.137)

w3 2m;(w; + 2w1)
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Substituting (10.131), (10.136), and (10.137) into (10.129) and (10.130), using
(10.134) and (10.135), and eliminating the terms that lead to secular terms, we
obtain

10250, + 8 _ 62
DyA; = —22b@2 4801 o p 105 (10.138)
2wiw5(wy + 2w4) wi(wy + 2w,)
‘62 _
DA, = — 1% AALA, (10.139)

a)la)z(a)z + 26()1)

Using the method of reconstitution, we combine (10.134), (10.135), (10.138), and
(10.139) into

. i€d - ie202(5 8 . ie202 _
dy= 0 Ay iom JCO00 LI g IOy 44,
w1 2wiw5(wy + 2wq) wi(wy + 2w1)

(10.140)
. i€d . ie202 .
Ay= =02 p2p=ioTi €9 a4, (10.141)
2(,()2 a)la)z(a)z + 26()1)

Equations 10.140 and 10.141 reduce to (10.76) and (10.77) when w; = 2w;.
10.7
Generalized Method of Averaging

Using the method of variation of parameters, we transform (10.53) and (10.54) into
Um = am(t)cos[@m(t)],  Gm = —@mam(t)sin[@m(t)] (10.142)

where
B
i = —;721(11612 [sin (¢ — 2¢01) — sin (2 + 2¢1)] (10.143)

. 662
1= w1+ maz [cos (2 —2¢1) + cos (2 + 2¢1) + 2cos ¢p,]  (10.144)

4y = %af [sin (¢, — 2¢1) + sin (¢2 + 2¢p1) + 2sin ¢ (10.145)
2

: 8,a?

by = wy + jwzzlz [cos (¢ — 2¢01) + cos (¢ + 2¢01) + 2cos 5] (10.146)

We seek a second-order approximate solution of (10.143)—(10.146) in the form

2
Gn(t) = N(t) + D € @ (Y1, 92,91, 72) + - (10.147)
n=21
Pm(t) = Ym(t) + Z €" Gmn (Y1, Y2, M1,72) + -+ (10.148)

n=1
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where the a,,, and ¢, are fast-varying functions of time,

M = €A (N1, M2, 1) + € Ama (N1, M2, t) + -+ (10.149)

Vi = Om + €Dt (111,12, 1) + € Pz (111, 72, 1) + -+ (10.150)

and the A,,, and @,,, are slowly varying functions of time. Substituting (10.147)—
(10.150) into (10.143)—(10.146) and equating the coefficients of € to zero yields

dayq daq 0,

A fon dun_ % in (1, — 291) — si 2
1+ w v + w; ) 70, N1z [sin (Y2 — 231) — sin (v + 291)]
(10.151)
dpn P11 0,
@ = — — 2
1+ o B + w; 9 Zwlﬂz[cos(lﬁz Y1)
+ cos (Y2 + 2y1) + 2 cos y,] (10.152)
dayn day 0 20 .
A g don _ %2 2
21+ w1 B + w; 3, 4w2771[51ﬂ(¢z Y1)
+sin (; + 291) + 2sin )] (10.153)
¢ 0pn Yk
@ - 2
21 + w1 e + w3 2, 2001, [cos (2 — 291)
+ cos (Y2 + 291) + 2 cos Y,] (10.154)

Choosing the A,; and @,; to eliminate the slowly varying terms in (10.151)-
(10.154) and using (10.65), we obtain

o) .
A = ———— iz sin (y; — 291) (10.155)
26()1
oy = 22 2 10.156
T o 772 cos (Y2 — 291) (10.156)
_ 62 2 .
An = . sin (2 — 2yn) (10.157)
W)
52W%
Dy = -2 .
%= cos (2 — 2y1) (10.158)

Then, the solutions of (10.151)—(10.154) are given uniquely by
021172

1 = g oS (b2 + 291) (10.159)
P = m sin (Y, + 2y1) + 2:2}22 sin ¥ (10.160)
ay = —#’fzml) cos (12 + 291) — 226;7; cos > (10.161)
b = #jiwl)m sin (5 + 291) + 2(25%’752 sin ), (10.162)
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Substituting (10.155)—(10.162) into the second-order problem and choosing the
Ay and @y to eliminate the slowly varying terms in the resulting equations, we

obtain
A, =0 and A, =0 (10.163)
Dy = — % [(Bwi + 5wiw2)nt + 2win] (10.164)
8wiwi(w, +2mw1)
03 2
&y = — (10.165)

4601(02((02 =+ 2(01) Tll

Substituting (10.147) and (10.148) into (10.142), expanding the result for small ¢,
and using (10.159)—(10.162) yields

€0
uy = nycos(wit + B1) — o ; 112 cos[(wz — w1) t + B2 — Pl
1W2
€0
SO o[y + 1) t+ Ba + Bl + - (10.166)
a)z(a)z +26()1)
€0,m? €0
Uy = 1, cos (Wt + f2) — sz_lzwl)cos (w1t +2p1) — Z—wzznf 4o
2
(10.167)

Substituting (10.155)—(10.158) and (10.163)—(10.165) into (10.149) and (10.150), we
obtain the modulation equations

. €d .
n= _ﬁ"ﬂh sin[(w, —2w1) t + B2 — 2B1] + O(€’) (10.168)
1

. €d
1 = w1+ —nacos[(wy — 2w1) t + By — 2]
2601
€202

B 8wini(w, + 2w)

[(BwT + Swiwa)ni + 20375 + O(€’)

(10.169)
o)
i = %;ﬁ sin[(@; — 201) t + B2 — 2B1] + O(€Y) (10.170)
2
. 0,12
1/)2 = Wy + : 2771 Cos [((Uz — 2(01) t+ ﬁz — 2,31]
@212
262

_— nl+ 0(€) (10.171)

a 4wiwy(wy + 2m1)

Equations 10.166-10.171 are in full agreement with (10.85), (10.86), and (10.79)-
(10.82) obtained with the method of multiple scales because w, ~ 2wy, 1, = a,,
and ¥, = w,t + B,



10.8 A Nonsemisimple One-to-One Internal Resonance

10.8
A Nonsemisimple One-to-One Internal Resonance

In this section, we use the methods of normal form and multiple scales to treat a
two-degree-of-freedom system with quadratic and cubic nonlinearities whose linear
part has a generic nonsemisimple structure. Specifically, we treat the system

ﬁl + w2u1 + 2/,{11;&1 + 611”% + 612u1u2 + 513“%

+ anui + alzu%uz + a13u1u§ + C(14.M32 =0 (10172)

i)+ wuy + 2uy0 + ug + 521“% + O0puiuy + 523”3

+ an ui + azzu% Uy + a3 u% + C(24.M32 =0 (10173)

10.8.1
The Method of Normal Forms

Again, as a first step, we use the transformation (9.37) and (9.38) to recast (10.172)
and (10.173) in the complex-valued form
i
20

2 \2 i =13 212 =
+013 (&2 + &) ] + Y [an (G+&) +an(ti+8) (L+5)

tars (G +8) (G +8) + au (b +5)] (10.174)

bL=iwk—w (& — 51) + [(311 (& + 51)2 + 012 (&1 + 51) (& + Ez)

b=iwt, —uz (& — éz) + i (& + 51) + ﬁ [521 (& + 51)2

+02 (Cl + 51) (Cz + éz) + 023 (Cz + éz)z] + i [0621 (Cl + 51)3

+az (Cl + 51)2 (Cz + Ez) + a3 (Cl + 51) (Cz + 52)2
+az (G + )’ (10.175)

To simplify the algebra, we scale the variables in (10.174) and (10.175) before de-
termining their normal form. We treat the case of weak nonlinearities and damp-
ing. Thus, we assume that {; = O(e), where € is a small nondimensional pa-
rameter that is used as a bookkeeping device. Because {, is much larger than &;
due to the nonsemisimple structure of the linear undamped operator in (10.172)
and (10.173), & = O(e'™*2), where 1, > 0. Because the damping is weak, u, =
O(e*1), where 1; > 0. To make these different orderings explicit, we introduce new
scaled variables defined by

G=en, G=€¢""n, w,=en,
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where the 7, and /i, are O(1) and rewrite (10.174) and (10.175) as

. . . _ i _
= iwn — e iy (9 —in) + o [6611 (n1 + 71)*
+ €00, (4 i) (72 + 2) + € 722003 (7, + 772)2]

5 [ 2+ 70’ + € an (g1 + 1)’ (02 + 7o)

i

2w

€y (g1 4 71) 72+ 72) + € P an (o + )’ (10.176)
B2 = twny — €™ iy (12 — 772)

[ _ i _
+ —€2(n1 + 1) + — [6“”12621 (n1 + 711)?
2w 2w
+ €00 (n1 + 1) (72 + 712) + € 7203 (2 + 772)2]

1 ) _ _ _
+ 20 [€2+“0621 (1 + 71)* + €2axn (71 + 71)* (72 + 712)

+ e R ay (0 + ) (12 + 1) + € a (12 + 7)) (10477)

Because of the one-to-one internal resonance, 7179112, 721211, 17%7'71, 17%1'72,
7272, n%71, 1, and 1, are resonance terms in (10.176) and (10.177). Balancing
the damping term and the dominant resonance term in (10.176), namely, the term
proportional to a4, we have

A =2-3A (10.178)

Balancing the damping term and the dominant resonance term in (10.177), name-
ly, the term i(2w)~ 1471, we have

A=Ay (10.179)
Solving (10.178) and (10.179) yields

M=ly=3 (10.180)
Hence, (10.176) and (10.177) become

) . i _ . _
N1 =iwn + 5513 (2 + 712)* — € iy (1 — i)

i61/2

t e [012 (71 + 11) (2 + 72) + ara (2 + 72)°] + -+ (10.181)
. . n n iEl/z n n
M2 = iwn, — ey (1, — 72) + ) [71 4 711+ 023 (02 + 72)°] + -+

(10.182)
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To simplify (10.181) and (10.182), we introduce the transformation
=& + bt (& &) + € Phiy (64, &) + -+ (10.183)
m =& + €Phay (&n, &n) + - (10.184)

and choose the h,,, to eliminate the nonresonance terms so that the resulting
equations have the simplest possible form

"i:n =iw&, +€1/2gn (Sm,ém) 4o (10.185)
Substituting (10.183)—(10.185) into (10.181) and (10.182) and equating coefficients
of like powers of €, we obtain

1 _
L{hu) = 5013 (5 + &) (10.186)
898 89E  Pan g
N = - i = -
— U (51 =&+ hn— hn) + 5513 (&4 &) (hzz + hzz)

g1+ L(h) =

+ [512 (51 + &+ hn + ﬁu) (L+&)+au(a+ 52)3] (10.187)

i
20
g+ E(hZZ) = —it (52 - "‘EZ) + i |:§1 + él + hi1 + I’_Lu]

+ ﬁézs (&+&) (10.188)

where

. oh oh - doh oh -
L(h)=iw [@51 - E& + 8_5252 - g&z - h]

The right-hand side of (10.186) suggests seeking hy; in the form
hiy = N0E + DH&EE + 1 (10.189)

Substituting (10.189) into (10.186) and equating each of the coefficients of £2,5&),
and 522 on both sides, we obtain

613 613 613
=B = L =——-2 10.190
zwz 2 3 ( )

& w?’ 6w?

It follows from (10.189) and (10.190) that

_ 5 i} _
hip+ by = 3—01)32 (& + & — 65 5) (10.191)
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Substituting (10.191) into (10.188) yields

+ 2— |:§1 + & + — (52 + & —658)+ 0 (& + éz)2i| (10.192)

Equating g, to the resonance terms in (10.192), we have

i
— e 10.193
25} 25 + 3o & ( )
Then, substituting
hy = L& + T5éy + T6& + 1765 + I:E; (10.194)

into (10.192), using (10.193), and equating each of the coefficients of &, 8,8,
& &, and &} on both sides, we obtain

9753 1 023 013
r - -, F = -, = — — )
T 20 > 42 T 202 " 6wt
523 013 Io— 023 013
B A R
Twr of 6w? 18w*

= (10.195)

Substituting (10.189)—(10.191) and (10.193)—(10.195) into (10.187) yields

B ahlZ ah’ll ahlZ ah’ll i|
+ + h
g1 Lw[ag & - 8515 05, & - 8525 12

- (2§ + 1§) (—ﬁzgz + i&)

— (& +201:5) (—ﬂzéz - iél)
5 _
o @-3)]

+ ia13 (& + éz) [—% (& - 52) (51 + 59‘1)

Y [a g

013 _ _
9— (& +& +1855) + 22 (es; LB —65252)]

+ — |:512 (& + 51) (&+ 52) + a4 (& + 52)3
512513

(8 + & -655) (& + Ez)] (10.196)

Since we are stopping at this order, we do not need to determine hq; explicitly,
and hence all that we need to do is to determine g;. Choosing g; to eliminate the
resonance terms from (10.196), we have

gl = —[4159‘1 —+ iagé:zzéz (10197)
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where

1 10 5 38
=— |3a14— ——013023 — — 0120 2 10.198
te = 5 [ @ = 375013023~ 37501 13+9w4 13} ( )

Substituting for the g, and h,,, in (10.183)—(10.185), we obtain

o L
m=b+ (35 -6ah &)+ (10.199)
m==&+- (10.200)
(‘;.:1 = La)é‘l — 61/2[&151 + iEllzaegzzé_:z + .- (10201)
. . jeln
& =iw& —eiE + o E 4 (10.202)

10.8.2
The Method of Multiple Scales

Alternatively, we use the method of multiple scales to determine an approximation
to the solution of (10.172) and (10.173). Following a procedure similar to that used
above, we note that if u; = O(e), then u, = O(e'/?) and u, = O(e'/?). Hence, we
introduce scaled variables defined by

20, (10.203)

up=evy, uy=¢"vy, u,=c¢
in (10.172) and (10.173) and obtain

P14+ 0?vi+ 013V + 262 Qi + €7 (012v1v2 + aav3) 4+ = 0 (10.204)

iy 4+ 0y + 26 Py + € (vi 4+ 03v3) +- =0 (10.205)

We seek an expansion of the solution of (10.204) and (10.205) valid up to O(e'/?)
in the form

vi(t;€) = vio(To, T1) + € Pviy(To, To) + -+ (10.206)

va(t;€) = vao(To, Tr) + € 2vyr(To, Tr) + -+ (10.207)
where Ty = t and Ty = €'/%t. In terms of Ty and T;, the time derivatives become

4 _ Do+ €Dy +--- and @ = D¢+ 2¢'*DyDy + -+

at d?

where D, = 9/0T,. Substituting (10.206) and (10.207) into (10.204) and (10.205)
and equating coefficients of like powers of €, we obtain
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Order (€9)
Dé’l/lo + 6()2’!/10 = —(313’1/%0 (10208)
Dgvy + @y =0 (10.209)
Order (€)
D¢vii + @’viy = —2DgD1v1g — 221 Dovio — 2013v20V21
— (312’!/10’!/20 — C(14.’Vgo (10210)
DEvy + w*vy = —2DgD1vag — 213 Dgvag — V1o — 02375 (10.211)

The solution of (10.209) can be expressed as
vy = Ay(T1)e' T 4 cc (10.212)
Then, (10.208) becomes
Divig + @*vip = —013 (AZZBZ"’”T0 + AyAj) +cc
whose solution can be expressed as

013
3w?

Substituting (10.212) and (10.213) into (10.210) and (10.211) yields

. ) Io) _
vio = Ay(Tp)e'® T + 2 A22iwTo w—lezAz + cc (10.213)

Dé’VU + (1)2’1/11 =-2iw (A/l + ﬂlAl) ZinO

5 A Llw
- (3a14 - Wélzén) Al A, eiwTo

+ cc+ NST — 2013v20V21 (10.214)
2 2 : ’ ~ iwTo iwTo 013 2 2iwTy
DO’V21+(U V21 =-2iw (A2+/42A2)6 —Ale —WAZZ
013

+ =2 AyAy — 0g3 (AReH T + AyAg) + e (10.215)

w?

Eliminating the term that produces secular terms from (10.215), we have

2iw (A) + [12A;) + A1 =0 (10.216)
Then, the solution of (10.215) can be expressed as
013 023\ 2 2iwT 013 On T
vy = (97 + m Aze 0+ F — E AyAy; + cc (10217)

Substituting (10.217) into (10.214) and eliminating the terms that produce secular
terms, we obtain

2iw (A} + A1) + 20a,A5A;, =0 (10.218)

where o, is given by (10.198).



10.9 Exercises

Letting & = A,ei“! in (10.201) and (10.202) yields (10.216) and (10.218).
Hence, the results obtained by using the method of normal forms are in full agree-
ment with those found by using the method of multiple scales.

10.9
Exercises

10.9.1 Consider the system

111 + w%ul = (Sll;tll;tz
l./.Lz + (U%uz = (321421
Use the method of normal forms, the method of multiple scales, and the gen-

eralized method of averaging to determine a second-order approximation to the
solution of this system when w; ~ 2w;.

10.9.2 Consider the system
ﬁl + w%ul = 61“1112
l./.Lz + (U%uz = (32141111
Use the method of normal forms, the method of multiple scales, and the gen-

eralized method of averaging to determine a second-order approximation to the
solution of this system when w; ~ 2w;.
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11
Retarded Systems

Several approaches have been proposed in the literature to analyze the nature
of Hopf bifurcations of retarded systems, including integral averaging, the Fred-
holm alternative, the implicit function theorem, the method of multiple scales, and
center-manifold reduction. In this chapter, we follow Nayfeh (2008) and use two of
these approaches, the method of multiple scales and center-manifold reduction,
to analyze the nature of Hopf bifurcations in retarded systems modeled by non-
linear homogeneous ordinary-differential equations with discrete time delay. Such
equations model the behavior of many physical systems arising in physiology, biol-
ogy, population dynamics, machine-tool chatter, neural networks, and time-delayed
feedback controlled systems.

To describe the approaches without getting involved in the algebra, we use three
simple systems, namely a scalar equation, a single-degree-of-freedom system, and
a three-neuron model. We show that the normal forms obtained with all the ap-
proaches are the same. However, the method of multiple scales seems to be sim-
pler. In fact, the method of multiple scales is directly applied to the retarded differ-
ential equations. In contrast, in the center-manifold approach, one needs to convert
the retarded differential equations into operator equations in a Banach space, in-
troduce a device that acts like an inner product because the Banach space does not
have a natural inner product associated with its norm, define the adjoint associated
with the linear part of the differential equations, perform the projection onto the
center manifold, and calculate the normal form of the subsystem describing the
dynamics on the center manifold. Finally, we consider a problem in which the re-
tarded term appears as an acceleration and treat it using the method of multiple
scales only.

11.1
A Scalar Equation

We start by a scalar equation with discrete time delay, which models a single neuron
with a general activation function; that is,

ax(t)
dt

= —&(t) + g[#(t) - BR(t - 7)] (11.1)

The Method of Normal Forms, Second Edition. Ali Hasan Nayfeh
© 2011 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2011 by WILEY-VCH Verlag GmbH & Co. KGaA
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where g(%) is a general three-times continuously differentiable function, = > 0,
and > 0.
We let x* denote an equilibrium of (11.1); that is,

X" = g[(1-f)x"]

Then, we let %(t) = x* + x(t) in (11.1), expand the result in a Taylor series in x,
keep up to cubic terms, and obtain

%(t) = (g — 1)x(t) — a1 fx(t — T) — ay[x(t) — Bx(t — 7))
—as[x(t) = px(t—1)] (11.2)

where

a1 =gl1=P)x"], ar=-38"[1-P)x"], a3=—5g"[(1-p)x"]

Linearizing (11.2) yields

%(t) = (a1 — 1)x(t) — a1 fx(t — 1) (11.3)
which has solutions of the form

x = xpel o) (11.4)

where o is the growth or decay rate, w is the frequency of oscillations, and x
depends on the initial conditions. Substituting (11.4) into (11.3) yields the charac-
teristic equation

04 iw =a;—1—afe lotior (11.5)

For a given a1, 3, and 7, the complex-valued (11.5) has infinitely many solutions o
and .

When o > 0 the trivial solution is unstable; when ¢ < 0 the trivial solution
is asymptotically stable; and ¢ = 0 defines the stability boundary. To locate this
boundary, we let 0 = 0 in (11.5) and obtain the complex-valued characteristic equa-
tion

io=0a;—1—afe "

which, upon separating its real and imaginary parts, yields

o = a1 sin(w1)

a;—1= a1 cos(wr)

Hence,

o =/a2fr—(a; — 1) (11.6)



11.1 A Scalar Equation

For real frequencies, the coefficient under the radical must be positive; that is,
a?f? — (a1 — 1)2 > 0. In what follows, we take 8 to be the bifurcation parameter
and denote its critical value that separates stable from unstable trivial solutions by
B and the corresponding value of w by w..

It follows from (11.5) that

Real (d(o + iw)) _ —as[cos(w.T) — a1 4T]
ap [cos(wcT) — a1 BT + sin®(w 1)

at (B, w) = (B wc) and hence the bifurcation is a Hopf bifurcation. Next, we con-
struct the normal form of this bifurcation by using the method of multiple scales
in the next section and center-manifold reduction in Section 11.1.2.

11.1.1
The Method of Multiple Scales

We seek a uniform second-order approximate solution of (11.2) in the form
x(t;e) = €X1 (To, Tz) =+ szz (To, Tz) + E3X3 (To, Tz) —+ .- (117)

where Ty, = t, Ty = €’t, and € is a nondimensional bookkeeping parameter. The
solution does not depend on the slow scale T; = €t because secular terms first
appear at O(e3). The derivative with respect to t is transformed into

d g + €2 0 + Do+ €2D, + 11.8
4 _ % 2% L2 p )
dt — dT, 9T, 0 2 (11.8)

Moreover, we express x(t — 7) in terms of the scales Ty and T as

3
x(t—T;€) = Zemxm(To—r, T, — €'T) + -

m=1
which upon expansion for small € becomes

3
x(t—1;€) = Z €"xm (To—1,T5) — E1Dyx; (To—17,T5) +--- (11.9)

m=1

Next, we introduce the detuning parameter 0 to describe the nearness of 5 to the
critical value f. defined by

ﬁ:ﬁc+626

Substituting (11.7)—(11.9) into (11.2) and equating coefficients of like powers of ¢,
we obtain

Dox1 + (1 — a1)x1 + a1fcx1e = 0 (11.10)

Doy + (1 — @)%, + a1fexr = —ay (%1 — Bexar)? (11.11)
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Dox3 4+ (1 — a1)x3 + a1fcx3; = —Dyx1 — a10 %1, + a1BT Dy,
—2a; (%1 — Bexrr) (2 — Bexar)

— a3 (v — fexre) (11.12)

where x; = x; (To, Tz) and x;; = x; (To — 7, T3).
The general solution of (11.10) can be expressed as

x1 = A(Ty)e' T + A(Ty)e "o 4

38

[Am(Tz)e(Gm+iwm)To

m=1

+Am(T2)e<0m—iwm>T°] (11.13)

where . is the critical frequency corresponding to o0 = 0 on the stability bound-
ary and it is given by (11.6); the 0 + i@, are the remaining roots of (11.5); and the
function A(T,) is determined by eliminating the secular terms at O(e?). Near the
stability boundary, all of the eigenvalues have negative real parts except the eigen-
value corresponding to w. whose real part changes sign as the stability boundary is
crossed. Hence, as time increases all of the terms under the summation in (11.13)
decay with time, leaving only the first two terms. Therefore, the long-time behavior
of the system is given by

% = A(Ty)e' T 4 A(Ty)e~'ocTo (11.14)
Substituting (11.14) into (11.11) yields
Doxy + (1 — aq)xy + a1fcxze = —ayy?A2e¥ T — a9 5 AA + cc (11.15)
whose solution can be expressed as
X = —azyzfezm’“T" — ayy P THAA + cc (11.16)
and

Y = ﬁce_iwcr -1,
1 1
= " - s FO =
2iwe +1— oy + a1 fce 2o 1—ay + aiffc

(11.17)

Substituting (11.14) and (11.16) into (11.12) and eliminating the terms that lead
to secular terms, we obtain the complex-valued form of the normal form of the
bifurcation

B a,0e o
1—affcreioc
N vy [3as —2a3 (I (1—e72%<") +2(1 — B) o) |
1—afcreior

A=

A’A (11.18)




11.1 A Scalar Equation

11.1.2
Center-Manifold Reduction

We start by converting (11.2) into an operator differential equation. We note that,
whereas the solution of (11.2) when v = 0 depends on a single value, the solu-
tion of (11.2) with 7 # 0 depends on an entire set of values of x in the interval
—7 < t < 0. Hence, the initial space is a function space. Consequently, the de-
lay differential equation 11.2 can be expressed as an abstract evolution equation
(Campbell et al., 1995; Hale, 1977; Kuang, 1993) on the Banach space B of contin-
uously differentiable complex functions from [—7,0] to C? of complex functions
with the norm ||p|| = max_,<p<o |p(6)|; thatis,

% = Ax, + F(x;) (11.19)
where x,(0)eB is defined by the shift operator
x(0)=x(t+60) for —7<6<0 (11.20)

The linear operator A is defined by

d
= for —
Ap(6) = ag?? or —T=0=0 (11.21)
(a1 =1)p(0) — ar1fcp(—7) for 6 =0
and the operator F can be written as
0 for —7<6<0
= (11.22)

B f for =0

where

f=—ardx(t—1)— a; [x(t) = Bex(t — 7)]* — a3 [x(t) — Bex(t — )]
(11.23)

To carry out the analysis, we need an inner product and the adjoint operator asso-
ciated with (11.21). In contrast with C?, the space B does not have a natural inner
product associated with its norm. However, following Hale (1977), we introduce
the following bilinear form that acts like an “inner product”:

0
(@.p) = 20pO) + [ 316 + 1) (Carpap(&)ds (1124
where q € B*, the space of continuously differentiable functions from [0, 7] to C2
with the norm ||q|| = maxo<g < |q(6)|. With this bilinear form, one can construct
the following formal adjoint operator (Hale, 1977) associated with (11.21):
d 0 for 0<6 =<7
- - T
Aq0) =1 " a9 o rv=r= (11.25)

(a1 —1)q(0) — a1Bcq(r) for 6 =0
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The linear operator A has an infinite number of eigenvalues 4; corresponding to
an infinite number of eigenfunctions p;. At the critical value f, all of the eigenval-
ues lie in the left-half of the complex plane except the eigenvalues +iw.. Therefore,
in the neighborhood of f3, the infinite-dimensional phase space of the solutions of
the linear part of (11.19) can be split into a two-dimensional center subspace, cor-
responding to the eigenvalues +iw., and an infinite-dimensional stable subspace,
corresponding to the eigenvalues with negative real parts. Consequently, the non-
linear system has a two-dimensional attractive subsystem (the center manifold) and
the solutions on this manifold determine the long-time behavior of the full system.

The center subspace of A is spanned by the function satisfying the following
boundary-value problem:

dp
a0
(a1 =1)p(0) — a1Bcp(=7) = iwcp(0)

(0)=iwp(0) for —1<60<0

whose solution can be expressed as
p(0) =€ (11.26)

on account of (11.6). The center-manifold reduction requires calculation of the ad-
joint at the critical value .. The eigenvalue corresponding to the adjoint is —iw..
Therefore, it follows from (11.25) that

dg
ﬁ(
(@1 = 1)g(0) — a1Bcq(r) = —iwcq(0)

6) = iwcq(6)

whose general solution can be expressed as

q(0) = be'v’ (11.27)
where b is a constant. To determine this constant, we impose the condition (g, p)
= 1, where the “inner product” is defined in (11.24). Consequently,

1

b= P —— (11.28)

Having determined the center subspace and its adjoint, we decompose x;(6)
into two components: y(t)p(0) + y(t)p(0) lying in the center subspace and the
infinite-dimensional component u.(0) transverse to the center subspace; that is,

x(0) = y(t)p(0) + y(t)p(0) + ui(0) (11.29)
where (p, u) = 0and (p, u) = 0. Substituting (11.29) into (11.19) yields

P(E)P(0) +Y(HP(0) + 1:(0) = iwcp(0)y — iwcp(0)F + Auy(0)
+ F(py+py+ uy) (11.30)
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Taking the “inner product” of (11.30) with g, we obtain
p=iocy —baid (ye T + §eT ) —bay (yy + 7§)
+bas(yy +77) +2baz (yy + 79) [u(t,0) - Beu(t,—7)] + HOT
(11.31)

where HOT stands for higher-order terms.
Substituting (11.31) into (11.30), we obtain

it(60) = Aus(60) — a2 (yy + 79) [bp(0) + b5(6)] + E(py + p}) + HOT
(11.32)
where
0 for —7<60<0
F=1 ay(yy+779)?*[bp(0) + bp(0)]
—ay (yy + ¥7)

(11.33)

We seek an approximate solution of (11.32) in the form
ui(8) = azy*ha(0)y(5) + a2y Tho(0)y(NF(H) + @27 ha(0)77(1) (11.34)

Substituting (11.34) into (11.32), using (11.33), and separating the coefficients of
y? y¥, and y?, we obtain

Ahy = 2iochy —bp —bp for —71<6<0 (11.35)
Ahy = 2iwchy —bp —bp+1 for 6 =0 (11.36)
Ahg = —2bp —2bp for —7<60 <0 (11.37)
Ahg = —2bp —2bp+2 for 6 =0 (11.38)

The solution of (11.35) and (11.36) can be expressed as

ib ib ﬁ_reziwce

(11.39)
where I is defined in (11.17). Similarly, the solution of (11.37) and (11.38) can be
expressed as

2ib  2ib
' 520, (11.40)

We We

where I is defined in (11.17). Combining (11.34), (11.39), and (11.40) yields

ib ib _ .
u(0) = —ayy’y? (w p+ 3wl rellwcﬂ)
C C

_ [ ib ib _
—anVYY(‘w—p+w—p—Fo)+cc (11.41)
C C
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Substituting (11.41) into (11.31) and neglecting the nonresonance terms, we obtain

p=iocy —baidye T —bay(yy + 79) + 3basy’7y’y
—2baly?y [M _ by + T (1—e72oT) +2(1 —ﬂc)ro} + NRT
3w, e

(11.42)

After some algebraic manipulations and changing some notations, one can show
that (11.42) is in full agreement with the result obtained by Liao, Wong, and Wu

(2001).
To determine the normal form of the bifurcation, we introduce the near-identify

transformation
y==z2 + k1122 + klzzi + k1322 (1143)

into (11.42) and choose the ks to eliminate the quadratic terms. Substituting (11.43)
into (11.42) yields

z+ 2k1122 + klzzé + kuii + 2k1322
= iwc (Z + kllzz + k1222 + k137:'2)

+ Béale_i‘“crz — 250(2 (‘}/Zklz + ’}/]7’;12 + 'J/’}_/kll + ‘}_/1513) 222

- - - _ | 7iby  iby .
—b Z—Zb 2,,2 _ r(1— 2imcT
a(yz+72) I s (1—e )
+3basy?y 2%z + NRT (11.44)

It follows from (11.44) that 2 ~ iw.z and hence
zZ=1iw.z + bdae Tz — (iwcku + Eazyz) z?
+ (iwcklz — 256(2’}/ ‘J_/) zzZ + (3iwck13 — Baz) 22
2=

— 250(2 (’}/Zklz —+ ’}/‘J_/Iglz —+ ’}/‘J_/ku —+ ’}_/21513) z°z

- iby ib ,
—2basy’y |:7l Yo or (L—e 2" +2(1—B) F0i| 2z
3w, [op

+ 3baszy?yz%z + NRT (11.45)
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Choosing the ks to eliminate z2, zZ, and 22, we obtain

.B 2
k= 22V (11.46)
2iba,y
kyy = — 2242V (11.47)
W
iBO(z‘J_/Z
ks = — 11.48
13 3o (11.48)

Substituting (11.46)—(11.48) into (11.45) yields the following complex-valued nor-
mal form of the Hopf bifurcation:

zZ=1iwz + bdae "

z
+by?y [Bas —2a3 (1 — e77) + 2(1 — o) [o)] 2°2 (11.49)
Letting
z = e At

in (11.49) and using (11.28), we obtain (11.18) obtained by using the method of
multiple scales.

11.2
A Single-Degree-of-Freedom System

In this section, we consider a retarded one-degree-of-freedom nonlinear system,
namely the regenerative model of chatter in a lathe machine tool. The nondimen-
sional form of the governing equation can be written as (Hanna and Tobias, 1974)

¥420% +x +w(x—x)+ way (x — %)+ waz(x —x,)> =0 (11.50)

where x(t) is the dynamic displacement of the tool tip, x;, = x(t — 7), 7 is the
period of the spindle rotation, { is the damping ratio, w is the width of cut, and
a; and a; are coefficients that characterize the nonlinear part of the cutting force.
The normal form of the Hopf bifurcation of (11.50) was constructed by using the
method of multiple scales by Nayfeh, Chin, and Pratt (1997) and Nayfeh (2006) and
by using a combination of the center-manifold theorem and the method of normal
forms by Kalmar-Nagy, Stépan, and Moon (2001) and Gilsinn (2002).

Clearly, the trivial solution x(t) = 0 is a solution of (11.50). The undamped
linearized form of (11.50) is

X+2x+x+w(x—x)=0 (11.51)
It has solutions of the form

x = xpelT TN (11.52)
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where o is the growth or decay rate, w is the frequency of oscillations, and x
depends on the initial conditions. Substituting (11.52) into (11.51) yields

(@ —i0)’=2i(@—io)l—14+w(e """ =1) =0 (11.53)

Separating (11.53) into real and imaginary parts yields the characteristic equations

2

1+w+2E0+ 0> — w*—we " cos(wr) =0 (11.54)

26+ 0)w + e "wsin(wt) =0 (11.55)

For a given w and time delay 7, (11.54) and (11.55) have infinitely many values of ¢
and w.

When o > 0 the system response grows exponentially with time and it is un-
stable; when o < 0 the system response decays exponentially with time and it is
stable; and 0 = 0 defines the stability boundary. To locate this boundary, we let
o = 01in (11.53)—(11.55) and obtain the complex-valued characteristic equation

0 =2io—1+w(eT=1) =0
and the real-valued equations

1+ w—w>—wcos(wr) =0 (11.56)

28w + wsin(wt) =0 (11.57)

The value o0 = 0 corresponds to a bifurcation separating stable from unstable trivial
solutions. This bifurcation (o, w, ) = (0, w., w.) is a Hopf bifurcation because it
results from two complex-conjugate eigenvalues o + iw transversely crossing the
imaginary axis. To show this, we differentiate (11.53) with respect to 0 + iw and w,
evaluate the result at (0, w, w) = (0, w, w.), and obtain

d j 1
ot io)  _ S . (11.58)
dw 2iwe + 21 + iw w . Te ™ 0T
whose real part is different from zero.
To determine the normal form of the Hopf bifurcation, we let
w = w. + €0 (11.59)

where € is a nondimensional parameter that describes the nearness of w to the crit-
ical value wc. Next, we construct the normal form at (w, w, x) = (w., w., 0) using
the method of multiple scales in the next section and center-manifold reduction in
Section 11.2.2.

11.2.1
The Method of Multiple Scales

We seek a second-order uniform expansion of the solution of (11.50) in the neigh-
borhood of w = w, in the form

x(t;€) = ex (To, T) + €2x; (To, To) + € x3 (Tp, Tp) + - -+ (11.60)
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Again, the solution does not depend on the slow scale T} = et because secular
terms first appear at O(e3). Moreover, we express x, in terms of the scales Ty = ¢
and T, = €2t as
xr=ex1 (To— 7, T, — 1) + €’ (To — 7, T — €7)
+ESX3 (To—'L', Tz—EZ'L') + .-

which upon expansion for small € becomes

e =€x1 (To—7, o) + x5 (To— 7, T) + €%, (Ty — 7, Th)
—EtDyx (To—7, Ty) + -+ (11.61)

Substituting (11.59)—(11.61) into (11.50) and equating coefficients of like powers
of €, we obtain

Dix1 + 28 Dox1 + X1 + we (%1 — %17) = 0 (11.62)

Dgxz + 2CDOXZ + x + we (xz - xZT) = —WU3 (xl - xlr)z (11'63)

D§x3 + 28 Doxs + %3 + we (%3 — %3¢)
= —2DgD;x1 — 2L Dyx1 — O (%1 — x17)

— weT Dy — 20w (%1 — %10) (%2 — %0) — weas (% — %1,)° (11.64)

where x; = x;(To, T5) and x;; = x;(Ty — 7, T1).
The general solution of (11.62) can be expressed as

[eS)
X1 = A(T)ela)cTo _I_A T)e—lwcTo + Z [ Um-l—iwm)To

+Am(T2)e(“’”_”"m)T°] (11.65)

where w. is the critical frequency corresponding to o = 0 on the stability boundary
and itis given by (11.56) and (11.57); the 0 £ iw , are the remaining roots of (11.56)
and (11.57); and the function A(T;) is determined by eliminating the secular terms
at O(€?). Near the stability boundary, all of the eigenvalues have negative real parts
except the eigenvalues corresponding to +iw. whose real part changes sign as the
stability boundary is crossed. Hence, as time increases, all of the terms in (11.65)
decay with time, leaving only the first two terms. Therefore, the long-time behavior
of the system is given by

x1 = A(Ty)e' T 4 A(Ty)e'o<To (11.66)
Substituting (11.66) into (11.63) yields

Déxz 428 Doxy + %3 + we (% — X20) = —Weac [;/ZAZeZi“’CTO + y;'/AA] +cc
(11.67)
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where cc stands for the complex conjugate of the preceding terms and
y =e T 1 (11.68)

A particular solution of (11.67) that does not include the homogeneous solution
can be expressed as

x) = wcazyZFAzezchO — Wy )7AA_ + cc (11.69)

where

1
r= : ,
402 —1—4iwl + w (e72ior — 1)

(11.70)

Substituting (11.66) and (11.69) into (11.64), we obtain

D¢x3 4 28 Doxs + x3 + we (33 — x37) = — [(2iwc + 28 + a)cre_i’”cr) A
—O0yA—AA*A] '™ + NST + cc
(11.71)

where
A =3weasyy + 2wlaly?y (1—e o) T (11.72)

Eliminating the terms that produce secular terms in (11.71) yields the following
complex-valued normal form of the Hopf bifurcation:

(2iwe +28 + were ') A = 0y A+ AA’A (11.73)
Next, we introduce the polar form
A=lae (11.74)

into (11.73), separate real and imaginary parts, and obtain the following real-valued
normal form of the bifurcation:

a' = 0dy1a+ 30’ (11.75)
B’ = Ox1 + y4a? (11.76)

where

(Wwetcos T+ 28)(cos w7 — 1) — 2w — W Tsin o T)sin o T
D

X1 =
(11.77)

(Wt cos T+ 28)sinw T + (2w — W Tsin . 7)(cos w T — 1)
D

X2 = —
(11.78)
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A (WeTcos 0T + 28) + A (2w — W T sin w 7)

= — 11.79
13 N (11.79)
e = _Ai(wcr cosw T+ 28) — A (20 — W TSin 0 T) (11.80)
4D
D = (w.t cos wcr+2§)2 + 2w — weT sin w.7)* (11.81)
11.2.2

Center-Manifold Reduction

We start by writing (11.50) in the vector form
% = Lx(t) + Rx(t — 1) + f[x(t), x(t — 7)] (11.82)

where

0 1 0 0
L= [—1— We —zg] » R= [wc 0] (11.83)

_ | =)
_[ t)} [ (11.84)

f=¢e0 [xl(t) —x(t — 7)] = weas [x1(8) — 2 (t — )]
—weas [(x(t) — % (b — 7)] (11.85)

Then, we represent (11.82) as an operator differential equation. The result is
Gilsinn (2002), Kalmar-Nagy, Stépan, and Moon (2001)

Xy = Axt + F(xt) (11.86)
where x,(0)eB is defined by the shift operator

x:(0)=x(t+0) for —7<6<0 (11.87)
and the linear operator A is defined by

d 0 fc 7T<60 <0
Ap(0) = 1 aaP?) o =v= (11.88)
Lp(0) + Rp(—7) for 6 =

Moreover, the operator F can be written as

0 for —7<6<0
= (11.89)

}' for 6 =0

Again, to carry out the analysis, we need the adjoint operator associated with
(11.88). It can be written as

o1
L*q(0) + R*q(r) for 6 =0

d
A*q(0) = {__ (©) for 0=0 =7 (11.90)
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where the superscript * stands for the complex conjugate of the transpose. The
“inner product” in this formulation assumes the form

0
(q.p) =a"(0)p(0) + / q" (& +7)Rp(§)dé (11.91)

Whereas Kalmar-Nagy, Stépan, and Moon (2001) carried out their analysis using
real variables, Gilsinn (2002) used complex variables, in which the algebra is less
involved. Moreover, to compare the results of center-manifold reduction with those
obtained using the method of multiple scales, we use complex variables.

The linear operator A defined by (11.88) has an infinite number of eigenvalues
A; and an infinite number of eigenfunctions p,. For small values of w, all of the
eigenvalues lie in the left-half of the complex plane. As w increases, a complex-
conjugate pair of these eigenvalues approaches the imaginary axis and transversely
crosses it at w = w, the critical value corresponding to the Hopf bifurcation.
At w = w,, the infinite-dimensional phase space of the solutions of x;, = Ax;,
can be split into a two-dimensional space, corresponding to the eigenvalues with
zero real parts, and an infinite-dimensional stable subspace, corresponding to the
eigenvalues with negative real parts. Consequently, solutions of the system given
by (11.86) are locally attracted to a two-dimensional center manifold.

The center subspace of the linear operator A defined in (11.88) is spanned by the
function satisfying the boundary-value problem

ip(@) =iwp(f) for —7<60 <0 (11.92)
ao
Lp(0) + Rp(—1) = iwcp(0) (11.93)

The general solution of (11.92) can be written as

(%]

p(0) = [Cl] el (11.94)
where ¢; and ¢, are constants. Substituting (11.94) into (11.93) yields
[L—iwc ]+ Re '] [zl] =0 (11.95)
2
Because iw, is an eigenvalue of (11.92) and (11.93), (11.95) has nontrivial solutions.
Setting ¢; = 1, we find that ¢; = iw.. Hence,
p(6) = L gioco (11.96)
iwe ’
The center-manifold reduction requires calculation of the adjoint at the critical

value wc. The eigenvalue corresponding to the adjointis —iw.. Therefore, it follows
from (11.90) that
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whose general solution can be expressed as

q(0) = [ﬂ ¢! (11.97)
2
Substituting (11.97) into (11.90) yields
iwchy + (wee'™" —1—w) by =0 (11.98)
by + (iwc—28) by = 0 (11.99)

whose determinant is zero because i w. is an eigenvalue of the original linear prob-
lem and hence the adjoint problem. Therefore, nontrivial solutions exist for b,
and by; they are not unique. To uniquely determine by and b,, we require the “in-
ner product” (g, p) = 1. Consequently,

0
. -1 1
bl + lwcbz + / [blbz] (4 LT R |:La) i| d.‘;: =1

Hence,
by + (ioc + were o) by = 1 (11.100)

We note that (q, p*) = 0 or

by + (& sin w7 — iwc) b, =0 (11.101)
We

One can use (11.100) with any of (11.98), (11.99), and (11.101) to solve uniquely

for by and b;. To be able to compare directly the results of the center-manifold

reduction with the results of the method of multiple scales, we solve (11.99) and

(11.100). The result is

_ 1

by = — — (11.102)
2iwc + 28 + wereT ot

by = (28 — iwc) by (11.103)

Having determined the center subspace and its adjoint, we decompose x(6)
into two components: y(t)p(6) + y(t)p(0) lying in the center subspace and the
infinite-dimensional component u,(6) transverse to the center subspace; that is,

x4(0) = y(t)p(0) + y(t)p(0) + ui(0) (11.104)
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where (p, u) = 0 and (p, u) = 0. Substituting (11.104) into (11.86) yields

P(OP(0) + V()p(0) + its(0) = iwp(6)y — iwp(0)F + Auy(0)
+ F(py+py+ ) (11.105)

Taking the “inner product” of (11.105) with g, we obtain
y =iwy+(q,F)
Hence,

y=ioy+bd(yy+779) — baweas (yy + 79)° + baweas (yy + 79)°
+2byweay (yy + 77) [ua(t, 0) — ua(t, —7)] (11.106)

Substituting (11.106) into (11.105), we obtain

it (0) = Auy(0) + weas (yy + 75)* [ bap(0) + b2(0)]

+ F(py + pj) + HOT (11.107)
where
)0 for —7<6<0 (11.108)
“)F for =0 '
- o _ 0
F=weaa(yy+77) [bzp(o) + bzp(O)] " weas (vy + 77)

We seek an approximate solution of (11.107) in the form

u(0) = weazy ha(0)y*(t) + weazy 7 ho(0)y () 7(t) + weaa 7 2ha(0)72(1)
(11.109)

Substituting (11.109) into (11.107), using (11.108), and separating the coefficients
of y2,y7, and y2, we obtain

Ahy = 2iwch, — (Ezp + bzp) for —7<6<0 (11.110)
. . _ ,To
Ahy, = 2iwch, — (bzp + bzp) — weadyy 1 for 0 =0 (11.111)
Ahg = —2 (Ezp +byp) for —T=0=0 (11.112)
. _ 0
Ahg = —2 (bzp + th) +2 [1] for 6 =0 (11.113)

The solution of (11.110) and (11.111) can be expressed as

ib ib
= -2, 1 2p+r[ ! ] (11.114)
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where I is defined in (11.70). Similarly, the solution of (11.112) and (11.113) can
be expressed as
2ib 2ib
ho= 2 22p — ’Zp_z[(l)] (11.115)

We We

Combining (11.109), (11.114), and (11.115) yields

_ 2.2 _@ _iby 1 ] ziwo
ui(0) = weazy”y ( P3, p+F[2iwc]e )

+ g (22p -t 1) 4 (11.116)
wea —p—-—p- cc .
c 2V YYY wcp wCP 0
Substituting (11.116) into (11.106) and neglecting the nonresonance terms, we ob-
tain
y=iwcy +b0yy —bywear (yy + 75) + 3baweasy’7y’y

. 7ib,7  ib .
+2bywlazyty [% - Lw—zy +T(1- e_z‘wcf)} + NRT (11.117)
C C

With some algebra and notation change, one can show that (11.117) is in full agree-
ment with that obtained by Gilsinn (2002).

To determine the normal form of the bifurcation, we introduce the near-identity
transformation

Yy =2+ knz? + kpzz + kinz? (11.118)

into (11.117) and choose the ks to eliminate the quadratic terms. Substituting
(11.118) into (11.117) yields
24 2knzz + kipzz + kin2z + 2ki3z2%
=iw. (z + kpz® + kppzz + k1322)
+ l:)zéyz — bywea, (vz+72)
— 2bywea, (yzklz +y 7k 4+ yyky + ;71213) 2°Z + 3byweazy?y2°z

. 7iby7  ib ,
+ 2bywlaly?y [—;w”’ - —Lw“’ +r(1- e—zlwcf)} + NRT
C C

(11.119)
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It follows from (11.119) that 2 ~ iw.z and hence
zZ=iw.z+ lr_)zéyz - (iwcku + Ir_)zwcazyz) 22
+ (iwcku - Zi;zwcazy ]7) zzZ + (3iwck13 - };zwcaz) z?
—2bywea, (}’Zklz +y 7k +yykn + }72]513) 2’z
+ 3};2wca3y2;7222
+2hywlaly’y [73“% AN )} 22
+ NRT (11.120)

Choosing the ks to eliminate z2, zZ, and z?, we obtain

.E 2
kyy = 2ed2r (11.121)
¢
2ib %
klZ = _M (11.122)
.
E -2
kyy = —— 22l (11.123)
3w,

Substituting (11.121)—(11.123) into (11.120) yields the following complex-valued
normal form of the Hopf bifurcation:

=iz +b0yz+ by [Bweasy?y +2wlady?y [ (1— e 21o7)] 222
(11.124)
Letting
z = e'PTA(t)

in (11.124) and using (11.102), we obtain (11.73) obtained by using the method of
multiple scales.

13
A Three-Dimensional System
In this section, we consider the following three-neuron model with time delay (Bab-

cock and Westervelt, 1987; Gopalsamy and Leung, 1996; Hopfield, 1984; Liao, Guo,
and Li, 2007):

%1(t) = —x1(t) + aq tanh [x3(t) — Bx3(t — 7)] (11.125)
%(t) = —x(t) + az tanh [x;(t) — Bxi(t — 7)] (11.126)

%3(t) = —x3(t) + astanh [x,(t) — Bxy(t — 7)] (11.127)
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where the a;, 5, and 7 are positive constants. Clearly, the trivial solution x; = 0,
i = 1,2,3 is a solution of (11.125)—(11.127). In what follows, we use f as the bi-
furcation parameter. For given «; and t, this trivial solution loses stability through
a Hopf bifurcation as f§ exceeds a critical value 3., as shown below. We construct
the normal form of this bifurcation by using the method of multiple scalers in Sec-
tion 11.3.1 and by using center-manifold reduction in Section 11.3.2. To this end,
we expand (11.125)—(11.127) for small x;, keep up to cubic terms, and obtain

% = Lx(t) — BRx(t — 7) + f[x(t), x(t — 7)] (11.128)
where
-1 0 o 0 0 o
L=|a, -1 0|, R=|a, 0 0 (11.129)
0 as; —1 0 as 0
0 ar [x5(t) — Brs(t — 7)]°
xt)= x|, f=|a[xt)-puarE-1] (11.130)
x3(t) as[x(t) = Bro(t — 1)

To determine the type of bifurcation of the trivial solution, we linearize (11.128)
and obtain

% = Lx(t)— BRx(t— 1) (11.131)
Seeking solutions of (11.131) in the form

% = xelotioN (11.132)
leads to the characteristic equation

|L—BRe T _ i =0
or

(0+1+iw)—a’ [1 —ﬁe_(“’i“’)r]s =0
where a® = a;a,as. Hence, either

o+l+io—a [1 - ﬁe_(o+i“’)r] =0 (11.133)
or

(O +1+iw)+a(o+l+io) [1 - ﬁe—(<’+"w>f]

+a? [1 - ﬁe—<"+i‘”>f]2 =0 (11.134)

Again, when o > 0, the trivial solution is unstable; when ¢ < 0, the trivial solution
is asymptotically stable; and o = 0 separates stable from unstable trivial solutions.
Putting 0 = 01in (11.133) and separating real and imaginary parts, we obtain

o = afisin(wT)

a—1=apcos(wr)
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Hence, for given « and 7, the critical value w. of w is given by
o = (a1 — 1) tan(w.1) (11.135)

Differentiating (11.133) with respect to ¢ + iw and f and evaluating the result at
the critical values yields
dlo+in)  io+1-a
ap _ﬂc(iwc"‘l_a)T

whose real part is different from zero. Therefore, the trivial solution loses stability
as a result of a pair of complex conjugate eigenvalues transversely crossing the
imaginary axis as 3 exceeds the critical value f3., and hence the bifurcation is a
Hopf bifurcation. Next, we construct the normal form of this bifurcation by using
the method of multiple scales in the following section and by using center-manifold
reduction in Section 11.3.2.

11.3.1
The Method of Multiple Scales

Because the nonlinearity is cubic, we seek a uniform second-order approximate
solution of (11.128)—(11.130) in powers of €/2 instead of powers of € as done above
for cases with quadratic and cubic nonlinearities. Thus, we let

x(ti€) = €2x1(Ty, T1) + €2x,(To, Ty) + - -- (11.136)

where Ty = t, T; = €t, and € is a nondimensional bookkeeping parameter. The
derivative with respect to ¢, in this case, is transformed into

d d d
s —_ 4+...=1D D 11.1
m iR ~|—68T1 + o + €D + ( 37)

Moreover, we express x(t — 7) in terms of the scales Ty and Tj as
x(t—1i€) = xy(To— 7, Ty — €7) + x5 (To — 7, Ty — €T) + -+~
which upon expansion for small € becomes

x(t—15€) = el/le(To -7, T1) + 63/2x2(T0 -1, Th)
—PtDyxy(To— 7, Th) + - -- (11.138)

Next, we introduce the detuning parameter 0 to describe the nearness of 5 to the
critical value f3. defined by

B =B +ed (11.139)
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Substituting (11.136)—(11.139) into (11.128) and equating coefficients of like pow-
ers of € yields
Doxl(To, Tl) — Lxl(To, Tl) =+ ﬂcRxl(To —T, Tl) =0 (11140)
Dox3(To, T1) — Lxo(To, T1) + BcRx2(To — 7, T1) = =0 Rx1(To — 7, Th)

— D1%1(To, Th) + Bt RD1x1(To — 7, Th)
+ f[x1(To, o), %1(To — 7, T)] (11.141)

The nondecaying solution of (11.140) can be expressed as
x1(To, Ty) = A(Ty)ce' T + A(Ty)ce T (11.142)

where c is given by

1 oy (1 — ﬁce_i“’cr) 1+ iw.
c=|¢|, g=———77——>, and 3=—r—"7———
cs 1+ 1w a (1 — Bee lwcr)
(11.143)

Substituting (11.142) into (11.141) yields

Dox3(To, Tr) — Lx(Ty, T1) 4+ e Rx2(Ty — 7, Ty) = —O RcAe @t gl@cTo
—[I—=BcrReT' ] cAe'<To — 3925 A’Afe'®™ 4 cc 4+ NST

(11.144)
where
a1C§E3
y=Be"""—1, f=| o (11.145)
C(;C%Ez

Because the homogeneous part of (11.144) has nontrivial solutions, the nonho-
mogeneous equation has a solution only if a solvability condition is satisfied. To
determine this solvability condition, we seek a particular solution of (11.144) in the
form

x2(To, Tr) = ¢(Ty)e <™
and obtain
[L—BcRe™ —iwcI]¢
=[I—BTRe'T|cA + SRcAe™ "
+3y%7 FA%A (11.146)

We note that the problem of finding the solvability condition for the system of
differential equations (11.144) has been transformed into finding the solvability
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condition of the system of algebraic equations (11.146). Again, because iw, is an
eigenvalue of the homogeneous part of (11.146), the nonhomogeneous equation
has solutions if and only if a solvability condition is satisfied. This condition de-
mands that the right-hand side of (11.146) be orthogonal to every solution of the
adjoint homogeneous problem. In this case, the adjoint is governed by

[L* —BR™ e +iw I]b=0 (11.147)
We note that b is not unique, and to make it unique we impose the condition
b c=1 (11.148)

Solving (11.147) and (11.148) and using (11.145), we obtain the unique adjoint

1 .

1-iw a1(l— et

b=3|by|, bp=—————— and b;zw
by az(1 — Bee'®eT) 1—iw

(11.149)

Taking the “inner product” of the right-hand side of (11.146) with b™* yields the
solvability condition, normal form,

A = 0MA+ M,A’A (11.150)
where
e (a1c263 + azcs + azcy) e i<t
! 3cy03 — Bt (16263 + azcs + ascl)
3(arcyc3Cs + ayes + ascicy) y2y
A2:— (1233 203 322)Vy (11151)

3503 — Bt (a1c26% + azes + ascl)

11.3.2
Center-Manifold Reduction

Again, we start by representing (11.128) as an operator differential equation; that
is,

x; = Ax, + F(x}) (11.152)
where x,(0)eB is defined by the shift operator

x(0)=x(t+0) for —7<60<0
the linear operator A is defined by

d
Ap(0) = %p(e) T (11.153)
Lp(0) — BcRp(—7) for 6 =0
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and the operator F can be written as

0 forr —7<0 <0
F= (11.154)
f—€dRx(t—1) for 6 =0

The adjoint operator associated with (11.153) is defined by

d
Aq(0) = do"
L*q(0) — fc.R*q(t) for 6 =0

(6) for 0<0 <+t (11.155)

and the “inner product” is defined in (11.24).

Equation 11.153 has an infinite number of eigenvalues 1; and an infinite num-
ber of eigenfunctions p;. At f = f,, the infinite-dimensional phase space of the
solutions of x; = Ax; can be split into a two-dimensional center subspace, cor-
responding to the eigenvalues with zero real parts, and an infinite-dimensional
stable subspace, corresponding to the eigenvalues with negative real parts. Conse-
quently, the system (11.152) has a two-dimensional attractive subspace (the center
manifold) and solutions of the system are locally attracted to this center manifold.

The center subspace of the linear operator A is spanned by the function satisfy-
ing the following boundary-value problem:

d
%p
Lp(0) = BcRp(=7) = iwcp(0) (11.157)

(0)=iwp(@) for —1<6<0 (11.156)

The general solution of (11.156) can be written as

1
= |c, | et (11.158)
%]

iwel

p(0)=ce

where the c; are constants. Substituting (11.158) into (11.157) yields
[L—iw —BcRe ™ |c=0 (11.159)

Because iw. is an eigenvalue of (11.156) and (11.157), (11.159) has nontrivial solu-
tions. Setting ¢; = 1, we find that ¢, and cs are given by (11.143).

Next, we calculate the adjoint at the critical value f3.. The eigenvalue correspond-
ing to the adjoint is —iw.. Therefore, it follows from (11.155) that

d
ae

whose general solution can be expressed as

(0) = iwq(0)

by
q(0) = be'*<? = | b, | e'¥f (11.160)
bs
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Substituting (11.160) into (11.155) yields
[L* +iwc] —BR™ ] h=0 (11.161)

whose determinant is zero because iw. is an eigenvalue of the original linear prob-
lem and hence the adjoint problem. Therefore, nontrivial solutions exist for the b;;
they are not unique. To uniquely determine the b;, we require the “inner product”
(g, p) = 1. Consequently,

0 1
Bl + 5262 + 53(}3 _ﬂc/ [515253] e_i“"TR cy d& =1
s G
or
El + BzCz + 5363 — ﬁcf (0151C3 =+ (125262 =+ (1353) =1 (11.162)

Solving (11.161) and (11.162) yields

= CyC3 = bl = bl

1= > ~, ba=—, b3=—

3cy03 — Bt (arcacl + azcs + ased) cy 3
(11.163)

Having determined the center subspace and its adjoint, we decompose x(6)
into two components: y(t)p(6) + y(t)p(0) lying in the center subspace and the
infinite-dimensional component u,(6) transverse to the center subspace; that is,

x:(0) = y(t)p(0) + y(t)p(0) + ui(0) (11.164)
where (p, u) = 0 and (p, u) = 0. Substituting (11.164) into (11.152) yields

P(OP(O) +V()p(0) + its(0) = iwp(6)y — iwp(0)F + Auy(0)
+ F(py+py+w) (11.165)

Taking the “inner product” of (11.165) with g, we obtain
y =iwy+(q,F)
Hence,
y=iwy—e€d (alcﬂ;l + ayhy + a302};3) e_i“’cry
~3 (a1c§5351 + azhy + a3c25253) y27y*j + HOT + NRT (11.166)

Changing the notation and after some algebra, one can show that (11.166) is in full
agreement with the result obtained by Liao, Guo, and Li (2007). Letting

y(t) = A(t)e

in (11.166) and using (11.163), we obtain (11.150) obtained by using the method of
multiple scales.
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1.4
Crane Control with Time-Delayed Feedback

In this section, we consider a model for controlling payload pendulation in a con-
tainer crane using delayed position feedback. A polynomial approximation of the
model can be expressed as (Nayfeh, 2006)

P(1) + a1 (1) + 219 (1) + k(t = 7) = —eas (1) —easg (9’ (1)

—easp (NP(t) + ekgp(t — )9 (¢ —7) — ekasp’ () p(t — )

+ ekt —1)p(t — 1) (11.167)
where ¢ is the pendulation angle, k is the feedback gain, 7 is the time delay, u is the
inherent damping coefficient, and the o ; are known constants. Taking k as the con-
trol parameter, one finds that the trivial solution of (11.167) undergoes successive
Hopf bifurcations.

To determine the bifurcation values, we linearize (11.167) and obtain

D)+ ar(t) + 2udp(t) + kp(t—1) =0 (11.168)
Next, we seek the solution of (11.168) in the form

P(t) = Poel7 T (11.169)
where ¢ is constant that depends on the initial conditions, and obtain

ar + 2u(0 + i) + (0 + iw)? (1 + ke—<“+iw>f) =0 (11.170)

For a given k and 7, one can solve numerically (11.170) and obtain o and w. When
o > 0 the system response grows exponentially with time and the trivial solution
is unstable; when o < 0 the system response decays exponentially with time and
the trivial solution is stable; and o = 0 defines the stability boundary. To locate this
boundary, we let 0 = 0 in (11.170) and obtain

a1+ 2ipwc — w1+ ke 1) =0 (11.171)

where w. and k. locate the stability boundary for a given 7. Differentiating (11.170)
with respect to 0 + iw and k, we obtain

d(o + jw) w?

_ C

dk - - _kcw§r+2ikcwc+2(y+iwc)eiwcf

whose real part is different from zero. Therefore, the trivial solution loses stability
with two complex conjugate eigenvalues transversely crossing the imaginary axis,
and hence the trivial solution undergoes a Hopf bifurcation at k = k., and the
stability boundary is the locus of Hopf bifurcations.

Using the method of multiple scales, we transform ¢ (t; €) and ¢ (t — 7;€) as

P(t;e) > ¢(To, Tise) and @(t—15€) > @(To— 7, Th —€t1;€) (11.172)
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and seek a uniform first-order expansion of the solution of (11.167) in the form
¢(t;€) = ¢0(T0, T1)+€(])1(T0, T1)+ (11173)
Pp(t—1i€) =Po(To—7, T1 —€t) +epr(To—7v, 1 —€t) + -+ (11.174)

Furthermore, we introduce a parameter o to express the nearness of the gain k to
the Hopf bifurcation value k., the critical gain, as

k=ke+ed (11.175)

Substituting (11.173)—(11.175) into (11.167) and equating coefficients of like pow-
ers of €, we obtain

Order (€9)

D{ o + ke Dior + ar1po + 21 Dogpo = 0 (11.176)
Order (€)

D¢¢1 + ke Dip1e + o191 + 2u Doy = —2DgD1¢pg — 2k Do D1 ¢por
—2uDipo + Tk D¢ D1por — 0 Depor — a3y — atagpo[ Dogpol®

— a4p§ D Po + kepor[Dogorl” — keaspg Dipor + ks, Didor
(11.177)

As in the preceding sections, the solution of (11.176) is taken to be
¢0 — AeiwcTO + Ae_iwcTO (11178)
Substituting (11.178) into (11.177) yields

D1+ ke DEpry + o191 + 2uDogpy = —bA "I 4 §? Agi@cTomiweT

+ AA*Ae'?<T 4+ NST + cc (11.179)
where
b=2u+2iw. .+ iwckeeTHOT 4 rwzkce_i“’cr (11.180)
A=-3as;+ %kcwge_iwcr + 2a4w§ + 2a5kcwge_i“’cf + oaskca)gei”’Cr
(11.181)

Eliminating the terms that lead to secular terms from (11.179) leads to the normal
form

A =b0wle " TA+ bTIAAA (11.182)
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11.5
Exercises

11.5.1 Use the methods of multiple scales and normal forms to determine the nor-
mal form of

i+ 2ui+ o*u+ au’ + ku(t—17) =0
11.5.2 Use the methods of multiple scales and normal forms to determine the nor-
mal form of

i+ w’u = u(i— un) + ku(t — 1)

where u > 0. Determine the range of gain k and time delay 7 for which the limit
cycles are quenched.

11.5.3 Consider the system
i+ w*u42ui+ au® + ku(t — 1) = fcos Qt

Determine the resonance frequency for the linear system. Then, determine an ap-
proximation to the nonlinear system response for values of £ near the resonance
frequency.
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averaging, method of
— generalized 6, 26,276

b
Banach space 287
basis, natural 36
Bessel’s equation 1
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logistic map 83
long-period terms 6

Lorenz equations 158

lunar orbital dynamics 115

m

machine tool 295-304

main, resonance see primary

manifold 73, see also center manifold
reduction

maps 61-95

Mathieu Equation 54,187

— treated by method of multiple scales
56-57

— treated by method of normal forms
54-56,187-188

modal-damping 191
monomials 41
multifrequency excitation 257
multiple scales, method of

— applied to 2-DoF systems with quadratic
nonlinearities 267-276

— applied to Duffing equation 12

— applied to Hopf bifurcation 138-141

— applied to Mathieu equations 56

— applied to Rayleigh equation 15

— applied to retarded 3-DoF systems
306-308

— applied to retarded scalar equation
289-290

— applied to retarded SDoF systems
296-299

— applied to static bifurcation 117-126

— applied to systems with purely imaginary
eigenvalues 42,47

— applied to systems with quadratic and
cubic nonlinearities 17

— applied to systems with repeated
frequencies 283-285

— applied to time-delay crane control
311-312

— applied to van der Pol equation 19

multiplicity 32,39

n

natural basis 36

near-identity transformation 8
near-resonance 21, 35,67-70
Neimark—Sacker bifurcation 76,85
neuron 304

node

101

Index

nonbifurcation 108,110
nongyroscopic 191, 217
nonhyperbolic fixed point 32,72, 101
nonsemisimple 196, 240, 244, 279
nonsingular 21

—matrix 31

— transformation 4
nonstable fixed point 102
nonuniform expansion 10
normalization 8,13, 31

NST 48
null
—matrix 33
—space 46,49
o

one-to-one autoparametric resonance 251
— in systems with cubic
nonlinearities 239
— in systems with quadratic and cubic
nonlinearities 264,279
— in systems with repeated frequencies
195-205, 240-249, 279-285
orbit
—of maps 66
— period-two 83
— quasiperiodic 88
ordering scheme 12
orthogonal 46

p
parametric excitation

equation, 187-216
—in gyroscopic systems 205-208
- in single-degree-of-freedom nonlinear
systems 208-212
— in systems with distinct
frequencies 194
— in systems with repeated frequencies
196-205
— multifrequency 257
parametric resonance
— simultaneous 194, see combination
parametric resonance, fundamental
parametric resonance, principal
parametric resonance
partial differential equation 1-3
pendulum 29,151
period-doubling bifurcation 81, 85
pitchfork bifurcation 80,108,114
—in continuous systems 113-114
—inmaps 80
Poincaré 115
Poisson bracket

see also Mathieu

33,41
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Index

polar 44
— coordinates 44
—form 11,19,24
potential 148
primary resonance 161
—in 2-DOF systems with quadratic
nonlinearities 176
—in Duffing equation 161
—in gyroscopic systems 226, 250
—in systems with cubic
nonlinearities 239
—in systems with quadratic and cubic
nonlinearities 176, 223

principal parametric resonance 188,190, 244

—in 2-DoF systems 244
—in gyroscopic systems 208
—in Mathieu equation 190
—in nongyroscopic systems
—in nonlinear SDoF systems
—in systems with repeated
frequencies 197
projection method
— for Hopf bifurcation 144
— for static bifurcation 132
purely imaginary eigenvalues
7,33,42,52,107,115

194,197
210

q

quasiperiodic orbit 88,90
r

range 46

rational number 87,90

Rayleigh equation 13,15
reconstitution, method of 27,213,269

regenerative model 295
regular 22
repeated frequency 195
repellor 102

resonance, definition of
—terms see also autoparametric
resonance, combination resonance,
fundamental parametric resonance,
principal parametric resonance,
subharmonic resonance, superharmonic
resonance
resonance, definition of 10
— condition for continous systems 37
— condition for maps 68,69
— conditions of continous systems 35
—inevitable 71
—strong 71
—terms 10,21, 33, 35, 42, 67-69
retarded systems  287-313

reverse pitchfork bifurcation 80,114
Reynolds number 3
Réssler equation 157
rotating
— circular hoop 152
— particle 29

—phase 6

s
saddle 101,102
saddle-node bifurcation 76, 77, see also static
bifurcation, 108, 109
— in continuous systems
—inmaps 76-78
secondary resonance see combination
resonance, subharmonic resonance,
superharmonic resonance
secular terms 10, 20, 47
semisimple 39
sensitivity to initial conditions 88
set, invariant 66, 100
shift operator 291
Shoshitaishvili theorem 103
similarity transformation 3
simultaneous resonance 194,220, 223
singular 68
—point 100
sink 101
slow variation 11
small divisor 21, 35, 68
solvability conditions 118,273
source 101,102
spindle 295
spiral 87,90
stability
— interchange of 79
—local 101
state-space form 271
static bifurcation see pitchfork bifurcation,
saddle— node bifurcation, transcritical
bifurcation, see fixed point
—normal form of 117-137
stationary solution see fixed point
straightforward expansion 10,43
stream function 3
strong resonance 71, 86
subcritical 117
subcritical bifurcation 85,114,116
— Hopf bifurcation 116,117
- period-doubling bifurcation 83-84
— pitchfork bifurcation 83, 85,114,120
subharmonic resonance 161,164,178
—in Duffing equation 164-167, 171
—in gyroscopic systems 228,253

108-109



—in nonlinear SDoF systems
178-180, 182-185
— in systems with quadratic
nonlinearities 220
subspace 36, 38,41
successive transformations 17,66
supercritical bifurcation 114
— Hopf bifurcation 116,117
- period-doubling bifurcation 83-84
— pitchfork bifurcation 80,114, 120
superharmonic resonance 161, 180
— in Duffing equation 167, 172
—in gyroscopic systems 253
—in MDoF systems 220,228
—in SDoF systems 180-184

t
tangent bifurcation 76, see also saddle-node
bifurcation
three-to-one autoparametric resonance 236
—in gyroscopic systems 251, 255
—in systems with cubic nonlinearities
238,251
—in systems with quadratic and cubic
nonlinearities 263

Index

time delay  287-313
time invariant 11
transcritical bifurcation 79,108, 112
—in continuous systems 111
—inmaps 79
transversality condition 115
troublesome terms 21
turning point 5
two-to-one autoparametric resonance 219
—in gyroscopic systems = 225-228
— in systems with quadratic and cubic
nonlinearities 266-276
— in systems with quadratic nonlinearities
220,226-228,231
- simultaneous 223
— treated with generalized method of
averaging 276-278

v
van der Pol equation 15,24, 152
variation of parameters 5,8

w
wanders 88
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